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Abstract. In this paper we are concerned with determining lower bounds of the number

of limit cycles for piecewise polynomial holomorphic systems with a straight line of discon-
tinuity. We approach this problem with different points of view: study of the number of

zeros of the first and second order averaging functions, or with the control of the limit cycles

appearing from a monodromic equilibrium point via a degenerated Andronov–Hoph type
bifurcation, adding at the very end the sliding effects. We also use the Poincaré–Miranda

theorem for obtaining an explicit piecewise linear holomorphic systems with 3 limit cycles,

result that improves the known examples in the literature that had a single limit cycle.

1. Introduction

The models in nonsmooth dynamics of differential equations have attracted the attention of
many researchers for the accuracy of the obtained results comparing with the real observations,
see more details in the three books [1, 5, 18] and their references. Several of these models are
given by piecewise smooth systems with some switching manifold. Moreover, on many of them
the smooth systems are linear and the switching manifold is a straight line.

Holomorphic functions have a wide range of applications in several areas of applied science
such as the study of fluid dynamics, for more information see, for instance, [3, 6, 9]. One of the
most remarkable dynamical properties of holomorphic systems ż = f(z) is the fact that these
systems do not have limit cycles. The study and the properties of these systems make them
interesting and beautiful but precisely this absence of limit cycles makes them dynamically
poor. However, in [16] the authors proved that there are piecewise linear holomorphic systems
that have one limit cycle. Moreover they proved that if the equilibrium points are on the
straight line of discontinuity this limit cycle is unique.

In this paper we are interested on piecewise polynomial holomorphic systems (PWHS). On
one hand, each of the smooth systems has the beautiful properties of the holomorphic systems
but on the other hand considered as a piecewise system they exhibits all the interesting features
of the piecewise linear systems and much more. In particular, as we have already explained,
they can have limit cycles. Moreover, all the power of complex notation and of complex analysis
can be used in their study.

Essentially, the techniques we employed to prove the results of this paper could be applied
to piecewise smooth vector fields, without necessarily being piecewise holomorphic. However,
the fact that it is holomorphic endows the vector field with important properties that simplify
calculations. In fact, holomorphic systems, apart of the absence of limit cycles, have other sur-
prising and interesting properties: reversibility, integrability, all their centers are isochronous,
and complete knowledge of the phase portraits around their non-essential singularities, with
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simple local normal forms. Moreover, when we add the hypothesis of being holomorphic to a
system, we reduce the number of involved parameters. More concretely, while a polynomial sy-
stem of degree n depends on n2 +3n+2 parameters, a polynomial holomorphic system depends
only on 2n + 2 parameters. In particular, while planar polynomial systems of degree n that
do not have continua of equilibrium points have at most n2 of them, holomorphic polynomial
systems of degree n have at most n equilibrium points, provided that f is not identically null.

The aim of this work is the study of the limit cycles of piecewise polynomial holomorphic
systems (PWHS),

(1)

{
ż = F+(z), when Im(z) > 0,

ż = F−(z), when Im(z) < 0,

where z = x+ iy and F±(z) are holomorphic polynomial functions with deg(F±) = n±.
Notice that the straight line Σ = {z ∈ C : Im(z) = 0} divides the plane in two half-planes

Σ± given by {z ∈ C : Im(z) > 0} and {z ∈ C : Im(z) < 0}, respectively. The orbits on Σ are
defined following the Filippov convention, see [10] for more details.

Let Ln+,n− ∈ N∪{∞} be the maximum number of limit cycles that (1) can have. The main
goal of this article is to determine lower bounds for Ln+,n− . Notice, that trivially Ln+,n− =
Ln−,n+ . The main tools that we will use are:

• The averaging theory up to second order to compute the so called averaged functions
of orders 1 and 2. We will base our computations on the general results given in [17,
Theorem 1]. For the sake of completeness, we recall them in Proposition 1. With this
approach we obtain lower bounds of Ln−,n+ (non optimal) for any n−, n+.
• The computation and use of the Lyapunov quantities to produce limit cycle via dege-

nerated Andronov–Hopf type bifurcations when n−+n+ ≤ 4. We develop the method
introduced in [7, 24] and apply it in the particular holomorphic context to obtain
explicit expression of the first five Lyapunov quantities.
• The effect of the sliding for increasing by one the number of limit cycles obtained in

the previous item. In this point we follow the ideas of [12, Proposition 7.3] to perform
a suitable final perturbation inside the holomorphic world.
• The use of the conformal map w = 1/z, to transform a neighborhood of infinity of our

system with n+ = n− = 1 into a neighborhood of the origin of a new system (1) but
with n+ = n− = 2. Then, by applying the results obtained by using the Lyapunov
quantities in this latter case we prove that L1,1 ≥ 3. This approach is very related
with the one of Freire et al. [11], that proves the same result and with similar ideas
but for piecewise linear systems.
• The Poincaré–Miranda theorem to prove the existence of 3 limit cycles for an explicit

piecewise linear holomorphic sytem, providing a second proof that L1,1 ≥ 3. This
result adapts to the holomorphic setting the same approach used in [14] to obtain a
piecewise linear system with at least 3 limit cycles.

Let us state our main results. Our first theorem deals with the analysis of the limit cycles
obtained by computing the second order averaged function of a perturbation of the global
center ż = iz inside system (1). As usual, in next result, [.] denotes the integer part of a real
number, i.e. given n ≤ x < n+ 1 then the integer part of x is [x] = n.

Theorem A. Consider system (1) with F±(z) = iz + εh±(z) and deg(h±) = n±. Then, by
using the averaging theory up to order two, for ε small enough, the maximum number of limit
cycles that bifurcate from the periodic orbits of the center is [(3 max{n+, n−} − 1))/2] , this
upper bound is attained and, in this case all these limit cycles are hyperbolic. As a consequence,
Ln+,n− ≥ [(3 max{n+, n−} − 1))/2] .
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Our second result studies with more detail the cases n+ + n− ≤ 4 and deals with the limit
cycles obtained from a degenerated Andronov–Hopf bifurcation together with an extra limit
cycle obtained by adding sliding (see Proposition 12). Of course this result is based on the
computation of the Lyapunov quantities associated the weak focus-weak focus case, which are
developed and particularized for the piecewise holomorphic systems. We arrive until the 5th
constant, see Theorem D for more details. The main difficulty in calculating these quantities
arises from the length of the expressions involved, which was expected since in the discontinuous
case we only consider half return maps around the monodromic equilibrium points and some
cancellations that happen in the smooth case disappear. From this reason we have deferred
some of the computations of our proof of Theorem D to an appendix.

Theorem B. Let L0
n+,n− ≤ Ln+,n− be the number of hyperbolic limit cycles bifurcating from

the origin of system (1). In Table 1 we give some lower bounds of L0
n+,n− for n+ + n− ≤ 4,

n+/n− 1 2 3

1 1 3 5
2 3 4 -
3 5 - -

Table 1. Lower bounds for L0
n+,n− .

We highlight that in the linear case n+ = n− = 1, Theorems A and B only show that
L1,1 ≥ 1, that was a known result ([16]). Our final theorem improves this lower bound.

Theorem C. There are piecewise linear holomorphic systems with at least 3 limit cycles, that
is L1,1 ≥ 3.

As we have already commented, we will present two proofs of the above theorem. The
first one based on the study of a degenerate Andronov–Hopf bifurcation and the second one
providing an explicit example and based on Poincaré–Miranda theorem. As we will see the
first approach does not give explicit examples, but the existence of them. They exist when
some involved parameters satisfy certain smallness properties, that cannot be given explicitly.

As far as we know all examples with 3 limit cycles for piecewise linear systems have at least
one of the involved smooth systems (or even both) of focus type. Since the real Jordan form
of a focus can also be written as a holomorphic vector field, after all, it is not a full surprise
that piecewise linear holomorphic systems do have also 3 limit cycles.

More specifically, our second proof demonstrates that the piecewise linear holomorphic sy-
stem {

ż =
(
i+ 3

8

)
z − 14333

2000 + i 1159
1000 , when Im(z) > 0,

ż =
(
i− 1

5

)
z − 51

50 + i 1
250 , when Im(z) < 0,

has 3 nested limit cycles that surround the real focus (−1/5,−49/50). For more details see
Section 5.2.

The construction the above example has been inspired by the example of piecewise linear
system with 3 limit cycles presented by Llibre and Ponce in [19] (developed by using Newton–
Kantorovich theorem) and by the one of Gasull and Mañosa in [14] (also studied by using
Poincaré–Miranda theorem).

The paper is organized as follows. In Section 2, we present some basic results on the avera-
ging theory, the Lyapunov method, the Poincaré–Miranda theorem, and some more technical
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results. This section also contains Theorem D. Then we dedicate next three sections to prove
Theorems A, B, and C. Finally, an appendix is also provided with some additional computa-
tions needed to prove Theorem D.

2. Preliminaries

This section is devoted to establishing some results that will be used throughout the paper.
We divide it in four subsections.

2.1. The averaging method. We briefly recall some basic results of the averaging theory
for piecewise smooth systems written in polar coordinates. An overview on this subject can
be found in [17], and the reader can see the details of the proofs there. Consider the piecewise
smooth systems of the form

(2)
dr

dθ
=

{
F+(θ, r, ε) if 0 ≤ θ ≤ π,
F−(θ, r, ε) if π ≤ θ ≤ 2π,

where F±(θ, r, ε) =
∑k
i=1 ε

iF±i (θ, r) + εk+1R±(θ, r, ε), with θ ∈ S1, r > 0 and ε > 0 is a
sufficiently small parameter.

From [17] we introduce the following functions M±j (r) for j = 1, 2 related to the above

system (2):

M±j (r) =
1

j!
yj(±π, r), for j = 1, 2,

where

• y±1 (t, r) =

∫ t

0

F±1 (θ, r)dθ;

• y±2 (t, r) =

∫ t

0

[
2F±2 (θ, r) + 2∂rF

±
1 (θ, r)y±1 (θ, r)

]
dθ.

