DARBOUX THEORY OF INTEGRABILITY IN T"

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We develop a Darboux theory of integrability for polynomial vec-
tor fields on the m-dimensional torus T™. Furthermore, we determine the
maximum number of invariant parallels for a polynomial vector field on T"™
depending on its degree.

1. INTRODUCTION

The Darboux theory of integrability [2] is one of the best tools to obtain
first integrals for polynomial vector fields. It essentially builds a link between
algebraic geometry and first integrals by showing that with a sufficient number
of invariant algebraic surfaces, exponential factors and the multiplicity of the
invariant algebraic surfaces, one can construct first integrals. The theory has
been extended by many authors, starting with R? and regular surfaces in R?, [9]
and lately for R™, or S, or either the Clifford torus [4, 5, 7, 6, 9, 8, 10, 11]. The
importance of these extensions comes from the theory of first integrals and its
applications. Their existence for differential systems is important in particular
for the reduction of the ambient space, which in many cases makes easier the
analysis of the dynamics. Our main aim is to obtain an extension of the Darboux
theory of integrability of real polynomial vector fields on the n-dimensional torus
T™, and then, using the extactic polynomial, to obtain the maximum number of
parallels that such a vector field can have depending on its degree.

Before stating our results, we need some preliminary definitions (see [9] for
more details).

Let G: R*"™! — R be a C! map. A hypersurface € defined by G = 0 is regular
if VG # 0 on 2. We say that € is algebraic of degree d if G is an irreducible
polynomial of degree d. A polynomial vector field X on € is a polynomial vector
field X in R*™! with

X -VG =0 at all points of €.
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Given f € Clzy,...,Tn41], the algebraic hypersurface {f = 0} N Q C R"! is
said to be wnwvariant under a polynomial vector field X on 2 if there exists
k € Clzy,...,xn41] (called the cofactor of f =0 on §2) such that Xf = kf on
2, and the two hypersurfaces f = 0 and €2 have transverse intersection.

Given f,g € C,[x1, ..., Tpy1] (the set of all polynomials in Clxy, ..., z,41] of
degree at most m) and let 2 = {G = 0} be a regular algebraic hypersurface in
R™"! of degree d. We write f ~ ¢ if f/g = constant or f — g = hG for some
polynomial h. One can verify that ~ is an equivalence relation and we denote

the dimension of the quotient space Cp,[x1, ..., Zpt1]/ ~ by d(m). It is proved
in [9] that
n+1l4+m n+1+m-—d
(1) d(m) = - .
n+1 n+1
Let U € R™™! be an open set. A real function H(zy, ..., Tn1,t): R"™ — R is

a first integral of the polynomial vector field X on QNU if H(z1(t),. .., xnp1(t))=
constant for all the values of ¢ such that (x(¢),...,2,11(t)) € QNU. If H is a
rational function, then it is called a rational first integral.

Now we present the extension of the Darboux theory of integrability to polyno-
mial vector fields on T". The next theorem gives the dimension of C,,[x1, . .., Zy41].

Theorem 1. We have

d(m) = <n+1+m> B (n+1+m_2n>.

n+1 n+1

Theorem 1 is proved in section 2. It follows from a general statement on the
dimension of the linear space C,,[z1, ..., z,11] on a regular algebraic hypersurface
proved in [9]. We note that m > 2™.

The following theorem follows readily from [9, Theorem 5] and [5, Theorem
2].

Theorem 2. Let X be a polynomial vector field on T™ of degree m = (myq, ..., mpi1)
having p invariant algebraic hypersurfaces {f; = 0} N T™ with cofactors K; for
i=1,...,p and q exponential factors Fi, ..., F, with F; = exp(g;/h;) with co-
factors L for j =1,...,q. Then the following statements hold:

(a) There exist \i, pi; € C not all zero such that 3 7 NiK; + 35, piLj =0
on T™, if and only if the real (multi-valued) function of Darboux type
ML prpF{“ - Ei substituting £ by | £ if \i € R is a first integral
of the vector field X on T".
(b) If p+q > d(m) + 1 then there exist \;, 1; € C not all zero such that
?:1 )\ZKZ + Z?:l ,uij =0 on T".
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(c) There exist \i, pi; € C not all zero such that Y 7 | NI+ 75 piLj = —o
on T™ for some o € R\{0} if and only if the real (multi-valued) function of
Darbouz type fl’\1 e f;;\"Fl“1 - Felt substituting f{\" by | i if i € R
is an invariant of the vector field X on T™.

