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Non-autonomous dynamical systems

@ P. E. Kloeden and M. Rasmussen.

Nonautonomous dynamical systems, volume 176 of
Mathematical Surveys and Monographs.

American Mathematical Society, Providence, Rl, 2011.

C. Potzsche.

Geometric theory of discrete nonautonomous dynamical
systems, volume 2002 of Lecture Notes in Mathematics.

Springer, Berlin, 2010.

M. Rasmussen.

Attractivity and bifurcation for nonautonomous dynamical
systems, volume 1907 of Lecture Notes in Mathematics.

Springer, Berlin, 2007.
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Homoclinic orbits in autonomous
systems
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Homoclinic orbits in autonomous systems

Let
m 7 : R¥ — IR¥ be a smooth diffeomorphism,
m ¢ be a hyperbolic fixed point, i.e. o(Df(€))N{x € C: x| =1} = 0.
m Assume that stable and unstable manifold of £ intersect transversally.

Homoclinic orbit: x7 = (xp)ncz:

Xn+1 = f(Xn)7 nez, n—lir:rlz]ooxn =¢.
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Homoclinic orbits in autonomous systems

The dynamics near transversal homoclinic orbits is chaotic, cf. the
celebrated Smale-Sil'nikov-Birkhoff Theorem.

3 L. P Sirnikov.
Existence of a countable set of periodic motions in a neighborhood of a
homoclinic curve.
Dokl. Akad. Nauk SSSR, 172:298-301, 1967.
Soviet Math. Dokl. 8 (1967), 102—106.

@ S. Smale.
Differentiable dynamical systems.
Bull. Amer. Math. Soc., 73:747-817, 1967.

@ K. J. Palmer.

Shadowing in dynamical systems, volume 501 of Mathematics and its
Applications.

Kluwer Academic Publishers, Dordrecht, 2000.
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Approximation of homoclinic orbits in autonomous systems

Compute a finite orbit segment

Xn_ s vy Xn,

by solving a
boundary value problem.
Simplest case: periodic boundary conditions:

Xn_

X = ) r(X):<Xn+1_f(Xn)7 n:n—,...,n_l_—‘]).

Xn_ — Xny

Xn,

Often successful: Rough initial guess for Newton’s method:

1
u0:(§,...,§,g,§,...,§)T, eg.g — <_1) in the Hénon example.
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Approximation of homoclinic orbits in autonomous systems

Compute a finite orbit segment

Xn_yeesXn,

by solving a

boundary value problem.
Simplest case: periodic boundary conditions:

Xn_

= 9 r(X):(Xn+1_f(Xn)7 n:n_,...,n_’__-]).

Xn_ — Xni

Xn,

Alternative: Compute initial guess via approximations of stable and

unstable manifolds.

@ R. K. Ghaziani, W. Govaerts, Y. A. Kuznetsov, and H. G. E. Meijer.
Numerical continuation of connecting orbits of maps in MATLAB.

J. Difference Equ. Appl., 15(8-9):849-875, 2009.
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Approximation of homoclinic orbits in autonomous systems

Example: Hénon’s map:

1 — ax®
H (X) = ( * };)x X ) , typical parameters: a = 1.4, b = 0.3.

n_ = —6, n+:6

0.2

0.1
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For non-autonomous difference equations of the form

analog of wii=findd, 1EZ,

we consider homoclinic trajectories. These are pairs of trajectories that converge in
both time directions towards each other. Assuming hyperbolicity, we derive a

. . : ST Sl
h I numerical method to compute homoclinic trajectories in two steps. In the first step, one
I I OC I n IC trajectory is approximated by the solution of a boundary value problem and precise

error estimates are given. In particular, influences of parameters A, with |n| large are
. discussed in detail. A second trajectory that is homoclinic to the first one is computed in
O rbItS a subsequent step as follows. We transform the original system into a topologically
equivalent form having 0 as an n-independent fixed point. Applying the boundary
value ansatz to the transformed system, we obtain a non-autonomous homoclinic
orbit, converging towards the origin (T. Hiils, J. Difference Equ. Appl. 12(11) (2006),
pp- 1103-1126). Transforming back to the original coordinates leads to the desired
homoclinic trajectories. The numerical method and the validity of the error estimates
are illustrated by examples.