Now, we define the function Mj(r) = M+
j (r) −M−j (r), which is called the averaged function

of order j. The following result can be found in [17, Theorem 1]:

Proposition 1. Let Ml, l ∈ {1, 2}, be the first non identically zero averaged function. Then,
each simple zero r = r0 of Ml provides, for ε small enough, a hyperbolic limit cycle of the
piecewise smooth system (2) that tends to r = r0 when ε tends to 0.

2.2. The Lyapunov approach. To determine the existence of limit cycles associated with
the system (1), it is enough to calculate the zeros of the displacement function ∆1(r) =
(f−)−1(r)− f+(r), where f± are the half-return maps of ż = F±(z).

Notice that these half return maps are locally well defined for instance when the equilibrium
is a weak focus for both differential equations ż = F±(z) and it is located on the line of
discontinuity.

It is important to highlight that instead of the function ∆1 another function, that also
captures the limit cycles, can be defined using the composition of f+ with f−, that is, ∆2(r) =
f−(f+(r))−r. Both functions have the same zeros counting their multiplicities. Indeed, assume

that ρ∗ is a zero of ∆1 of order k ≥ 1, i.e. ∆
(j)
1 (ρ∗) = 0 j = 0, . . . , k − 1 and ∆

(k)
1 (ρ∗) 6= 0.

Recall that ∆2 can be rewritten as

∆2(r) = f−(f+(r))− f−(f+(r) + ∆1(r)).

Thus, ∆
(j)
2 (ρ∗) = 0 j = 0, . . . , k − 1 and

∆
(k)
2 (ρ∗) = −(f−)′(f+(ρ∗))∆

(k)
1 (ρ∗) 6= 0,
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where we have used that −(f−)′(f+(ρ∗)) 6= 0 because both f± are diffeomorphisms. Therefore,
ρ∗ is a zero of ∆2 of order k. The reverse is done the same way. Both approaches are used
throughout this work.

Similarly, the main idea to determine the stability of an equilibrium point p = (0, 0) of
equation (5) consists of starting from (r0, 0), r0 > 0 small enough, and to evaluate the sign of
the first term nonzero of ∆2 in its power series expansion around r = r0. The coefficient of this
term is usually called a Lyapunov quantity or Lyapunov constant.

The Lyapunov quantities also give us information about the maximum number of limit
cycles that bifurcate from an equilibrium point of the PWHS, and this leads us to introduce the
concept of order of a weak focus. We say that p = (0, 0) is a weak focus of order k of system (1),
whenever F±(0) = 0 and the displacement function defined as ∆(r) := ∆2(r) = f+(f−(r))− r
satisfies

∆(r) = Vkr
k +O(rk+1), with Vk 6= 0.

As we have explained above, the coefficient Vk is called kth Lyapunov quantity. In Proposition
4, we will show that if the piecewise holomorphic system (1) has a weak focus order k at the
origin, then any small perturbation of system (1), that keeps the singularity, has at most k− 1
limit cycles. Moreover in that proposition we give effective computable conditions to check
whether k−1 limit cycles do appear. Finally, by introducing sliding in (1), see Proposition 12,
we can obtain one extra limit cycle bifurcating from the origin. In short, from a weak focus of
order k, it is possible to bifurcate k limit cycles and there are verifiable conditions to ensure
that this number of limit cycles do bifurcate from the origin.

In this context, just as in the smooth case it is possible to calculate the Lyapunov quantities,
however in the discontinuous case there are also even Lyapunov quantities. The only difficulty
in calculating these quantities arises from the length of the expressions involved. As we have
already commented, this is because in the discontinuous case we only consider half return
maps.

Let us compute the first five Lyapunov quantities for piecewise holomorphic systems with a
line of discontinuity following the ideas of [7, 24]. Consider the system

(3) ż = F (z) =

∞∑
k=1

Fk(z),

where Fk(z) = Akz
k. Assume that the origin is of focus type and that the nearby solutions

turn around it counterclockwise, that is, Im(a) > 0, where F1(z) = az, a ∈ C.
In the (r, θ)-polar coordinates, system (3) is written as

dr

dθ
= r

cos(θ) Re(F (z) + sin(θ) Im(F (z))

cos(θ) Im(F (z))− sin(θ) Re(F (z))

∣∣∣∣
z=reiθ

= r
Re(zF (z))

Im(zF (z))

∣∣∣∣
z=reiθ

,

or equivalently,

(4)
dr

dθ
=

∑∞
k=1 r

k Re(Sk(θ))∑∞
k=1 r

k−1 Im(Sk(θ))
=

∞∑
k=1

Rk(θ)rk,

where Sk(θ) = zF (z)|z=eiθ = e−iθFk(eiθ) and the functions Rk(θ) can be easily obtained from
them. Recall that Im(S1(θ)) = Im(a) > 0.
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Let r = R(θ, s) be the solution of (4) such that R(0, s) = s, and write it as

R(θ, s)− s =

∞∑
k=1

ωk(θ)sk, where ωk(0) = 0, for k ≥ 1.

Plugging this expression in (4) we get successive linear differential equations for the unknowns
ωk and we can obtain them. Then, in the smooth case, the Lyapunov quantities are given by
the first k such that ωk(2π) 6= 0. It is known that this k is odd, see for instance [2].

In the sequel we will perform a similar computation but for the piecewise holomorphic
system

(5)

{
ż = F+(z), when Im(z) > 0,

ż = F−(z), when Im(z) < 0,

where F±(z) =
∑∞
k=1 F

±
k (z) are defined by (3) and F±1 (z) = (i+ λ±)z.

As we will see, the essential difference with the smooth case is that the Lyapunov quantities
can be obtained by the values ωk(π), computed for both smooth differential systems ż = F±(z).

Theorem D. Consider system (5) where F±(z) =
∑∞
k=1 F

±
k (z). Suppose that F±1 (z) =

(i + λ±)z and write F±2 (z) = A±z2, F±3 (z) = B±z3, F±4 (z) = C±z4, and F±5 (z) = D±z5.
Then its first five Lyapunov quantities are:

(i) V1 = e(λ++λ−)π − 1;

(ii) V2 = ω+
2 (π) + ω−2 (π)e3λ+π;

(iii) V3 = eλ
+πω+

3 (π)− 2(ω+
2 (π))2 + ω−3 (π)e5λ+π;

(iv) V4 = e2λ+πω+
4 (π)− 5eλ

+πω+
2 (π)ω+

3 (π) + 5(ω+
2 (π))3 + ω−4 (π)e7λ+π;

(v)
V5 = e3λ+πω+

5 (π) + 21eλ
+π(ω+

2 (π))2ω+
3 (π)− 14(ω+

2 (π))4

−3e2λ+π(ω+
3 (π))2 − 6e2λ+πω+

2 (π)ω+
4 (π) + ω−5 (π)e9λ+π.

where ω±i (π) for i = 1, · · · , 5 are:

ω±2 (π) = eλ
±π(−eλ±π − 1) Re

[
± (1 + λ±i)A±

i+ λ±

]
;

ω±3 (π) = eλ
±π(e2λ±π − 1)

{
Re

[
(1 + λ±i)B±

2(i+ λ±)
+
A±A±

4

]

− Im

[
(1 + λ±i)(A±)2

4(i+ λ±)

]}
+ e−λ

±π(ω±2 (π))2;

ω±4 (π) = −2e−2λ±π
(
ω±2 (π)

)3
+ 3e−λ

±πω±2 (π)ω±3 (π)

∓1

2
eλ

±π(−e3πλ± − 1)
{

Re
[
η±1 − λ±η

±
5 − 2(γ±1 + γ±2 )

]
− Im

[
λ±η±1 + η±3 + 2(γ±3 + γ±4 ))

]}
±1

2
eλ

±π(−eπλ± − 1)
{

Re
[
η±2 − λ±η

±
6

]
− Im

[
λ±η±2 + η±4

]}
;



ON THE NUMBER OF LIMIT CYCLES FOR PWHS 7

ω±5 (π) = −5

2
e−3λ±π(ω±2 (π))4 + 2e−2λ±π(ω±2 (π))2ω±3 (π) +

3

2
e−λ

±π(ω±3 (π))2

+eλπ(e4πλ± − 1)
{

Re
[
ξ±1 + ξ±3 + ξ±5 + ξ±8 + ξ±9 + ξ±10 + ξ±11 + ξ±12 − 2(δ±1 + δ±3 )

]
+ Im

[
ξ±6 + ξ±7 − 2(δ±6 − λ±δ

±
1 )
]}
± eλπ(−e4πλ± − 1)

{
Re
[
ξ±2
]
− Im

[
ξ±4
]}

∓ω±2 (π)(−e3πλ± − 1)
{

Re
[
η±1 − λ±η

±
5 − 4(γ±1 + γ±2 )

]
− Im

[
λ±η±1 + η±3 + 4(γ±3 + γ±4 )

]}
+

1

4
eλπ(e2πλ± − 1)

{
Re

[
B±δ±7 +

λ±

2
δ±10

]
− 1

2
Im
[
(A±)2δ±7

]}
−1

4
eλπ(−eπλ± − 1)

{
Re

[
B±δ±8 +

λ±

2
δ±9 − 8(δ±2 + δ±4 )

]
− 1

2
Im
[
(A±)2δ±8 + 16(δ±5 − λ±δ

±
2 )
]}

±(−eπλ± − 1)ω±2 (π)
{

Re
[
η±2 − λ±η

±
6

]
− Im

[
λ±η±2 + η±4

]}
;

for certain constants η±k≥1, γ
±
k≥1, ξ

±
k≥1, and δ±k≥1 given in the appendix. Moreover, the stability

of origin of system (3) is determined by the sign of the first non zero Lyapunov quantity.

To prove the previous theorem we will use the following result, whose proof can be consulted

in [13]. In the sequel, we use the notation f̃ = f̃(θ) =
∫ θ

0
f(s)ds.

Proposition 2. Consider the analytic differential equation

(6)
dr

dθ
=

∞∑
k=2

Rk(θ)rk.