(d) The vector field X on T™ has a rational first integral if and only if p +
q > d(m) +n. Moreover, all the trajectories are contained in invariant
algebraic hypersurfaces.

The parallels of the n-dimensional torus T" are the intersections of T" with the
hyperplanes x; = constant. Note that a parallel is a (n — 1)-dimensional torus
T"~!. An interesting question is how many invariant parallels a polynomial
vector field in T" can have depending on its degree m. The answer is given in
the next theorem.

Theorem 3. For n > 2 assume that X is a polynomial vector field on T" of
degree m = (myq, ..., mpyy1) having finitely many invariant parallels. Then their
number is at most min{m,,deg X — 2}.

Theorem 3 is proved in section 3. In particular, if m; > mgo > -+ > my, 41,
then deg X = m; and so the maximum number of invariant parallels is m; —2. In
general, this upper bound is not reached and in any event the computations are
very elaborate. But for the case of polynomial vector fields of degree four having
T? as an invariant algebraic surface we can go much further. Indeed, while in
that case the upper bound on the maximum number of invariant parallels given
by Theorem 3 is 2, we prove in the following theorems that the upper bound is 1
and we provide examples. The statement of this result is split into two theorems.
In the first one we provide the most general form of all polynomial vector fields
of degree four having T? as an invariant algebraic surface and in the second one
we prove that the maximum number of invariant parallels is 1.

Theorem 4. Any polynomial vector field of degree 4 on T? can be written in
the form X = (P, Ps, P3) with Py, Pa, Py given below in (10), (11) and (12),
respectively.

The proof of Theorem 4 is given in section 4.

Theorem 5. There are no polynomial vector field of degree 4 on T? having the
maximum number of 2 invariant parallels. A polynomial vector field of degree 4
on T? having one invariant parallel is X = (Py, Py, P3) with

Py = 4(byco — azdo)(z1 — K)a3(ri — 13 — 23 — 23 — x3),
PQ = 41’3(1)1[)260/1 — a1b2d0H + (agbldo — bleCO + agbldll{ — albgdll{)l’l

+ (agbidak — arbads)kas + (a2bidsk — a1b2d3:‘£)$3)<$% + x% + ch — T% + r%),
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and

Py = by(agby — arby)k(r? —r2)% — 4by(bocy — agdo)k(rt + 13)x1 + 2bo(2baco — 2a2dy — agbik
+ arbor) (12 + r2)a? 4 4by(baco — aody) kxS + by(4asdy — 4baco + asbik — arbok)xt
+ 4by(bico — ardo) k(13 + 13)xy — 4(a1badik + by (baco — as(do + dik)))(r? 4 72) 122
+ 4bs(a1dy — blco)/@x%xg + 4(a1badik + by (baco — az(do + dik)))x32e — 2(azby — aybs)(by
— 2do) k(1% 4 r2) 2% + 4by (bacy — andy)kx125 — 2(2a2b1dok + b3(2c + a1k) — by (2aady
+ asbik + 2a1d2ﬁ))x%x§ + 4bs(ardy — blco)mc;’ + 4(a1badr k + by (baco — ao(dy + dln)))zlxg
+ (agby — arby)(by — 4da)kxy + 4(azby — a1by)dsk(r? 4 r2)zoxs + 4(arby — azby )dzkaizoxs
+ 4(arby — agbl)dgmxgzg + 2by(a1by — agbl)n(r% — T%)x% + 4bo (baco — agdg)nxlxg
+ 205(2a2dy — 2bacy + agbik — arbor)xias 4 4by(ardy — bico)kraxs + 4(arbadyk + by (baco
— ag(do + dln)))zlxgxg + 2(agby — a1bs)(ba — 2d2)f€$§l‘§ + 4(arby — agbl)dgnxgxg

+ bg((lgbl — albg)mcg.

for any K, aq,as,by, by, co, dy, dy, ds, d3 € R with kby # 0.