Keywords: non-autonomous discrete time dynamical systems; homoclinic trajectories;
numerical approximation; error analysis

AMS Subject Classification: 70K44; 34C37; 37B55
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Non-autonomous analog of a fixed point

Non-autonomous discrete time dynamical system

Xp+1 = fo(xn), n € 7Z, f,family of smooth diffeomorphisms

autonomous vs. non-

fixed point > bounded trajectory

§ €z Enp1 = (&), neZ

1€nll < € Vn

@ J. A. Langa, J. C. Robinson, and A. Suarez.

Stability, instability, and bifurcation phenomena in non-autonomous
differential equations.

Nonlinearity, 15(3):887-903, 2002.
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Non-autonomous analog of hyperbolicity

Non-autonomous discrete time dynamical system

Xpt+1 = fo(xn), n € 7Z, f,family of smooth diffeomorphisms

Hyperbolicity of

a fixed point & A a bounded trajectory &7
Df(&)has The variational equation
no center eigenvalue Unt1 = Dfy(€p)un, N EZ

has an exponential dichotomy on 7Z.
A counterexample, showing that eigenvalues are meaningless for analyzing
stability in non-autonomous systems was given by Vinograd (1952), cf.
@ F. Colonius and W. Kliemann.
The dynamics of control.

Systems & Control: Foundations & Applications. Birkhauser Boston Inc.,
Boston, MA, 2000.
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Exponential dichotomy

Consider the linear difference equation

Uppt1 = Apln, n€7Z, u,€RF A, cGL(k;R). (1)
An_q1...Ap forn > m
Solution operator of (1):  ®(n, m) := / forn=m
A AT forn<m

Definition

The linear difference equation (1) has an exponential dichotomy with
data (K, «, P2, PY) on J = [n_, ny] N Z if there exist

2 families of projectors PS, P., n € J, with P, 4+ P = [forall n € J and
constants K, a > 0, such that

Prd(n,m) = &(n,m)PE  VYn.med, k€ {s,u},

lo(n,m)Ps| < Keme(n=m)

|d(m, n)PY|| < Ke a(n—m) Yn>m, n,m e J.
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Exponential dichotomy — Some references

@ W. A. Coppel.
Dichotomies in Stability Theory.
Springer-Verlag, Berlin, 1978.

Lecture Notes in Mathematics, Vol. 629.

@ D. Henry.
Geometric Theory of Semilinear Parabolic Equations.

Springer-Verlag, Berlin, 1981.
@ K. J. Palmer.

Exponential dichotomies, the shadowing lemma and transversal homoclinic
points.

In Dynamics reported, Vol. 1, pages 265-306. Teubner, Stuttgart, 1988.
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Non-autonomous analog of a homoclinic orbit

Non-autonomous discrete time dynamical system

Xptq1 = f,,(xn), ne 7, f,family of smooth diffeomorphisms

autonomous vs. non-autonomous

homoclinic orbit > homoclinic trajectories:
An orbit xy that satisfies Two bounded trajectories xz, &7
satisfying
Myt Xp = § limp— 400 HXn - §n|| =0
Note that:

x7,is homoclinicto &7 <> &7 is homoclinic to xy
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Step 2
Step 1

Approximation of
a second trajectory xy,
that is homoclinic to &7,.

Approximation of
a bounded trajectory &7,.
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Setup

Xpt+1 = fn(Xn), ne 7

f, is generated by a parameter-dependent map

fo = f(-, An), A7z sequence of parameters.

® Smoothness: f € C°(R¥ x R, R¥), f(-, \) diffeomorphism for all
AeR.