Let r = R(θ, ρ) be its solution with initial condition R(0, ρ) = ρ. Then

(7) R(θ, ρ)− ρ =

∞∑
k=2

uk(θ)ρk,

where uk(0) = 0, k ≥ 2, and

u2(θ) = R̃2;

u3(θ) = (R̃2)2 + R̃3;

u4(θ) = (R̃2)3 + 2R̃2R̃3 +
˜̃
R2R3 + R̃4 = (R̃2)3 + 3R̃2R̃3 −˜̃

R3R2 + R̃4;

u5(θ) = (R̃2)4 + 3(R̃2)2R̃3 +
˜

(R̃2)2R3 + 2R̃2
˜̃
R2R3 + 3

2 (R̃3)2 + 2R̃2R̃4 + 2R̃4R̃2 + R̃5

= (R̃2)4 + 5(R̃2)2R̃3 +
˜

(R̃2)2R3 − 2R̃2
˜̃
R3R2 + 3

2 (R̃3)2 + 4R̃2R̃4 − 2
˜̃
R4R2 + R̃5.

The next proposition is a technical result, which is proven in the Appendix.

Proposition 3. Let r = R(θ, s) be the solution with initial condition R(0, s) = s of system
ż = F (z) =

∑∞
k=1 Fk(z). Assume that F1(z) = (λ + i)z, λ ∈ R, and write F2(z) = Az2,

F3(z) = Bz3, F4(z) = Cz4, and F5(z) = Dz5. Then

R(π, s)− s = ω1(π)s+ ω2(π)s2 + ω3(π)s3 + ω4(π)s4 + ω5(π)s5 +O(s6),
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where

ω1(π) = eλπ − 1;

ω2(π) = eλπ(−eλπ − 1) Re

[
(1 + λi)A

i+ λ

]
;

ω3(π) = eλπ(e2λπ − 1)

{
Re

[
(1 + λi)B

2(i+ λ)
+
AA

4

]
− Im

[
(1 + λi)A2

4(i+ λ)

]}
+ e−λπ(ω2(π))2;

ω4(π) = −2e−2λπ (ω2(π))
3

+ 3e−λπω2(π)ω3(π)

−1

2
eλπ(−e3πλ − 1) {Re [η1 − λη5 − 2(γ1 + γ2)]− Im [λη1 + η3 + 2(γ3 + γ4)]}

+
1

2
eλπ(−eπλ − 1) {Re [η2 − λη6]− Im [λη2 + η4]} ;

ω5(π) = −5

2
e−3λπ(ω2(π))4 + 2e−2λπ(ω2(π))2ω3(π) +

3

2
e−λπ(ω3(π))2

+eλπ(e4πλ − 1) {Re [ξ1 + ξ3 + ξ5 + ξ8 + ξ9 + ξ10 + ξ11 + ξ12 − 2(δ1 + δ3)]

+ Im [ξ6 + ξ7 − 2(δ6 − λδ1)]}+ eλπ(−e4πλ − 1) {Re [ξ2]− Im [ξ4]}

−ω2(π)(−e3πλ − 1) {Re [η1 − λη5 − 4(γ1 + γ2)]− Im [λη1 + η3 + 4(γ3 + γ4)]}

+
1

4
eλπ(e2πλ − 1)

{
Re

[
Bδ7 +

λ

2
δ10

]
− 1

2
Im
[
A2δ7

]}
−1

4
eλπ(−eπλ − 1)

{
Re

[
Bδ8 +

λ

2
δ9 − 8(δ2 + δ4)

]
− 1

2
Im
[
A2δ8 + 16(δ5 − λδ2)

]}
+ω2(π)(−eπλ − 1) {Re [η2 − λη6]− Im [λη2 + η4]} ;

for certain constants ηk≥1, γk≥1, ξk≥1, and δk≥1 given in the appendix.

Proof of Theorem D. To prove our result we have to compose the map induced by the flow
of ż = F+(z) between θ = 0 and θ = π, namely, f+ and the map induced by the flow of
ż = F−(z) between θ = π and θ = 2π, namely, f−. From Proposition 3 by substituting F by
F+, we know that

f+(s) = (ω+
1 + 1)s+ ω+

2 s
2 + ω+

3 s
3 + ω+

4 s
4 + ω+

5 s
5 +O(s6)

:= f1s+ f2s
2 + f3s

3 + f4s
4 + f5s

5 +O(s6).

The second one can be computed also by Proposition 3. Thus, we get that

f−(s) = (ω−1 + 1)s+ ω−2 s
2 + ω−3 s

3 + ω−4 s
4 + ω−5 s

5 +O(s6)

:= g1s+ g2s
2 + g3s

3 + g4s
4 + g5s

5 +O(s6),
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where ω−k are given in the proposition substituting F by −F−(−z). Hence, the stability of the
origin is controlled by

∆(s) := f−(f+(s))− s

= (g1f1 − 1)s+ (g1f2 + g2f
2
1 )s2 + (g1f

3 + 2g2f1f2 + g3f
3
1 )s3

+(g4f
4
1 + 3g3f

2
1 f2 + g2f

2
2 + 2g2f1f3 + g1f4)s4

+(g5f
5
1 + 4g4f

3
1 f2 + 3g3f1f

2
2 + 3g3f

2
1 f3 + 2g2f2f3 + 2g2f1f4 + g1f5)s5

+O(s6)

and the Lyapunov quantities of (5) are

V1 = g1f1 − 1;

V2 = g1f2 + g2f
2
1 , whenV1 = 0;

V3 = g1f
3 + 2g2f1f2 + g3f

3
1 , whenV1 = V2 = 0;

V4 = g4f
4
1 + 3g3f

2
1 f2 + g2f

2
2 + 2g2f1f3 + g1f4, whenV1 = V2 = V3 = 0;

V5 = g5f
5
1 + 4g4f

3
1 f2 + 3g3f1f

2
2 + 3g3f

2
1 f3 + 2g2f2f3 + 2g2f1f4 + g1f5, Vi = 0, i = 1, 2, 3, 4.

Then by substituting in the above formulas the values obtained from Proposition 3 the proof
follow. �

We end this section by presenting our version of a well-known method to obtain the maxi-
mum number of limit cycles born from a weak-focus of order k of system (5) via the so called
degenerated Andronov–Hopf bifurcation. Of course it will use the expressions of the Lyapunov
quantities given in Theorem D.

Let sj , j = 1, · · · , k − 1 be k − 1 real parameters and consider the piecewise perturbed
holomorphic systems:

(8)

{
ż = G+(z, s), when Im(z) > 0,

ż = G−(z, s), when Im(z) < 0,

where G±(z,0) = F±(z), s = (s1, · · · , sk−1) ∈ Rk−1 and 0 ∈ Rk−1. We denote Wj(s)
the Lyapunov quantities associated with system (8). Recall that Wj(0) = Vj , for all j =
1, · · · , k− 1. As usual, given a differentiable map g : Rn → Rn we denote by J(g) its Jacobian
matrix.

Proposition 4. If piecewise holomorphic system (8), with s = 0 has a weak focus order k
at p = (0, 0), then at most k − 1 limit cycles (counting their multiplicities) bifurcate from p.
Moreover, if det(Js(W1, · · · ,Wk−1))(0) 6= 0, then there exist real parameters sj , j = 1, · · · , k−1
small enough such it has k − 1 hyperbolic limit cycles bifurcating from the origin.

Proof. Assume without loss of generality that for system (8), with s = 0, p = (0, 0) is a
repelling focus of order k, i.e. Vk > 0.

The proof of the first part of the theorem is by contradiction. Thus, suppose that there
exist ρj(s) > 0 for j = 1, · · · , k such that D(ρj(s), s) = 0, where D(r, s) = ∆(r, s)/r being
∆(r, s) the displacement function associated with the piecewise perturbed holomorphic system
(8). Notice that ρj(s) → 0, when s → 0. Moreover, we can suppose that ρj(s) 6= ρl(s) for all
l, j = 1, · · · , k.
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Consider the functions gj(r, s) =
∂jD

∂rj
(r, s), for j = 1, · · · , k − 1. From Rolle’s theorem,

for each j, there exist µj,l(s) > 0, for l = 1, · · · , k − j such that gj(µj,l(s), s) = 0 and
lims→0 µj,l(s) = 0. For j = k − 1, gk−1(µ(s), s) = 0, where µ(s) = µk−1,1(s) and

gk−1(r, s) = (k − 1)!Wk(s) +O(r).

In particular,

0 = lim
s→0

gk−1(µ(s), s) = (k − 1)!Vk 6= 0,

giving the desired contradiction.
Now, we prove the second part of the theorem. Since Wk(0) = Vk > 0, then there exists rk

such that 0 < rk � 1 and ∆(rk,0) > 0.
Consider the smooth function f : Rk−1 → Rk−1 defined by

f(s) = (W1(s), · · · ,Wk−1(s)),

where f(0) = 0. Since det(Jsf)(0) 6= 0, then from Inverse Function Theorem there exist
neighborhoods U ⊂ Rk−1 of s = 0 and V ⊂ Rk−1 of f(0) = 0 such that f(U) ⊂ V and
f : U → V is bijective. Thus, there exist real parameters s∗j , j = 1, · · · , k − 1 small enough
such that Wk−1(s∗) < 0, where s∗ = (s∗1, · · · , s∗k−1). In addition, by continuity Wk(s∗) =
Wk(0)+O(s∗) > 0 and ∆(rk, s

∗) > 0. Since the displacement function associated with piecewise
perturbed holomorphic system (8) is given by

∆(r, s∗) = Wk−1(s∗)rk−1 +O(rk), with Wk−1(s∗) < 0,

then there exists rk−1 such that rk−1 � rk and ∆(rk−1, s
∗) < 0. From the Intermediate Value

Theorem, there exists ρ∗k−1 ∈ (rk−1, rk) such that ∆(ρ∗k−1, s
∗) = 0. Therefore, system (8) has

at least one limit cycle.
As before, using the bijectivity of f , we know that there exist real parameters s∗∗j , j =

1, · · · , k − 1 small enough such that Wk−2(s∗∗) > 0, where s∗∗ = (s∗∗1 , · · · , s∗∗k−1). Moreover,
by continuity Wk(s∗∗) > 0, ∆(rk, s

∗∗) > 0, Wk−1(s∗∗) < 0 and ∆(rk−1, s
∗∗) < 0. Since the

displacement function associated with piecewise perturbed holomorphic system (8) is given by

∆(r, s∗∗) = Wk−2(s∗∗)rk−2 +O(rk−1), with Wk−2(s∗∗) > 0,

then there exists rk−2 such that rk−2 � rk−1 and ∆(rk−2, s
∗∗) > 0. Again, from the In-

termediate Value Theorem, there exist ρ∗∗k−2 ∈ (rk−2, rk−1) and ρ∗∗k−1 ∈ (rk−1, rk) such that
∆(ρ∗∗k−2, s

∗∗) = 0 and ∆(ρ∗∗k−1, s
∗∗) = 0. Therefore, system (8) has at least two limit cycles.