The proof of Theorem 5 is given in section 5.

We remark that the proofs and consequently the statements of Theorems 3, 4
and 5 depend on the parametrization chosen for T", and consequently from the
embedding of n-dimensional torus T" in R"*!.

2. PROOF OF THEOREM 1

We first introduce some preliminary results that will be used to prove Theorem
1.

Let T" = (S*)" be the n-dimensional torus in R"™!. We first define an embed-
ding from T" to R™*!. For this we consider the map ®™ = & . . (SH)" —
R™*! given by @5??._%(@1, ooy ) = (21, ..., Tpy1), where

T, = risina;q,

Tj—1 . .
rj=|rj + ———cosaj_; |sina;, forj=2,... n,
SN ;1
l‘n
Tpil = — cos
sin a,
with
j—1
ri>1 and 7; > g r; forj=2,....n.
i=1

Lemma 6. The map ® = ®)_,. is injective.
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Proof. Let 71 (a1,...,an 1) = (Z1,...,T,) be the former map of the torus
T ! into R®. Note that we can write @5??._,,7»”(041, sy ) = (T, Tpy) @S
follows:

rj=2z; forj=1,...,n—-1,

Tn .
Ty = |Tp + ——COSay,_1 ) SIn &y,
SN Gy —1

Tn,
Tpt1 = (rn + —cos ozn_1> COS Qipy.
SIN vy 1

Now we shall prove the injectivity of @&?)rn We proceed by induction.

For n = 2 assume that @5??,«2((11,0@) = <I>q(3?r2(a’1,oz’2) with aq, e, o), af €
[0, 27). Taking into account that

@ﬁf?rz (v, a9) = (rysinayg, (r2 + 71 cos ay ) sin g, (rg + 11 COS () €OS (rg),

we get
risina; = rysinaj,
(2) (ro + r1cosaq) sinag = (re + 71 cos ] ) sin
2 + 171 1 2 2+ 11 1 2
(12 + 71 cos ) cos ag = (12 + 71 COS A ) COS .
From the first equation we get sina; = sinc«). From the second and third

equations in (2) we get
(ro 4 ricosan)® = (ry + 1y cos o).

Since 75 > 11, we have cos ) = cosay, and so oy = ay, because sina; = sin o).
Therefore, from the second and third equations in (2) we get sin ap = sin oy and
cos oy = cos g, respectively. Consequently ay = of which proves the claim for
n = 2.

Now we assume that it holds until n — 1 and we will prove it for n. Assume
that

q)(n) .,T‘n(alv"'7an) = (b(n) (O{ll,...,a/)

T1,-- T1y.e0sTm n
with ay,...,a,,a],...,a,, € [0,27). By the induction process and the con-
. n . n—1
struction of ®$1?...,rn(a1, ...,0p) in terms of <I>£1,_,,,)rn,1(a1, ce, Q) We get o =
/ _
a1, ..., 00 5= 0p_g and
'i.’l’l, . i‘n . /
———sinay,_; = ———sina),_q,
sin oy, sina,_,
in . j:n / . /
(3) Tp + ————COSQp_1 | SINQy = | Ty + —————COS, 1 |SINq,,
sin o, sina,
j’n jn / /
Ty + — COSQlp—1 ) COSQy = (T, + —————COSQy, ;| COSQx,.
sin a1 sina/,
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Note that since o; = oz; for j =1,...,n—2 and Z,/sina,_; only depends on
ai,...,0,_o we have that
x T

sina,—1 sina,_,;

From the second and third relations in (3) we get

T 2 T 2

n n /

(Tn + — cos an,l) = <7‘n + ————cos Oénfl) )
SIN vy —1 Sin ¢, 4

and since r, > Z;:ll r; we readily obtain that

Tn Tn
COS Uy =

—r ———— COS Q4.
sin oy, sina, 4

Together with the first relation in (3) and using (4) we obtain

!/

/ _ .
cosq,_; = cosay,_; and sina,

_; = sinay,_q,
which yields a,,—1 = a/,_;. Now from the last two identities in (3) we obtain that

a, = o/, as we wanted to prove. This completes the proof of the lemma. 0

Now we continue with the proof of the theorem.