® There exists Ay, € RZ such that
§n—|—1 — f(gna)\n)v ne 7

has a bounded solution f_Z.
® The variational equation
Upt1 = Dxf(fna )\n)una nez

has an exponential dichotomy on 7.
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Approximation of bounded trajectories

Bounded trajectory £,

Zero of the operator I : Xz x R% — Xy, defined as

r(fZ; )\Z) = (€n+1 - f(fn, )\”))neZ'
Space of bounded sequences on the discrete interval J

Xy = {uJ = (Up)ney € (R¥)?: su5) unl| < oo}
ne
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Approximation of bounded trajectories

Lemma

Assume @ — ©.
Then there exist two neighborhoods U(\z) and V(&z), such that

€z, \z) = Oz
has for all \z, € U(\z) a unique solution £, € V(7).

Lemma

Assume @ — ©.
Then there exist two neighborhoods U(Az) and V(£z), such that

Un+1 — Dxf(Xr” )\n)Un, n G Z

has an exponential dichotomy on 7. for any sequence xy, € V(f_ 7))
A7, € U()\Z ) The dichotomy constants are independent of the specific
sequence xz,.
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Approximation of bounded trajectories

Aim: Numerical approximations of a bounded solution of

Ent1 = f(€n, An) on the finite interval J = [n_, n.|.

€5 = (&n)necy depends on Ay, n € J, butalsoon \,, n & J.

Fortunately

The influence of A, n ¢ J decays exponentially fast towards the middle
of the interval J.
Thus, numerical approximations with high accuracy can be achieved.
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Similar observation in autonomous systems

@ P. Diamond, P. Kloeden, V. Kozyakin, and A. Pokrovskii.
Expansivity of semi-hyperbolic Lipschitz mappings.
Bull. Austral. Math. Soc., 51(2):301-308, 1995.

4 K.J.Palmer.
Shadowing in dynamical systems, volume 501 of Mathematics and its
Applications.
Kluwer Academic Publishers, Dordrecht, 2000.
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Approximation of bounded trajectories

Theorem

Assume @ - ©.
LetJ = [n_, ny] be a finite interval and U(\z), V(&z) as stated above.

Choose Ay, 11y, € U(S\Z)

such that \, = pp, forn € J.

Denote by &7, nz, € V(&) the bounded solutions w.r.t. Az and ju,.
Then
there exist constants C, o > 0 that do not depend on \y, and (7, such that

léa=mnll < € (72=1) 4 g=olrm) k |
i

holds for alln € J.
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Proof (||&, — na|| < € (e7@(=-) 4 e=2(n=") where A\, = pun,n € J = [n_, ny])

fn-|—1 — f(fna An): 77n—|—1 — f(nnaﬂn)a dZ = nZ_€Z7 hZ = ,LLZ_AZ-
dn+1 - f(fn + dna )\n + hn) _ f(ém >\n)

]
= f(gn + dp, )\n) + / D)\f(gn + dp, An + 7_hn)dT h, — f(gna )\n)
0
1
= (& An) + / Dyf(&n + Tdn, Ap)dT dp
0
1
+/ D)\f(gn + dp, An + 7_hn)dT h, — f(fna )\n)

0

1 1
= / Dyf(&n + Tdp, Ap)dT dy + / Df(&n + dny Ap + Thy)dT hj

0 0

= Apdht+n,

1 1
A, = / Dyf(&n + Tdp, A\p)dT r, = / Df(&n + dpy Ap + Thyp)dT hy,.
0 0
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Proof (||&, — na|| < € (e7@(=m-) 4 e=2("=") 'where A\, = pun,n € J = [n_, ny])

A, = /1 Dyf(§n + Tdn, Ap)dT 1y = /1 DAf(&n + dny An + Thp)dT by
0 0
By assumption ©
Upiq = Dxf(g,,, j\n)un, ne 7
has an exponential dichotomy on Z.
Due to the Roughness-Theorem and our construction of neighborhoods,
Untq1 = Anlp, n e 7

has an exponential dichotomy on Z with data (K, «, PS, PY).