We can do this process k − 1 times, thus the piecewise perturbed holomorphic system (8)
has k − 1 limit cycles bifurcating from the origin, which must be hyperbolic because in the
first part of the proposition we have proved that k − 1 is the sum of the multiplicities of all
the limit cycles bifurcating from the origin. �

2.3. Poincaré–Miranda theorem. The Poincaré–Miranda theorem was formulated and pro-
ven by H. Poincaré in 1883 and 1886 respectively, [22, 23] and this arises as an extension of
the Bolzano theorem to higher dimensions. In 1940, C. Miranda obtained the same result as
an equivalent formulation of Brouwer’s fixed point theorem, [21].

Theorem 5 (Poincaré–Miranda). Consider the set

B = {x = (x1, · · · , xn) ∈ Rn : Li < xi < Ui, 1 ≤ i ≤ n}.

Suppose that f = (f1, f2, · · · , fn) : B ⊂ Rn → Rn is continuous, f(x) 6= 0 for all x ∈ ∂B, and
for 1 ≤ i ≤ n,

fi(x1, · · · , xi−1, Li, xi+1, · · · , xn) ≤ 0 and fi(x1, · · · , xi−1, Ui, xi+1, · · · , xn) ≥ 0.
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Then, there exists s ∈ B such that f(s) = 0.

f1(x, y) = 0

f2(x, y) = 0

f1 < 0 f1 > 0

f2 > 0

f2 < 0

Figure 1. Illustration of a box B where Poincaré–Miranda theorem applies
for n = 2.

2.4. A miscellany of results. This first lemma will be useful to prove the existence of simple
zeros of the averaged functions. Its proof can be found in [8, Lemma 4.5].

Lemma 6. Consider p+ 1 linearly independent functions fi : U ⊂ R→ R, i = 0, · · · , p
(a) Given p arbitrary values xi ∈ U, i = 0, · · · , p there exist p+1 constants Ci, i = 0, · · · , p

such that

(9) f(x) :=

p∑
i=0

Cifi(x)

is not the zero function and f(xi) = 0, i = 0, · · · , p.
(b) Furthermore, if all fi are analytic functions on U and there exist j = 0, · · · , p such

that fj |U has a constant sign, it is possible to get an f given by (9), such that it has
at least p simple zeros in U.

Another result that we will use in this work is the celebrated Descartes Theorem, which
gives us information about the number of positive zeros of a real polynomial in terms of the
sign and number of monomials, for more details see for instance [4]. Given an ordered list of
p+ 1 non-zero real numbers [a0, a1, . . . , ap] we will say that its number of sign variations is m,
0 ≤ m ≤ p, if there are exactly m values of j ≤ p− 1 such that ajaj+1 < 0.

Theorem 7 (Descartes Theorem). Consider the real polynomial P (x) = a0x
i0 + · · · + apx

ip

with 0 ≤ i0 < · · · < ip and aj non-zero real constants for j ∈ {0, . . . , p}. If the number of sign
variations of [a0, a1, . . . , ap] is m, then P (x) has exactly m − 2n positive real zeros counting
their multiplicities, where n is a non negative integer number.

To finish this section we state the following lemma, as it was established in [14]. It is a
consequence of Taylor’s formula. We will use it to control the signs of the functions appearing
in the faces of the boxes when we apply Poincaré–Miranda theorem.

Lemma 8. Consider the function h(x) = A cos(αx) + B sin(αx) + Ceβx + De−βx, with
A,B,C,D ∈ R, α 6= 0, β > 0 and x ∈ [x, x] ⊂ R+. Then for each n ≥ 0 we have

h(x) =

n∑
j=0

ajxj +mn(x)xn+1, where

aj =
1

j!

(
αj

[
A cos

(
j
π

2

)
+B sin

(
j
π

2

)])
+ βj

[
C + (−1)jD

]
,

(10) |mn(x)| ≤ m =
|α|n+1(|A|+ |B|) + |β|n+1(|C|eβx + |D|e−βx)

(n+ 1)!
.
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3. Proof of Theorem A

Consider PWHS (1) such that F±(z) = iz+ εh±(z), where h±(z) =
∑n±

k=0(a±k + ib±k )zk, for

some n± ≥ 1 and z = x+ iy. In the (r, θ)−polar coordinates z = reiθ, (1) is converted into

(11)



dr

dθ
= ε

a+
1 r

2 + rc+0 +
∑n+−1
k=1 rk+2c+k

r(1 + b+1 ε) + εd+
0 + ε

∑n+−1
k=1 rk+1d±k

= F+(r, θ, ε), in Ω0,π,

dr

dθ
= ε

a−1 r
2 + rc−0 +

∑n−−1
k=1 rk+2c−k

r(1 + b−1 ε) + εd−0 + ε
∑n−−1
k=1 rk+1d−k

= F−(r, θ, ε), in Ωπ,2π,

where

Ω0,π = {(r, θ) : r ≥ 0 and θ ∈ [0, π]}; d±0 = b±0 cos(θ)− a±0 sin(θ);
Ωπ,2π = {(r, θ) : r ≥ 0 and θ ∈ [π, 2π]}; c±k = a±k+1 cos(kθ)− b±k+1 sin(kθ);
c±0 = a±0 cos(θ) + b±0 sin(θ); d±k = b±k+1 cos(kθ) + a±k+1 sin(kθ).

for all k ≥ 1. Thus, expanding F± around ε = 0, (11) is written as

dr

dθ
= εF±1 (θ, r) + ε2F±2 (θ, r) +O(ε3),

where

F±1 (θ, r) = a±1 r + c±0 +

n±−1∑
k=1

rk+1c±k ;

F±2 (θ, r) =
1

r

(
−b±1 r − d

±
0 −

n∑
k=2

d±k−1r
k

)(
a±1 + c±0 +

n∑
k=2

c±k−1r
k

)
.

Computing the first averaged function

M±1 (r) =

∫ ±π
0

F±1 (θ, r)dθ = 2b±0 ± a
±
1 rπ − 2

[n
±
2 ]∑

k=1

b±2k
2k − 1

r2k.

Now, without loss of generality suppose that n+ ≥ n−, then

M1(r) = M+
1 (r)−M−1 (r)

= 2(b+0 − b
−
0 ) + π(a+

1 + a−1 )r + 2

[n
−
2 ]∑

k=1

(b−2k − b
+
2k)

2k − 1
r2k − 2

[n
+

2 ]∑
k=[n

−
2 ]+1

b+2k
2k − 1

r2k.

The function M1(r) is a polynomial with [n+/2] + 2 monomials. Then, by Descartes’ The-
orem (see Theorem 7), M1(r) has at most [n+/2] + 1 positive zeros, taking into account their
multiplicities. Moreover, since the coefficients of the monomials can be chosen independently
we conclude that the coefficients of M1(r) are totally free. Finally, we can use Lemma 6,
because any the functions r2k have a constant sign. As a consequence we can choose the
parameters of the perturbation in such a way that M1(r) has exactly [n+/2] + 1 simple ze-
ros. Hence, from Proposition 1, the same number of hyperbolic limit cycle bifurcate from the
periodic orbits of ż = iz, for |ε| small enough.

To get more limit cycles we need to go through the computation of the second averaged
function. For that, we need that the averaged function of first order be identically zero, thus
a+

1 = −a−1 , b
+
2k = b−2k, for all k = 0, · · · , [n−/2] and b+2k = 0 for all k = [n−/2] + 1, · · · , [n+/2] .

Then,
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M±2 (r) =
1

2

∫ ±π
0

[
2F±2 (θ, r) + 2∂rF

±
1 (θ, r)y±1 (θ, r)

]
dθ

= 4a±1 a
±
0 − 2b±0 b

±
1 ± π(−a±1 b

±
1 − 2b±0 a

±
2 − 2b±2 a

±
0 )r

+

n±−1∑
k=1

U±k r
2k ± πa±1

[
n±−1

2

]∑
k=1

b±2k+1r
2k+1,

with

U±k := −2k+1k!

(2k)!

∑
2s+t=2k+1

(
(2(k − 1))!

2k−2(k − 1)!
a±2sa

±
t +

(t− 2s)(2k − 2)!

(2s− 1)2k−1(k − 1)!
b±2sb

±
t

)
.

Thus,

M2(r) = M+
2 (r)−M−2 (r)

= −4a−1 (a+
0 + a−0 )− 2b−0 (b+1 − b

−
1 ) + π

(
a−1 (b+1 − b

−
1 )

− 2b−0 (a+
2 + a−2 )− 2b−2 (a+

0 + a−0 )
)
r +

n−−1∑
k=1

(U+
k − U

−
k )r2k +

n+−1∑
k=n−

U+
k r

2k

+πa−1

[
n−−1

2

]∑
k=1

(b−2k+1 − b
+
2k+1)r2k+1 − πa−1

[
n+−1

2

]∑
k=

[
n−+1

2

] b+2k+1r
2k+1.

In this case M2(r) is a polynomial with exactly [(3 max{n+, n−}+ 1)/2] monomials. More-
over, again its coefficients can be taken with total freedom by choosing in a suitable way the
coefficients of the perturbation. Hence we can follow the same steps that in the study of M1(r)
and prove that M2(r) can have exactly [(3 max{n+, n−} − 1)/2] simple zeros. Then, applying
Proposition 1 the result follows.

4. Proof of Theorem B

As we will see, our proof of this theorem will be a straightforward consequence of the four
propositions proved in this section.