Using the parameterization @1("?,)...,%(&1, ooy ) = (21,...,2,41) We obtain
that the n-dimensional torus in cartesian coordinates can be expressed as follows:

(5) y121+1 + 90721 = R72H-17 yj = anerja Rj = T?’L+27j7 j = 17 e n =+ 17

and

(6) goj:\/y]2-+g0§_1—Rj, j=2,....,n+1 and ¢ =y;.

We have the following lemma.

Lemma 7. For each n > 2 there exists a polynomial Qon € Con[z1, ..., 2p11] of
degree 2" such that (5) can be written as

Qo (21, Tpy1) = 0.

Proof. We proceed by induction. If n = 2 then

5 + (\/v3 +yi — Re)* = Rj,
which can be written as

2Ro\/y3 +yl =R —y5 —v; —yi — R

AR (i +y3) = (R —ys — v — yi — R3)°

This yields

or in other words
Qu(y1,Y2,y3) = Qu(w1, 72, 23) = 0,
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as we wanted to prove.

Now we assume that the statement holds until n — 1 and we prove it for n. By
the induction hypothesis we have that

Yo+ 01 = By = Qani (Y1, -, Yn).
It follows from (5) and (6) that

yiﬂ + yi + Qoifl + Ri - 2Rn\/ y% + 9072171 = R121+17
Yoir + Qo (Y1, - yn) + 2R% — Ro = 2R Jy2 + @2y

Taking squares we get
(?JTQLH + Qo1 (Y1, Yn) + 2R — R721+1)2 = 4R} (ya + i 1)
= 4R$L(Q2"_l(y17 s ;yn> + Ri)?

and so

or in other words

Q2"<y17'~-7yn+1) =0 thatis QQn($1,...,$n+1> :O,

because Qgn—1(y1, . . ., yn)? is a polynomial of degree 2". This completes the proof
of the lemma. O

It follows from Lemma 7 that T™ is regular and that we can rewrite it as

Qo (1, .., Tpe1) =0, for some polynomial Qon of degree 2".

So we have that d = 2". Hence from (1) it follows that C,,[z1,...,Z,41] on the
n-dimensional torus T" is a C-linear space of dimension

m+n+1 m4+n+1-2"
d(m) = — :
n+1 n+1
This completes the proof of the theorem.

3. PROOF OF THEOREM 3

A convenient tool to look for invariant algebraic hypersurfaces is the extactic
polynomial of X associated to a finitely generated vector subspace W of the
vector space Clzy, ..., x4 with basis {vy,...,u} (see for instance [4, 3, 12]). It
is defined by

5W(X) = 8{1;1,.A.,vl}<X) = det
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In view of the properties of determinants, &y (X) does not depend on the chosen
basis of W. The next proposition is proved in [1].

Proposition 8. Let X be a polynomial vector field in C* and let W be a finitely
generated vector subspace of Clxy, ..., xq4] with dim W > 1. Then every algebraic
invariant hypersurface f =0 for X, with f € W, is a factor of Ew(X).

It follows from Proposition 8 that f = 0 is an invariant hyperplane of X if
the polynomial f is a factor of the polynomial Ey (X)), where W is generated by

{1,21,..., 24}

Proof of Theorem 3. By definition an invariant parallel is the intersection of an
invariant hyperplane of the form z; = k, where k € R, with the n-dimensional
torus T". Thus this intersection is a T""! (n — 1)-dimensional torus. From
Proposition 8 we know that if x; — x = 0 is an invariant hyperplane of the
polynomial vector field X, then x; — & is a factor of the extactic polynomial. So
the maximum number of factors of the form z; — s of the extactic polynomial
Ef1,an:1) (X) gives an upper bound for the number of invariant planes {z; —x = 0}
of X, and this allows us to obtain an upper bound for the number of its invariant
parallels.