Solution operator: ®(n, m), i.e. u, = ®(n, m)up,
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Proof (||&, — na|| < € (e7@(=-) 4 e=2(n=") where A\, = pun,n € J = [n_, ny])

1 1
A, = / Dyf(&n + Tdp, Ap)dT r, = / Dyf(&n + dny An + Thy)dT hy
0 0

Unigue bounded solution of Upt1 = Aplp + 1y on Z:
Up = Z G(n,m—+1)ry,
meZ,

where G is Green’s function, defined as

S >
oem ={ Zgimr hem
Estimates:
1G(n,m)|| = ||®(n,m)PS| < Ke™™"=™  forn>m,
1G(n,m)|| = |®(n,m)PL|| < Ke ™" forn< m.
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Proof (||&, — na|| < € (e7@(=m-) 4 e=2("=") 'where A\, = pun,n € J = [n_, ny])

1 1
An — / Dxf(gn + Tdr” An)dT rn — / D)\f(gn _|_ dn, >\n _|_ Thn)dT hn
0 0

{ |&(n, m)P5|| < Ke=t"=™ " n > m,

= 2 G m ) 160 = o mped | < ke o0 n<m
Y m — Y *

meZ

n_—1 o0
luall < D NG m+ Dl + Y G, m+1)r|

m=—o0 m=ny+1
n_—1 oo

S Z RKe—a(n—m—1)+ 2 RKe—a(m—H—n)
m=—00 m=ny +1
RK

_ (e—a(n—n_) +e—a(n+—n+2)) nedJ.
1 —e @ ’
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Proof (||&, — na|| < € (e7@(=-) 4 e=2(n=") where A\, = pun,n € J = [n_, ny])

1 1
A, = / Dyf(&n + Tdp, Ap)dT rh = / Dyf(&n + dp, Ap + Thy)dT hy,
0 0

Unt1 = Aplp + Ip, ne (2)

RK
lunll <

Sioew

(e_a(”_”‘) + e_o‘(”+_”+2)) ., neEdJ.

dz, = &7 — 1y is the unique bounded solution of (2), thus

lehll = llgn = mall < € (72— 4-e7oC+=) | neu.
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Approximation of bounded trajectories

523 zero of the operator I : Xz x R%Z — Xy

¢z, \z) = (Enpr — f(fn,)\n))nez.

Finite approximation z,on J = [n_,ny | NZ

rJ(ZJ, S\J) = ((Zn_H — )"-(Zn7 S\n))HE[n—,m-—ﬂ’ b(Zn_,Zn+)> =0

with periodic boundary operator b(z, ,z,,) 1=z, — z,, .
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Approximation of bounded trajectories

For all parameter sequences that coincide on J,
we get the same numerical approximation.

VW ASVAYVAVAYS
A SVASYAVALIN)

~
J

Az,

Thus, we choose (1, = const for all n & J.

“Z—/_\/-\_/\/\/\/\/—
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Approximation of bounded trajectories with constant tails

Ci(zy, \y) = ((Zn+1 — f(z”’j\”))ne[n_,mr—ﬂ’ b(z,,,z,,+)> =0

Assumption @

There exist sequence fiz, € U(\z) with solution 7j € V(£7) and
ii € R, 7 € R¥ such that

lim g, = lim pu,=:p and lim 7, = Im n,=:7.
n—+00 n——o0 n——+00 n——o0

Theorem

Assume @ - O,
Then constants §, N, C > 0 exist, such that I ;(z,, ji;) = 0, with periodic
boundary conditions, has a unique solution

zy € Bs(ny) ford =[n_,ny], —n_, ny > N.