Proposition 9. Consider the PWHS

(12)

{
ż = (i+ λ+ s1)z + (A+ + s2)z2, when Im(z) > 0,

ż = (i− λ)z, when Im(z) < 0,

where λ 6= 0, A+ = a1 + ib1, a1 =
b1(λ2 − 1)

λ
and b1 6= 0. Then there exist real parameters s1

and s2 small enough such that it has two limit cycles bifurcating from the origin.

Proof. Computing the Lyapunov functions and expanding them around s1 = s2 = 0, we get
the following expressions, where s = (s1, s2):

• W1 = πs1 +O2(s);

• W2 = −2eπλ(eπλ + 1)λ

1 + λ2
s2 +

b1e
πλ(eπλ + 1)

λ
s1 +O2(s);
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• W3 =
b21e

2πλ(e2πλ − 1)(1 + λ2)

8λ2
+O1(s);

Notice that W1 = W2 = 0 and W3 6= 0 provided that s = 0. Moreover,

det(Js(W1,W2))(0) = −2πeπλ(eπλ + 1)λ

1 + λ2
6= 0.

From Proposition 4, we can conclude that there exist real parameters s1 and s2 small enough
such that system (12) has 2 limit cycles. �

Proposition 10. Consider the PWHS

(13)

{
ż = (i+ λ+ s1)z + (s2 + is3)z2 + (B+ + s4)z3, when Im(z) > 0,

ż = (i− λ)z, when Im(z) < 0,

where λ 6= 0, B+ = a2 + ib2, a2 =
b2(−1 + λ2)

2λ
and b2 6= 0. Then there exist real parameters

s1, s2, s3 and s4 small enough such that it has four limit cycles bifurcating from the origin.

Proof. Computing the Lyapunov functions and expanding them around s1 = s2 = s3 = s4 = 0,
we get the following expressions, where s = (s1, s2, s3, s4):

• W1 = πs1 +O2(s);

• W2 =
eπλ(eπλ + 1)(−1 + λ2)

1 + λ2
s3 −

2eπλ(eπλ + 1)λ

1 + λ2
s2 +O2(s);

• W3 =
e2πλ(e2πλ − 1)λ

1 + λ2
s4 −

b2e
2πλ(e2πλ − 1)

2λ
s1 +O2(s);

• W4 = −b2e
3πλ(e3πλ + 1)(7 + 27λ2)

12(1 + 9λ2)
s3 +

b2e
3πλ(e3πλ + 1)(1 + 21λ2)

12λ(1 + 9λ2)
s2 +O2(s);

• W5 = −b
2
2e

4πλ(e4πλ − 1)(λ2 − 1)

2(1 + λ2)
+O1(s).

Notice that W1 = W2 = W3 = W4 = 0 and W5 6= 0 provided that s = 0. Moreover,

det(Js(W1,W2,W3,W4))(0) =
b2e

6πλ(eπλ − 1)(eπλ + 1)3(1− eπλ + e2πλ)π](1 + 33λ2)

12(1 + λ2)(1 + 9λ2)
6= 0.

From Proposition 4, we can conclude that there exist real parameters s1, s2, s3 and s4 small
enough such that system (13) has 4 limit cycles. �

Proposition 11. Consider the PWHS

(14)

{
ż = (i+ 1 + s1)z + (A+ + s2)z2, when Im(z) > 0,

ż = (i− 1)z + (A− + is3)z2, when Im(z) < 0,

where

• A± = ∓1 + ib±1 ;

• b±1 =
p∗ ∓ τ(τ ± 2)

2τ
;

• τ ∈ R \ {0};

• p∗ = 4 + 8

5∑
k=1

ekπ + 4e6π.

Then there exist real parameters s1, s2 and s3 small enough such that it has 3 limit cycles
bifurcating from the origin.
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Proof. Computing the Lyapunov functions and expanding them around s1 = s2 = s3 = 0, we
get the following expressions, where s = (s1, s2, s3):

• W1 = πs1 +O2(s);

• W2 =
eπ

2τ
((1 + eπ)(p∗ − τ(2 + 2π + τ))− 2πτ) s1 − eπ(1 + eπ)s2 +O2(s);

• W3 =
1

16τ2
P1(τ, 4)s1 +

e2π

16τ2
P2(τ, 3)s2 −

e2π(e2π − 1)(τ2 + p∗)

4τ
s3 +O2(s);

• W4 =
e−12π(1 + eπ)

120τ
P3(τ, 4) +O1(s).

where Pj(τ, n), j = 1, 2, 3, are polynomials in τ of degree n with coefficients in Q[eπ], with very
large expressions and we do not explicit them.

It is easy to see that P3(τ, 4) does not have real zeros. Thus, W4 6= 0 for all τ ∈ R \ {0}.
Moreover, W1 = W2 = W3 = 0 and W4 6= 0 provided that s = 0 and τ ∈ R \ {0}. Finally,

det(Js(W1,W2,W3))(0) =
πe3π

4τ
(eπ − 1)(eπ + 1)2(τ2 + p∗) 6= 0,

for all τ ∈ R \ {0}.
Hence, from Proposition 4, we can conclude that there exist real parameters s1, s2 and s3

small enough such that system (14) has 3 limit cycles. �

Remark. Note that in Proposition 11 the Lyapunov quantities depend on a parameter τ. This
is because such quantities involve polynomials and square roots of expressions which make more
difficult to study the order of focus of system (14). For that reason, we have used rational
parameterizations to facilitate such a study. For more details see, for instance, [15].

Before obtaining the coefficients of system (14) that lead us to obtain the focus of order 4,
we calculate the Lyapunov quantity V3 of system (14) for r = s = q = 0, we get

V3 =
1

4
e2π(eπ − 1)

(
(b+1 )2 + 2a−1 b

+
1 + p∗(a−1 )2 − 2a−1 b

−
1 − (b−1 )2

)
.

To determine the order of the focus we must solve V3 = 0, which leads us to obtain

b−1 = −a−1 ±
√

(b+1 + a−1 )2 + p∗(a−1 )2

Determining the values of V4 with this root leads us to ugly expressions. An alternative way
to solve V3 = 0 is to seek for a new variable τ . To find such change of variables we set

M2 = L2 + p∗(a−1 )2, with L = b+1 + a−1 .

Since M2 − L2 = (M + L)(M − L), thus we introduce a real parameter τ such that

M + L = τ and M − L =
p∗(a−1 )2

τ
.

Solving for L and M we get that

M =
p∗(a−1 )2 + τ2

2τ
and L =

p∗(a−1 )2 − τ2

2τ
.

This implies that V3 is zero provided that

b−1 = −a−1 ±
p∗(a−1 )2 + τ2

2τ
.

Consequently, all the coefficients are rational expressions that depend on the new parameter
τ. From them we obtain that W4 is also a rational expression involving τ. This computational
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trick allows to prove in a much more easy and computable way the existence of this weak focus
of order 4.

Observe that in the above three propositions F±(0) = 0, as in system (5), and hence we
have not considered sliding segments. In next proposition, by introducing a new real parameter
d small enough such that F−(0) 6= 0, we get a sliding segment and it is possible to obtain one
more limit cycle with this mechanism, which also bifurcates from the origin. To prove the
proposition we adapt to the piecewise holomorphic setting the ideas of the approach done in
[12] where the authors study the first return map near the origin for piecewise linear differential
equations.

Proposition 12. Consider the piecewise perturbed holomorphic system

(15)


ż = (i+ λ+)z +

∞∑
k=2

A+
k z

k, when Im(z) > 0,

ż = (i+ λ+)d+ (i+ λ−)z +
∞∑
k=2

A−k z
k, when Im(z) < 0,

where d ∈ R is a small parameter. If λ+ +λ− > 0 (resp. λ+ +λ− < 0), then there exists d < 0
(resp. d > 0) sufficiently small such that one limit cycle bifurcates from the origin.

Proof. For d = 0, the first Lyapunov quantity is given by

V1 = eπ(λ++λ−) − 1.

Since λ+ 6= −λ−, then the origin is an attractor or repulsive equilibrium point. Hence, using
the same ideas of [12, Proposition 7.3], we get that the displacement function for d small
enough is given by

∆(r, d) = P (r)− r = d(eλ
−π + 1) +W1(d)r +O(r2),

where W1(0) = V1 and P is the first return map associated with system (15). Since d is a
sufficiently small arbitrary parameter, we can use the same ideas of the proof of Proposition 4
and conclude that a limit cycle bifurcates from the origin. �

Proof of Theorem B. By using the results proved in Propositions 9, 10 and 11 we have the
results shown in Table 2.

n+/n− 1 2 3

1 0 2 4
2 2 3 -
3 4 - -

Table 2. Lower bounds for L0
n+,n− without sliding.

Finally, by perturbing the piecewise holomorphic systems (12), (13) and (14), given in these
propositions, as in Proposition 12, we obtain that these perturbed systems have an additional
limit cycle bifurcating fom the origin. Consequently, the number of limit cycles found for these
systems are summarized in the Table 1, given in the statement of the theorem. �
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5. Proof of Theorem C

5.1. First proof of Theorem C. Consider the piecewise linear holomorphic system

(16)

{
ż = −(i− 1)z −A− − is3, when Im(z) > 0,

ż = −(i+ 1 + s1)z −A+ − s2, when Im(z) < 0,

where

• A± = ∓1 + ib±1 ;

• b±1 =
p∗ ∓ τ(τ ± 2)

2τ
;

• τ ∈ R \ {0};

• p∗ = 4 + 8

5∑
k=1

ekπ + 4e6π.

Let us prove that there exist real parameters s1, s2 and s3 small enough such that it has
3 limit cycles bifurcating from the infinity. This will be done by reducing it to the system
studied in Proposition 11 by a suitable change of variables.

Take the conformal change of variables w = 1/z. Thus, using that ż = −ż/z2, the piecewise
system (16) is transformed into the new piecewise holomorphic system

(17)

{
ẇ = (i+ 1 + s1)w + (A+ + s2)w2, when Im(w) > 0,

ẇ = (i− 1)w + (A− + is3)w2, when Im(w) < 0.