From the definition of extactic polynomial we get

1 € o 1 X1 _ B
det (X(l) X(5171)) = det (0 P (x4, ... ,:Bn+1)) =P =P, an).

Since the degree of P, is my, this polynomial can have at most m; linear factors
of the form x; — k and so the number of invariant parallels of X on T" is at most
m;.

However this bound can be improved after imposing that the n-dimensional
torus T” is an invariant algebraic hypersurface of the vector field X = (P, ..., Pyy1).
First we recall that in view of Theorem 1 and its proof, we can write T" as F' =0
being

F(x1,..  xn) = F(@l, . 22, ) = F(z1, .., Za1),

and it has degree 2". Moreover it follows also from that theorem and its proof
that

n

F(21,0,...,0,0) = 27 + (rps1 — Zri)2 - T
=2
and 741 > 30, 1+ with 1 > 1. Note that this implies that

n

F( %,0,...,0,0):F(zl,O,...,0,0) :Zl+(Tn+1—ZTZ‘)2—T’1.

=2
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Then
OF OF .
201—P A 22, —PFP, 1 = KF
(7) Ilazl L+ 22 ny, P
for all (xq,...,7,41) € R™™! where K = K(xy,...,7,_1) is a polynomial of

degree m — 1 with m = deg X.

We write
I

P1 = h(l’l, e ,IL‘n+1) H(Il — Iii),

i=1
in such a way that 1 — k; for all k; € R is not a factor of the polynomial h.
Eventually some of the x;’s can be the same. Then

l
5{1,:c1} = h(9€1, <y Tl H I — /fz
=1

Since (7) holds for all x1, ..., 2,41 € R, in particular it must hold for xo =
Tna1 = 0 and so,

l n
21‘1h $1, .. H 1 — /ﬁ?l = (Z k; -751) ( (TnJrl - Zri)Q - Tl)a
i=1

1=2

where k; = kij(x,...,2,y1) is a polynomial for ¢ = 0,...,m — 1. From this
equation we have that ky = 0 and consequently

l n
2x1h(z1,0,.. H r1 — Ki) <Z k; IE1> ( + (rpy1 — Zri)z — 7"1>.
i=1 1=2

Taking into account that r,,; > Z?:Q r; + 1 and r; > 1, we see that

n

2
x%—i—(rnH—Zn) —T1>.Z'%+7“%—7“1>0,

1=2

and consequently it does not factorize in R[z;]. This assertion together with the
fact that h(xy, ..., x,+1) has no factor of the form z; — k shows that [ < m — 2.
So Ef1,2,3(X) has at most m — 2 factors of the form z; = xk with x € R. Hence
X has at most m — 2 invariant hyperplanes of the form z; = k with k € R, and
consequently X has at most m — 2 invariant parallels.

Therefore, the maximum number of invariant parallels that X can have is
min{m,, m — 2} = min{m,, deg X — 2}.

This completes the proof of the theorem. 0
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4. PROOF OF THEOREM 4

In view of Theorem 1 the n-dimensional torus T? can be written in cartesian
coordinates as the surface

(8) g1 = (27 + a5+ a5+ —r3)* — Ay (el + 23) =0,

which is the surface Q4(z1, 2, x3) = 0 of Lemma 7.

It follows from [7, Theorem 1.3.1] that any polynomial differential system in
R? having ¢g; = 0 as an invariant algebraic surface must be written in the form
X = <P17P27P3) where

Pl = ¢{x17927g3} + )\1{917 xlvgfﬂ} + )\Z{glnga x1}7
(9) Py = ¢{x2, 92, 93} + M{g1, 12, 93} + Aa{g1, g2, 2},
Py = ¢{x3, 92, 93} + M{g1, 23, 93} + Xo{ 1, g2, 3},

where ¢ is a polynomial in the variables z1, z9, x5 satisfying ¢|,,—0 = 0, and
gr for k = 2,3 and \; for ¢« = 1,2 are arbitrary polynomials in the variables
(21, 29,x3). Moreover {f,g,h} denotes the Nambu bracket of the polynomials
f = flx1,29,23), g = g(x1, 22, 23), h = h(x1, x9, x3) which is defined as