Approximation error:
17s = 24|l < Cll7tn_ — 7 |-
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Approximation of bounded trajectories with tolerance A

oy & -] < 2
/\/\ it \n = fin, N € Jy

choose 1, = p for

74
SN e
AN
/_/_

31|l — 2l < 3

where I'/(z)) =0
For n € J we get
€ — 2l
\ < 1€ — 7inl

+|77n — za|
A A _
J sz tz=A

B
{58
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Numerical experiments:

Computation of bounded trajectories
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Example: Computation of bounded trajectories

Hénon’s map

2
x — h(x,\, b) = (1 +x )\X1)

bxq
Fix b = 0.3 and choose \z € [1,2]% at random.
Non-autonomous difference equation

Xn+1 = h(xp, Ap, b), n e 7.
@ M. Hénon.

A two-dimensional mapping with a strange attractor.
Comm. Math. Phys., 50(1):69-77, 1976.
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Example: Computation of bounded trajectories

Solutions of ['; = 0 on J = [—40,40] for two sequences A, that coincide

on [-20,20].
2r o e 0 oo ® ®
.....D..T .EIE . ##ﬂ .Ehﬂm DGEE.D. EF .
An o o o ® o B P
:DDaD'u'EDDd? - 0 Cu, ' ©
| * e \ | ® | e L e
! -40 -30 -20 -10 * 0 1-6 20 - EC;O E4‘-I(I)
0.8r - n
| [y t n NN
0.71 H"'n!ﬂn i njin T e A ‘m T
W\ N () ‘ 7] & /A
Xn ““u‘,l‘ ) ““ o | rm:!" \EH‘/ V k ry
06F n‘uu‘“ ‘ ' L mii A ' T b
0'5—4—‘0 —3‘0 —2‘0 -1 b 6 » ‘0 2‘0 3‘0 4‘0
n
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Example: Computation of bounded trajectories on u = [-150, 150]

Given a sequence A\, € [1, 2] with corresponding solution &,.
Let iy € [1,2]” such that A\, = p, for n € [—100, 100] and solution 7).

dp = ||€n — mnl|, n € J for

10° 10 different sequences [.

107

10" !

o : Interval where d, < A
dn10’

‘ : - log A

10 n_ = ’7n— + |Z?7_|—‘ )

° : _ |5 |log A

107 : n+ -_— n+ - a+ ]

e w0 s 6 a+ dichotomy constants,

n_n_
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Example: Computation of bounded trajectories on J = [-20, 20]

Choose a buffer interval [n_, iy ] such that we get an accurate
approximation on [—20, 20]:

_ |log A _ [log Al
n_=|n_— =—40 and ny = [np + =74.
a_ a4

0.8 0.8
0.751 0.75
0.7+ 0.7+
0.65F 0.65F
X1 e X1
0.551 0.551
0.5+ 0.5+
0.45 L L L 0.45 L
-40 -20 0 20 40 60 -20 15 10 -5 0 5 10 15 20
n—_ n_— n+ n+ n_ n+
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Step 2
Step 1 (done) =

Approximation of
a second trajectory xy,
that is homoclinic to &,

Approximation of
a bounded trajectory &,.
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Homoclinic trajectories

® Let \y as in ®. A solution xy of

Xn+1 = f(Xna )\n)a ne 7

exists, that is homoclinic to £z and non-trivial, i.e. X =+ &

® The trajectory X7 is transversal, i.e.

Un+1 — Dxf(}n, S\n)Un, n E Z for UZ E XZ @ UZ = O.

Lemma

Assume @ — ®. Then the difference equation
u”+1 — Dxf(Xn’ Xn)Un, n 6 Z.

has an exponential dichotomy on 7.
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Homoclinic trajectories

X7, is homoclinic to EZ
if and only if
y7, defined as
Vo =% — &n
is @ homoclinic orbit of
Yt1 = G(Vn, j\n) = f(yn + En, j\n) - §n+1 n e 7
w.r.t. the fixed point 0.

The f and g-system are topologically equivalent due to the kinematic
transformation, cf.