It behaves in a neighborhood of the origin like system (16) near infinity.
From Proposition 11, we know that the origin of system (17) is a weak focus of order 4 when

s1 = s2 = s3 = 0 and there exist real parameters s1, s2 and s3 small enough such that 3 limit
cycles bifurcating from the origin. These 3 limit cycles are transformed, via conformal map
z = 1/w, into 3 limit cycles of the original system near infinity. This completes our first proof.

Using the above approach it is also possible to provide numerical evidences of a concrete
example of a piecewise linear holomorphic system with 3 limit cycles as was done in [11]. Here,
to give a proof of the existence of these 3 limit cycles for a specific system in our second proof
we will use Poincaré-Miranda theorem, as it was done by Gasull et al. in [14] for the same
question but for piecewise linear systems.

5.2. Second proof of Theorem C. Let us prove that the PWHS

(18)

{
ż =

(
i+ 3

8

)
z − 14333

2000 + i 1159
1000 , when Im(z) > 0,

ż =
(
i− 1

5

)
z − 51

50 + i 1
250 , when Im(z) < 0,

has at least 3 nested limit cycles surrounding the real focus (−1/5,−49/50).
Denote by z±(t, x) the flow associated to system (18), where x = x + i0 > 0 is the initial

condition. The solution of the first equation (resp. second equation) of (18) is z+(t) =
x+(t) + iy+(t) (resp. z−(t) = x−(t) + iy−(t)), where

x−(t) = − 1
5 + ((x+ 1

5 ) cos(t)− 49
50 sin(t))e−

t
5 ;

y−(t) = − 49
50 + ((x+ 1

5 ) sin(t) + 49
50 cos(t))e−

t
5 ;

x+(t) = 67
50 + ((x− 67

50 ) cos(t)− 833
125 sin(t))e

3
8 t;

y+(t) = − 833
125 + ((x− 67

50 ) sin(t) + 833
125 cos(t))e

3
8 t.
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Three equations that impose the existence of a periodic orbit are given by: y−(−u) = 0,
y+(v) = 0 and x−(−u) − x+(v) = 0, where u > 0 and v > 0 are the flight times and we have
taken −u on Im(z) < 0 since the field is reversed, and v > 0 on Im(z) > 0. Therefore,

(19) − 49

50
+

(
−
(
x+

1

5

)
sin(u) +

49

50
cos(u)

)
e
u
5 = 0;

(20) − 833

125
+

((
x− 67

50

)
sin(v) +

833

125
cos(v)

)
e

3
8 v = 0;

(21) − 77

50
+

((
x+

1

5

)
cos(u) +

49

50
sin(u)

)
e
u
5 −

((
x− 67

50

)
cos(v)− 833

125
sin(v)

)
e

3
8 v = 0.

From (19), we obtain that

(22) x = −10 sin(u)e
u
5 − 49 cos(u)e

u
5 + 49

50 sin(u)e
u
5

.

Substituting (22) in (20) and (21), we get that hi(u, v) = e
3
8 v · ei(u, v) for i = 1, 2, where

(23)

e1(u, v) := a(u) cos(v) + b(u) sin(v) + c(u)e−
3
8 v = 0,

e2(u, v) := d(u) cos(v) + e(u) sin(v) + f(u)e−
3
8v = 0,

and
a(u) := 1666 sin(u); b(u) := 245(cos(u)− e−u5 )− 385 sin(u);

c(u) := −1666 sin(u); d(u) := −245(cos(u)− e−u5 ) + 385 sin(u);

e(u) := 1666 sin(u); f(u) := −385 sin(u)− 245 cos(u) + 245e
u
5 .

-10 -5 0 5

-10

-5

0

5

Σ−

Σ+

Σ

Figure 2. Phase portrait of PWHS

(18). The red trajectories are the 3 nested
limit cycles of (18) surrounding the focus

(−1/5,−49/50).

3.5 4.0 4.5

0.5

1.0

1.5

2.0

B2

B1

B3

Figure 3. Boxes B1, B2, B3. The blue
and orange curves correspond to e1(u, v)
and e2(u, v), respectively.

By solving system (23) numerically, we obtain the 3 approximate solutions:

(3.411939, 1.599505), (3.896572, 0.731139), and (4.583524, 0.404161).
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In what follows, we prove that near them there exist actual solutions by using the Poincaré–
Miranda theorem.

Now, consider the following 3 boxes, each one of them containing one of the approximate
solutions:

B1 =

[
17

5
,

139

40

]
×
[

7

5
,

41

25

]
; B2 =

[
139

40
,

219

50

]
×
[

47

100
,

7

5

]
; B3 =

[
219

50
,

239

50

]
×
[

9

25
,

47

100

]
.

They will be used to apply the Poincaré–Miranda theorem for the functions e1 and e2, see
Figure 3.

We give some details in box B1, in the other boxes it is done in an analogous way. We claim
that e1(17/5, v) < 0, for all v ∈ [7/5, 41/25]. Indeed,

e1

(
17

5
, v

)
= a

(
17

5

)
cos(v) + b

(
17

5

)
sin(v) + c

(
17

5

)
e−

v
5 ,

which is the form of the function h given in Lemma 8, where

A = a
(

17
5 , v

)
= 1666 sin

(
17
5

)
; B = b

(
17
5 , v

)
= 245(cos

(
17
5

)
− e− 17

25 )− 385 sin
(

17
5

)
;

C = 0; D = c
(

17
5 , v

)
= −1666 sin

(
17
5

)
.

Applying Lemma 8 for n = 7, we obtain its Taylor series expansion around u = 0 and m ≈
0.0170742. Then, maximizing said polynomial by a polynomial p+

n,k with rational coefficients
of degree 7 given by

p+
n,k(v) =

n∑
j=0

a+
j v

j +Mvn+1,

= 1
100000 −

10556317
25000 v + 24279999

100000 v2 + 2001273
50000 v3 − 4347

250 v
4 − 110733

50000 v
5

+ 29647
50000v

6 + 2601
50000v

7 +Mv8,

where we have used that a+
j = trunc(aj · 10k) · 10−k + 10−k ∈ Q, k = 5 and that M = 1/58 is

an upper bound of the right-hand side expression at (10), i.e. m < M .
From the Sturm’s sequences of p+

n,k, we obtain that it has no roots in [7/5, 41/25] and

e1(17/5, v) < p+
n,k < 0, for all v ∈ [7/5, 41/25].

To prove that e1(139/40, v) > 0 for all v ∈ [7/5, 41/25], we take n = 6 and k = 2 and we do
the same previous analysis but we minorize e1 by a polynomial with rational coefficients given
by

p−n,k(v) =

n∑
j=0

a−j v
j −Mvn+1,

= − 1
100 −

1729
4 v + 31093

100 v2 + 829
5 v3 − 2227

100 v
4 − 97

50v
5 + 37

50v
6 −Mv7,

where a−j = trunc(aj · 10k) · 10−k − 10−k ∈ Q and M = 1/6. Using the Sturm’s sequences

of p−n,k, we conclude that it has no roots in [7/5, 41/25] and 0 < p−n,k < e1(139/40, v), for all

v ∈ [7/5, 41/25].
In the following tables we summarize the results obtained using the previous analysis in

each of the boxes Bi, for i = 1, 2, 3.
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B1 Face u = 17/5 u = 139/40 v = 7/5 v = 41/25

Function sign e
3
8v · e1 < 0 e

3
8 v · e1 > 0 e2 > 0 e2 < 0

Polynomial p+
n,k p−n,k p−n,k p+

n,k

Parameters : (n, k) (7, 5) (6, 2) (15, 13) (15, 13)
M 1/58 1/6 35/26 · 10−10 11/8 · 10−10

B2 Face u = 139/40 u = 219/50 v = 47/100 v = 7/5

Function sign e2 > 0 e2 < 0 e
3
8v · e1 < 0 e

3
8v · e1 > 0

Polynomial p−n,k p+
n,k p+

n,k p−n,k
Parameters : (n, k) (8, 5) (8, 5) (14, 11) (15, 11)

M 1/469 1/206 9/5 · 10−10 15/14 · 10−10

B3 Face u = 219/50 u = 239/50 v = 9/25 v = 47/100

Function sign e
3
8v · e1 < 0 e

3
8 v · e1 > 0 e2 > 0 e2 < 0

Polynomial p+
n,k p−n,k p−n,k p+

n,k

Parameters : (n, k) (6, 3) (6, 3) (14, 12) (14, 11)
M 7/20 2/5 37/4 · 10−10 11/10 · 10−10

The information given in the table corresponding to B1 together with the Poincaré–Miranda
theorem 5 allows us to conclude the existence of a positive zero of the system (23) in this box.
Doing the same analysis in B2 and B3 allows us to conclude the existence of a positive zero of
the system (23) in each box. From these 3 solutions, 3 nested limit cycles arise surrounding
the real focus (−1/5,−49/50), see Figure 2.

The proof of the hyperbolicity of the limit cycles follows the same ideas as [14] and [20].

Appendix: Proof of Proposition 3

In what follows, we will use the following formulas. Let α and β be complex numbers, then

2 Re(α) Re(β) = Re[αβ + αβ]; Re(α) = Im(iα);
2 Im(α) Im(β) = Re[−αβ + αβ]; Re(iα) = − Im(α).
2 Re(α) Im(β) = Im[αβ + αβ];

First, we compute ω1(π). Recall that F1(z) = (λ + i)z, thus S1(θ) = λ + i. Consider the
differential equation (3) in polar coordinates, which is given as (4). Direct substitution shows
that ω1(θ) satisfies

ω′1(θ) =
Re(S1(θ))

Im(S1(θ))
ω1(θ) = λω1(θ), ω1(0) = 0.