Jor  Jao Jas
{f7 g, h} = det 9z1 Yzo  Yzs
hay hay  hag

Since we are looking for polynomial vector fields of degree four and g, is a poly-
nomial of degree four, without loss of generality we can take ¢ = ¢(x1, x9, x3) =
g1(x1, x2, 23) (because rescaling the time if necessary any constant can be passed
to one). Moreover since deg g; = 4 we have that the degrees of go, g3, A1, Ao must
be one. So we take them as follows

92(x1, T2, 3) = ag + a1x1 + aswy + azxs,
g3(x1, 29, x3) = by + b1y + bowy + b33,
1(96 T2, X

(

)\2 T1,22,T3

>~

) =
x3)

T3) = ¢ + c171 + CoTy + €373,
) = do + dyx1 + dyxs + dsTs,

for any a;, b;,¢;,d; € R for i =0,...,3.
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It follows from (9) that P; is equal to

(10)
— (asby — agbs) (12 — r2)2 + 4(bsco — asdo) (1% + r2)xy — 4(bacy — andy)(r? — r2) 3
+ 2(agby — asbs)(r} + r2)x? + 4(bscy — azdy)(r? + ri)xixe — 4(byey — andy)(rE — 3Ty 23
+ 2(agby — asbs + 2bscy — 2asdy)(r? + 12)x2 + 4(agdor? — asdsr? — asdyri — asdsra
+ boco(rs — 73) 4 byes(r? 4 73))xoxs 4 2(asbs — asbs — 2bycs + 2aqd3)(r? — r3)al
+ 4(agdy — bsco)x3xa + 4(baco — andy)zixs + 4(asdy — baco)xs + 4(bacy — apdg)raxs
+ 4(azdy — byco)waxs + 4(baco — aodp)zs + (agbs — asbs)x] + 4(azdy — bzer)xsay
+ 4(bgey — agdl)l’?{ﬂg — 2(agby — agbs + 2bsco — 2a3d2)x%x§ + 4(bgco — bscg — aads
+ agds)rizoxs + 2(—agby 4 2bacs + az(bs — 2d3))xix3 + 4(asd; — bscy )z ws
+ 4(bgey — agdl)xlxgzg + 4(azdy — bgCl)IElZL'QIIZ?;) + 4(bgeq — agdl)xlxg — (azby — agbs
+ 4bscy — dagds)xy + 4(bacy — bzcs — asdy + asds)xdxs + 2(—azbs 4 asbs — 2bzcy
+ 2bocs + 2asdo — 2a2d3)x§x§ + 4(bacy — bycg — asds + agdg)achg — (agby — 4bacs
— ay(bg — 4ds))x3,

P; is equal to

(11)
(azby — a1b3)(r? — r3)* — 4(bsco — azdy)(r? + r3)x1 + 4(bico — ardo)(rs — r3)as
— 2(asby — aibs + 2bscy — 2a3dy ) (r? + r2)a? — 4(bgco — azdy)(r? + r3)z 110
—4(a1d17? — asdsr? — aydirs — agdsrs + biey(rs — 12) 4 byes(r? 4 12))xy 23
— 2(asby — a1b3)(r? 4+ r2)ax2 + 4(bicy — ayds) (1 — r3)woxs — 2(asby — arbs — 2bics
+ 2a1d3)(r? — r2)a2 + 4(bzco — asdo)xs + 4(ardo — bico)axias + 4(bsco — azdo) v
+ 4(bgco — aszdo) w123 + 4(ardy — bico)rirs + 4(ardy — bico)xs + (azby — arbs + 4bscy
— dasgdy)xt + 4(bsco — asdy)rizy — 4(brer — bses — ardy + azds)xSxs + 2(asby — aibs
+ 2bzcy — 2asdy)x3x3 + 4(ardy — bica)rizoxs + 2(2bze; — arbs — 2bycs + as(by — 2d;)
+ 2a1d3)x3x3 + 4(bzco — azds)x1a5 + 4(bzez — bicy + ardy — azds)x1xiws + 4(bzcy
— azdy)x12973 + 4(b3cs — bicy + ardy — azds)xixs 4 (azby — arbs)xs + 4(aydy — byco)wixs
+ 2(agby — a1bs — 2bycs + 2a1d3)x§:17§ +4(ardy — b1c2)12:17g + (agby — a1bs — 4bics
+ dayds)xs,
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and Pj is equal to