@ B. Aulbach and T. Wanner.
Invariant foliations and decoupling of non-autonomous difference equations.
J. Difference Equ. Appl., 9(5):459-472, 2003.
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Approximation of homoclinic trajectories

gn(Y) = f(y =+ gna S\n) - gn—l—h Y1 = gn(Yn)a gn(o) =0, nelZ.
Approximation

rJ(yJ) = ((}/n+1 - g”(y”))ne[n_,n+—1]’y”— - }/n+> =0

with periodic boundary conditions.
Assumptions

@ Denote by P;, P! the dichotomy projectors of
Up+1 = Df(gna S\n)una ne 7.
Assume for all sufficiently large —n_, n.:

L(R(PS),R(PL)) >0, fora0<o < g
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Approximation of homoclinic trajectories

gn(}/) = f(y + 5”7 5\n) - §n+17 Y41 = gn(Yn)a gn(o) =0, necZ.

Theorem

Assume @ - ©.
Then there exist constants §, N, C > 0, such that
s(y,) = 0, with projection boundary conditions, has a unique solution

vy € Bs(yy) forall J=[n_,ny],

where —n_, ny > N.
Approximation error: ||y, — y,|| < C||¥n_ — ¥n, ||-

3 Th. Huls.
Homoclinic orbits of non-autonomous maps and their approximation.
J. Difference Equ. Appl., 12(11):1103—-1126, 2006.
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Numerical experiments:

Computation of homoclinic trajectories
(a) for the Hénon system,

(b) for a predator-prey model.
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Hénon system: Computation of homoclinic trajectories

Homoclinic orbit of the transformed system

Ynt1 = h(}/n +&ny An, b) - £n+17 nedJ, h: Heénon’s map

0
n 20

Homoclinic orbit w.r.t. the fixed point 0.
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Hénon system: Computation of homoclinic trajectories

Homoclinic trajectories
Let x, = yn+ &no N € J.
Then x; and &, are two homoclinic trajectories.

Thorsten Hills (Bielefeld University)

Predator-prey model: Computation of homoclinic trajectories

Predator-prey model

(x,,+1) _ [ Xnexp (a (1 = ;—:) = by,,) .

Yn+1 cx,(1 — exp(—by,))
X, prey attime n, a=7,
Yn  predator at time n, b=0.2,
K, carrying capacity, c =

@ J. R. Beddington, C. A. Free, and J. H. Lawton.

Dynamic complexity in predator-prey models framed in difference equations.
Nature, 255(5503):58—-60, 1975.

@ J. D. Murray.

Mathematical biology. 1, volume 17 of Interdisciplinary Applied Mathematics.
Springer-Verlag, New York, third edition, 2002.
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Predator-prey model: Computation of homoclinic trajectories

(Xn+1) _ (xnexp (a( - f?) _by”)> . neZ.

Ynt1 cxa(1 — exp(—by,))

Ky =10+ p 1y, 1y € [—1, 1] uniformly distributed, p € [0, 1].

Thorsten Hills (Bielefeld University) ICDEA 2012 Homoclinic trajectories of non-autonomous maps

Some remarks
and
extended results
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Remarks: Invariant fiber bundles

Stable and unstable fiber bundles are the non-autonomous generalizati-
on of stable and unstable manifolds:
W : solution operator of x,+1 = f,(xp),

S3(6z) = {xe R : im |[W(m0)(x) - &ll =0},

S(e2) = {xeR*: m_[¥(mo)(x) - &l =0}

Approximation results:

@ C. Pétzsche and M. Rasmussen.

Taylor approximation of invariant fiber bundles for non-autonomous
difference equations.

Nonlinear Anal., 60(7):1303-1330, 2005.