Hence ω1(θ) = eλθ − 1 and ω1(π) = eλπ − 1. Now, we compute ω2(π) and ω3(π). Recall that
equation (4) in polar coordinates R, θ writes as

(24)
dR

dθ
=
λR+

∑∞
k=2R

k Re(Sk(θ))

1 +
∑∞
k=2R

k−1 Im(Sk(θ))
=

∞∑
k=1

Tk(θ)Rk,
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where

T1 = λ;
T2 = Re(S2)− λ Im(S2);
T3 = Re(S3)− Re(S2) Im(S2)− λ Im(S3) + λ(Im(S2))2;
T4 = Re(S2)(Im(S2)2 − Im(S3))− Im(S2) Re(S3) + Re(S4)

+λ(− Im(S2)3 + 2 Im(S2) Im(S3)− Im(S4));
T5 = Re(S2)(− Im(S2)3 + 2 Im(S2) Im(S3)− Im(S4))

+ Re(S3)(Im(S2)2 − Im(S3))− Im(S2) Re(S4) + Re(S5)
+λ(Im(S2)4 − 3 Im(S2)2 Im(S3) + Im(S3)2 + 2 Im(S2) Im(S4)− Im(S5)).

Consider the change of variables r = Re−λθ. Thus equation (24) is converted into

(25)
dr

dθ
=

∞∑
k=2

Rk(θ)rk,

where Rk(θ) = Tk(θ)e(k−1)λθ, for each k ≥ 2. Therefore,

R2 = eλθ[Re(S2)− λ Im(S2)];
R3 = e2λθ[Re(S3)− Re(S2) Im(S2)− λ Im(S3) + λ(Im(S2))2];
R4 = e3λθ[Re(S2)(Im(S2)2 − Im(S3))− Im(S2) Re(S3) + Re(S4)

+λ(− Im(S2)3 + 2 Im(S2) Im(S3)− Im(S4))];
R5 = e4λθ[Re(S2)(− Im(S2)3 + 2 Im(S2) Im(S3)− Im(S4))

+ Re(S3)(Im(S2)2 − Im(S3))− Im(S2) Re(S4) + Re(S5)
+λ(Im(S2)4 − 3 Im(S2)2 Im(S3) + Im(S3)2 + 2 Im(S2) Im(S4)− Im(S5))].

Let r be the solution of (25) such that r(0, ρ) = ρ. Then

r(θ, ρ)− ρ =

∞∑
k=2

uk(θ)ρk, whereuk(0) = 0, for k ≥ 2.

Since r = Re−λθ, then

R(θ, s) = r(θ, s)eλθ,
=

[
s+

∑∞
k=2 uk(θ)sk

]
eλθ.

Thus,

(26) R(θ, s) = s+

∞∑
k=1

ωk(θ)sk =

[
s+

∞∑
k=2

uk(θ)sk

]
eλθ.

By equation (26), we get that ωk(π) = eλπuk(π), for all k ≥ 2. In what follows, we compute

the ui, for each i = 2, · · · , 5. We start calculating u2. From Proposition 2, u2(θ) = R̃2. Thus,

R̃2(θ) = Re

∫ θ

0

S2(ϕ)eλϕdϕ− λ Im

∫ θ

0

S2(ϕ)eλϕdϕ

= Re

[∫ θ

0

(1 + λi)S2(ϕ)eλϕdϕ

]
= Re

[
(1 + λi)A(e(λ+i)θ − 1)

i+ λ

]
︸ ︷︷ ︸

κ

.

Hence,

ω2(π) = eλπu2(π) = eλπ(−eλπ − 1) Re

[
(1 + λi)A

i+ λ

]
.
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Now, we find u3. From Proposition 2, u3(θ) = (R̃2)2 + R̃3. Thus,

R̃3(θ) = Re

∫ θ

0

e2λϕ

[
S3(ϕ) +

λ

2
(−S2

2(ϕ) + S2(ϕ)S2(ϕ))

]
dϕ

− Im

∫ θ

0

e2λϕ

[
λS3(ϕ) +

1

2
S2

2(ϕ)

]
dϕ

= Re

∫ θ

0

e2λϕ(1 + λi)S3(ϕ)dϕ+
λ

2
Re

∫ θ

0

e2λϕS2(ϕ)S2(ϕ)dϕ

−1

2
Im

∫ θ

0

e2λϕ(1 + λi)(S2(ϕ))2dϕ

= Re

[
(1 + λi)B(e2θ(i+λ) − 1)

2(i+ λ)
+
AA(e2λθ − 1)

4

]
︸ ︷︷ ︸

α

− Im

[
(1 + λi)A2(e2θ(i+λ) − 1)

4(i+ λ)

]
︸ ︷︷ ︸

β

.

Therefore,

ω3(π) = eλπu3(π)

= e−λπ(ω2(π))2 + eλπ(e2λπ − 1)

{
Re

[
(1 + λi)B

2(i+ λ)
+
AA

4

]
− Im

[
(1 + λi)A2

4(i+ λ)

]}
.

Now, we compute u4. From Proposition 2, u4(θ) = (R̃2)3 + 3R̃2R̃3 −˜̃
R3R2 + R̃4. Thus,

˜̃
R3R2(π) =

1

2
Re

∫ π

0

eλϕ(α+ α)S2(ϕ)dϕ+
λ

2
Re

∫ π

0

eλϕ(−S2(ϕ) + S2(ϕ))βdϕ

−λ
2

Im

∫ π

0

eλϕ(α+ α)S2(ϕ)dϕ− 1

2
Im

∫ π

0

eλϕ(S2(ϕ) + S2(ϕ))βdϕ

=
1

2
(−e3πλ − 1) {Re [η1 − λη5]− Im [λη1 + η3]}

−1

2
(−eπλ − 1) {Re [η2 − λη6]− Im [λη2 + η4]} ,

where

η1 =
(1 + λi)AB

6(i+ λ)2
+

(1− λi)AB
2(−i+ λ)(3λ− i)

+
A2A

2(i+ 3λ)
; η4 =

(1 + λi)A3

4(i+ λ)2
+

(1 + λi)A2A

4(1 + λ2)
;

η2 =
(1 + λi)AB

2(i+ λ)2
+

(1− λi)AB
2(1 + λ2)

+
A2A

2(i+ λ)
; η5 =

(1 + λi)A3

12(i+ λ)2
− (1 + λi)A2A

4(i+ λ)(3λ+ i)
;

η3 =
(1 + λi)A3

12(i+ λ)2
+

(1 + λi)A2A

4(i+ λ)(3λ+ i)
; η6 =

(1 + λi)A3

4(i+ λ)2
− (1 + λi)A2A

4(1 + λ2)
.
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R̃4(θ) =
1

4
Re

∫ θ

0

e3λϕ
[
−(S2(ϕ))3 + (S2(ϕ))2S2(ϕ) + 4λ(−S2(ϕ)S3(ϕ)

+ S2(ϕ)S3(ϕ)) + 4S4(ϕ)
]
dϕ− 1

2
Im

∫ θ

0

e3λϕ [2S2(ϕ)S3(ϕ)

+S2(ϕ)S3(ϕ) + S3(ϕ)S2(ϕ) + λ
2 (−(S2(ϕ))3 + 2S2(ϕ)(S2(ϕ))2

−(S2(ϕ))2S2(ϕ) + 4S4(ϕ))
]
dϕ

= −1

4
Re

∫ θ

0

e3λϕ(1 + λi)(S2(ϕ))3dϕ+ Re

∫ θ

0

e3λϕ(1 + λi)S4(ϕ)dϕ

+ Re

∫ θ

0

e3λϕ(i− λ)S2(ϕ)S3(ϕ)dϕ+
1

2
Re

∫ θ

0

e3λϕ(2λ− i)S2(ϕ)S3(ϕ)dϕ

+
1

4
Im

∫ θ

0

e3λϕ(i+ λ)(S2(ϕ))2S2(ϕ)dϕ− 1

2
Im

∫ θ

0

e3λϕS3(ϕ)S2(ϕ)dϕ

−λ
2

Im

∫ θ

0

e3λϕS2(ϕ)(S2(ϕ))2dϕ

= Re

[
(1 + iλ)(e3θ(i+λ) − 1)

3(i+ λ)

(
−A

3

4
+ C + iAB

)
+

(2λ− i)(eθ(3λ+i) − 1)AB

2(3λ+ i)

]

+ Im

[
(eθ(3λ−i) − 1)

2(3λ− i)

(
(i+ λ)(A)2A

2
−AB

)
− (eθ(3λ+i) − 1)λAA2

2(3λ+ i)

]
= Re[(e3θ(i+λ) − 1)γ1 + (eθ(3λ+i) − 1)γ2︸ ︷︷ ︸

γR

] + Im[(eθ(3λ−i) − 1)γ3 + (eθ(3λ+i) − 1)γ4︸ ︷︷ ︸
γI

],

where

γ1 =
(1 + iλ)

3(i+ λ)

(
−A

3

4
+ C + iAB

)
; γ3 =

1

2(3λ− i)

(
(i+ λ)(A)2A

2
−AB

)
;

γ2 =
(2λ− i)AB
2(3λ+ i)

; γ4 = − λAA2

2(3λ+ i)
.

Consequently,

ω4(π) = eλπu4(π)

= eλπ
(

(u2(π))
3

+ 3u2(π)(u3(π)− (u2(π))2)−˜̃
R3R2(π) + R̃4(π)

)
= −2e−2λπ (ω2(π))

3
+ 3e−λπω2(π)ω3(π)

−1

2
eλπ(−e3πλ − 1) {Re [η1 − λη5 − 2(γ1 + γ2)]− Im [λη1 + η3 + 2(γ3 + γ4)]}

+
1

2
eλπ(−eπλ − 1) {Re [η2 − λη6]− Im [λη2 + η4]} .