(12)

— (agby — arby) (1} — 1r3)? + 4(baco — aado)(r? + r2)ay — 4(bico — ardo)(r? + 73) s

+ 2(agby — arby + 2byer — 2a0dy)(r? 4+ 72)x? — 4(bier — bacy — ardy + agds)(r? + 13) w1 a0

bocs — agds)(ri + r2) w123 + 2(agby — a1by — 2bicy + 2a1dy) (r? + r3)as

bics — ards)(r? 4 r2)aoxs + 2(agby — a1be)(r? — r2)ax2 + 4(agdy — baco)
)
)

bico — a1dy l‘1$2 + 4(a2d0 — bgco)xlxz + 4(a2d0 — bQCO).%‘l.Z‘g + 4(()160 — aldo)

+4(
—4(
+4(
+ 4(b1co — ardy x2x3 (a1be — agby — 4bycy + 4a2d1)x1 +4(brer — baco —ardy + anQ)x?xQ
+ 4(agds — bacs)xixs + 2(a1by — azby — 2bacy + 2b1ca + 2a9d; — 2a1ds)x3 23 4+ 4(bycs

— a,ldg)l'%’EQl’g + 2(a1by — agby — 2bycy + 2a2d1)$%l’§ +4(bycr — baca — ardy + a2d2)m1x‘;’

+ 4(agds — bacs)wix32s + 4(bicy — bacy — ardy + agdy)xy w073 + 4(agds — bacs)ziws

— (agby — 4bycy — ay(by — 4dy))xy + 4(bycs — ards)x3xs + 2(2b1c2 — agby + a1 (by — 2d2))x3x2

+ 4(b163 — aldg)l‘gxg — (a2b1 — albg)xé

5. PROOF OF THEOREM 5

In view of Theorem 1 the 2-dimensional torus T? in cartesian coordinates can
be written as the surface gy = 0 with g; as in (8). It follows from the proof
of Theorem 4 that any polynomial vector field X = (P, Py, P3) of degree four
having T? as an invariant surface must be written as in (10)—(12). Now it follows
from the proof of Theorem 3 and the definition of invariant parallel that in order
to obtain the most general polynomial vector fields having the maximum number
of parallels (which is at most two) we must have that the polynomial P; in (10)
must be of the form

2
P = (1 — k1)(21 — K2)(So + $121 + S22 + S3T3 + S4T] + S5T122 + SeT1X3
2 2
+ 8725 + SsTaTs + Sox3),

for some k1, ko, s; € R for ¢ =0,...,9. Solving this equation for any k1, ko, s; we
get that the unique eventual solution is sy = - -+ = s9 = 0 which is not possible
because then P, = 0. So, there are no polynomial vector fields on T? of degree
4 having two invariant parallels. The most general form for a polynomial vector
field on T? of degree four having one parallel is

2 2
Py = (1 — K)(So + $121 + S2T2 + S3x3 + S4x] + S5T122 + Sex123 + S745
2 3 2 2 2
+ 8823 + S9T3 + S10x] + S11T1T2 + S12X12 + S13T1T5 + S14L1T2T3
2 3 2 2 3
—+ 815?[711‘3 + 8161'2 + 8171’21‘3 + 8181'2[E3 —+ 819ZE3)7

for some k,s; € R for i = 0,...,19 with (so,...,819) # (0,...,0). Solving
this equation we obtain many solutions. One of these solutions is the solution
provided in the statement of the theorem.
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