Finally, we compute u5. From Proposition 2, u5(θ) = (R̃2)4 + 5(R̃2)2R̃3 +
˜

(R̃2)2R3 −

2R̃2
˜̃
R3R2 + 3

2 (R̃3)2 + 4R̃2R̃4 − 2
˜̃
R4R2 + R̃5. Thus,
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R̃5(π) = −1

8
Re

∫ π

0

e4λϕ(S2(ϕ) + S2(ϕ))2(−(S2(ϕ))2 + S2(ϕ)S2(ϕ))dϕ

+
1

2
Re

∫ π

0

e4λϕ(S2(ϕ) + S2(ϕ))(−S2(ϕ)S3(ϕ) + S2(ϕ)S3(ϕ))dϕ

−1

2
Im

∫ π

0

e4λϕ(S2(ϕ) + S2(ϕ))S4(ϕ)dϕ

+
1

4
Re

∫ π

0

e4λϕ(S3(ϕ) + S3(ϕ))(−(S2(ϕ))2 + S2(ϕ)S2(ϕ))dϕ

−1

2
Im

∫ π

0

e4λϕ((S3(ϕ))2 + S3(ϕ)S3(ϕ)))dϕ

−1

2
Im

∫ π

0

e4λϕ((S4(ϕ) + S4(ϕ))S2(ϕ))dϕ

+
λ

8
Re

∫ π

0

e4λϕ
[
(−(S2(ϕ))2 + S2(ϕ)S2(ϕ))2 + | − (S2(ϕ))2 + S2(ϕ)S2(ϕ)|2

]
dϕ

−3λ

4
Im

∫ π

0

e4λϕ
[
−(S2(ϕ)− S2(ϕ))2S3(ϕ)

]
dϕ

+
λ

2
Re

∫ π

0

e4λϕ(−(S3(ϕ))2 + S3(ϕ)S3(ϕ))dϕ

+λRe

∫ π

0

e4λϕ(−S2(ϕ)S4(ϕ) + S2(ϕ)S4(ϕ))dϕ+ Re

∫ π

0

e4λϕ(1 + λi)S5(ϕ)dϕ

= (e4πλ − 1) {Re [ξ1 + ξ3 + ξ5 + ξ8 + ξ9 + ξ10 + ξ11 + ξ12] + Im [ξ6 + ξ7]}

+(−e4πλ − 1) {Re [ξ2]− Im [ξ4]} ,

where

ξ1 =
A4

32(i+ λ)
+

A3A

16(i+ 2λ)
− AA

3

16(−i+ 2λ)
; ξ7 = −A(2C(i+ λ) + C(−i+ 2λ))

2(4 + 4iλ+ 8λ)2
;

ξ2 = − A2A

8(i+ 4λ)
; ξ8 =

λA

32

(
2A

3

i− 2λ
+

3AA
2

λ
+

A3

i+ λ
− 6A2A

i+ 2λ

)
;

ξ3 = − (Aλ+A(i+ λ))AB

8(−1 + 2iλ)λ(i+ λ)
; ξ9 =

3B(−A2
+ i(A− 3A)(A−A)λ+ 2(A−A)2λ2)

16(i+ λ)(i+ 2λ)
;

ξ4 = −D
2

(
− A

3i+ 4λ
− A

5i+ 4λ

)
; ξ10 = −B(Bλ−B(i+ λ))

8(i+ λ)
;

ξ5 =
A

16

(
−AB

λ
− AB

i+ λ
+

2AB

−i+ 2λ
+

AB

i+ 2λ

)
; ξ11 =

λC

4

(
− A

i+ λ
+

2A

i+ 2λ

)
;

ξ6 = −B(Bλ+B(i+ λ))

8λ(i+ λ)
; ξ12 =

D(1 + iλ)

i+ λ
.
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˜̃
R4R2(π) =

1

2

∫ ϕ

0

eλθ Re[γRS2(ϕ) + γRS2(ϕ)]dϕ− λ

2

∫ ϕ

0

eλθ Im[γRS2(ϕ) + γRS2(ϕ)]dϕ

+
1

2

∫ ϕ

0

eλθ Im[γIS2(ϕ) + γIS2(ϕ)]dϕ− λ

2

∫ ϕ

0

eλθ Re[γIS2(ϕ) + γIS2(ϕ)]dϕ

= (e4πλ − 1) {Re [δ1 + δ3] + Im [δ6 − λδ1]}+ (eπλ + 1) {Re [δ2 + δ4] + Im [δ5 − λδ2]} ,

where

δ1 =
1

8
A

(
γ2

λ
+

γ1

i+ λ
+

2γ1

−i+ 2λ
+

2γ2

i+ 2λ

)
;

δ2 =
1

8
A

(
4γ1

i+ λ
+

4γ2

i+ λ
+

4γ1

i+ λ
+

4γ2

i+ λ

)
;

δ3 =
A

8(i+ λ)(i+ 2λ)
(−γ3 + γ4 + 3iγ3λ+ 2iγ4λ− 2iγ3λ− 3iγ4λ

+2γ3λ
2 + 2γ4λ

2 − 2γ3λ
2 − 2γ4λ

2);

δ4 =
A

8(i+ λ)(i+ 2λ)
(4iγ3λ+ 4iγ4λ− 4iγ3λ− 4iγ4λ

+8γ3λ
2 + 8γ4λ

2 − 8γ3λ
2 − 8γ4λ

2);

δ5 =
1

8

(
4Aγ3

−i+ λ
+

4Aγ4

−i+ λ
+

4Aγ3

i+ λ
+

4Aγ4

i+ λ

)
;

δ6 =
1

8

(
Aγ3

λ
+
Aγ4

λ
+

2Aγ3

−i+ 2λ
+

2Aγ4

i+ 2λ

)
.

˜
(R̃2)2R3(π) =

1

4
Re

∫ π

0

eλθ(κ+ κ)2

[
S3(ϕ) +

λ

2
(−S2

2(ϕ) + S2(ϕ)S2(ϕ))

]
dϕ

−1

4
Im

∫ π

0

e2λθ(κ+ κ)2

[
λS3(ϕ) +

1

2
S2

2(ϕ)

]
dϕ

=
1

4
Re

∫ π

0

e2λθ(κ+ κ)2(1 + λi)S3(ϕ)dϕ

+
λ

8
Re

∫ π

0

e2λθ(κ+ κ)2S2(ϕ)S2(ϕ)dϕ

−1

8
Im

∫ π

0

e2λθ(κ+ κ)2(1 + λi)(S2(ϕ))2dϕ

=
1

4
(e2πλ − 1)

{
Re

[
Bδ7 +

λ

2
δ10

]
− 1

2
Im
[
A2δ7

]}
−1

4
(−eπλ − 1)

{
Re

[
Bδ8 +

λ

2
δ9

]
− 1

2
Im
[
A2δ8

]}
,



26 ARMENGOL GASULL, GABRIEL RONDÓN AND PAULO R. DA SILVA

where

δ7 = − i

4(−i+ λ)(i+ λ)2

(
−2iA

2 − 6A
2
λ+ 6iA

2
λ2 + 2A

2
λ3 − 4AA

2i+ λ

− 8AAλ2

2i+ λ
− 4AAλ4

2i+ λ
+

2A2

3i+ λ
+

8iA2λ

3i+ λ
− 12A2λ2

3i+ λ
− 8iA2λ3

3i+ λ
+

2A2λ4

3i+ λ

)
;

δ8 = − i

4(−i+ λ)(i+ λ)2

(
− 8AA

3i+ λ
+

8A
2

3i+ λ
− 32iA

2
λ

3i+ λ
− 16AAλ2

3i+ λ

−48A
2
λ2

3i+ λ
+

32iA
2
λ3

3i+ λ
− 8AAλ4

3i+ λ
+

8A
2
λ4

3i+ λ
+

8A2

5i+ λ
− 8AA

5i+ λ
+

32iA2λ

5i+ λ

− 48A2λ2

5i+ λ
− 16AAλ2

5i+ λ
− 32iA2λ3

5i+ λ
+

8A2λ4

5i+ λ
− 8AAλ4

5i+ λ

)
;

δ9 = − 1

2(i+ λ)2
AA

(
4iAA

(−i+ λ)2
− 4iA

2

(−i+ λ)2
− 4AAλ

(−i+ λ)2
− 12A

2
λ

(−i+ λ)2

+
4iAAλ2

(−i+ λ)2
+

12iA
2
λ2

(−i+ λ)2
− 4AAλ3

(−i+ λ)2
+

4A
2
λ3

(−i+ λ)2
− 4A2

3i+ λ
+

4AA

3i+ λ

− 8iA2λ

3i+ λ
− 8iAAλ

3i+ λ
+

4A2λ2

3i+ λ
− 4AAλ2

3i+ λ

)
;

δ10 = − 1

2(i+ λ)2
AA

(
−2iAA− 2AAλ− A2

2i+ λ
− 2iA2λ

2i+ λ
+

A2λ2

2i+ λ
+

6iA
2

(1 + λ2)2

− A
2

λ(1 + λ2)2
+

15A
2
λ

(1 + λ2)2
− 20iA

2
λ2

(1 + λ2)2
− 15A

2
λ3

(1 + λ2)2
+

6iA
2
λ4

(1 + λ2)2
+

A
2
λ5

(1 + λ2)2

)
.

Thus,

ω5(π) = eλπu5(π)

= eλπ
(
−5

2
(u2(π))4 + 2(u2(π))2u3(π) +

3

2
(u3(π))2 +

˜
(R̃2)2R3

− 2R̃2
˜̃
R3R2 + 4R̃2R̃4 − 2

˜̃
R4R2 + R̃5

)
= −5

2
e−3λπ(ω2(π))4 + 2e−2λπ(ω2(π))2ω3(π) +

3

2
e−λπ(ω3(π))2

+eλπ(e4πλ − 1) {Re [ξ1 + ξ3 + ξ5 + ξ8 + ξ9 + ξ10 + ξ11 + ξ12 − 2(δ1 + δ3)]

+ Im [ξ6 + ξ7 − 2(δ6 − λδ1)]}+ eλπ(−e4πλ − 1) {Re [ξ2]− Im [ξ4]}

−ω2(π)(−e3πλ − 1) {Re [η1 − λη5 − 4(γ1 + γ2)]− Im [λη1 + η3 + 4(γ3 + γ4)]}

+
1

4
eλπ(e2πλ − 1)

{
Re

[
Bδ7 +

λ

2
δ10

]
− 1

2
Im
[
A2δ7

]}
−1

4
eλπ(−eπλ − 1)

{
Re

[
Bδ8 +

λ

2
δ9 − 8(δ2 + δ4)

]
− 1

2
Im
[
A2δ8 + 16(δ5 − λδ2)

]}
+ω2(π)(−eπλ − 1) {Re [η2 − λη6]− Im [λη2 + η4]} .
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