Let xz be a homoclinic trajectory w.r.t. £z. Then

Xo € S5(&z) N Sy (€z)-
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Heteroclinic trajectories

Autonomous world: Heteroclinic orbit.
Let £T and £ two fixed points.
A trajectory xy is heteroclinic w.r.t. §i, if

lim x,=¢, lim x, = ¢
n——o0 n—o0

Non-autonomous analog: Heteroclinic trajectories.
Let fi be a trajectory that is bounded in backward time, and
let 5% be a trajectory that is bounded in forward time.
A trajectory xy is heteroclinic w.r.t. §:Zt, if
im fx, =& 1l =0, lim |Ix, =& | = 0.
n——0o0 n—-00
[§ Th. Hiils and Y. Zou.
On computing heteroclinic trajectories of nhon-autonomous maps.
Discrete Contin. Dyn. Syst. Ser. B, 17(1):79-99, 2012.
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Heteroclinic trajectories

Problem: Families of semi-bounded trajectories exist.
Separate one semi-bounded trajectory by posing an initial condition.

Thorsten Hills (Bielefeld University) ICDEA 2012 Homoclinic trajectories of non-autonomous maps

Heteroclinic trajectories

One achieves accurate approximations of semi-bounded and heteroclinic
trajectories, by solving appropriate boundary value problems.

approximation of £, approximation of fg

1
n+ n

IA__
£ ==

|
|
n.

approximation of xy,

Boundary operator:

b xn.) = ( YT (X — 5,7_)) |

Yl(XM - €r1_+—)

Y_:base of R(P4_)*, Y, :baseof R(PS )*.

Thorsten Hills (Bielefeld University) ICDEA 2012 Homoclinic trajectories of non-autonomous maps




Computation of dichotomy projectors

Fix N € Z and compute Py, as follows:
Foreachi=1,...,k solveforn € 7

U;.-,_|_1 = Anu;; + 5n,N—1ei7 nez, A= Dfn(grit)

e; : i-th unit vector,  : Kronecker symbol.

Unique bounded solution for n € 7Z:

®(n, N)PR, n>N,

u;"l - G(”? N)ei7 G(”? N) — { _q)(n N)Pll\,ll n< N.

Thus
uy = G(N,N)e; = Pye;.

Therefore

Pr=(uy & ... uf).
Finite approximations can be achieved since errors decay exponentially
fast towards the midpoint.
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Computation of dichotomy projectors

Error estimates for approximate dichotomy projectors:

3 Th. Huls.
Numerical computation of dichotomy rates and projectors in discrete time.
Discrete Contin. Dyn. Syst. Ser. B, 12(1):109-131, 2009.

Extended results:

3 Th. Hiils.
Computing Sacker-Sell spectra in discrete time dynamical systems.
SIAM J. Numer. Anal., 48(6):2043—-2064, 2010.
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Example: Heteroclinic trajectories

Discrete time model for two competing species x and y:

SnXn
X n n .
n+1) _ Xn+Y , r=4, s, =2+ %sm(%n)
Yn+4-1 yner_(xn+yn)
§+
n
4\.\
- [§ Y. Kang and H. Smith.
3t ‘z,, Global Dynamics of a
N Discrete Two-species
y 2 . Lottery-Ricker
‘ Competition Model.
1+ Journal of Biological
\ _ Dynamics 6(2):358-376,
0 ‘ ‘ o& 2012.
0 0.5 1 1.5 2 2.5
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Homoclinic and heteroclinic trajectories

S30) So0x)

Heteroclinic trajectories: f%, &, and xz,.
If S§(xz) and S§(xz) intersect transversally, we find homoclinic
trajectories xz,, z7.
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Conclusion

m We derive approximation results for homoclinic (and heteroclinic)
trajectories via boundary value problems.

m Justification: Due to our hyperbolicity assumptions, errors on
finite intervals decay exponentially fast toward the midpoint.

m One can verify these hyperbolicity assumption, using techniques that
have been introduced, for example, in:

@ L. Dieci, C. Elia, and E. Van Vleck.
Exponential dichotomy on the real line: SVD and QR methods.
J. Differential Equations, 248(2):287-308, 2010.

4 Th. Hiils.
Computing Sacker-Sell spectra in discrete time dynamical systems.
SIAM J. Numer. Anal., 48(6):2043—-2064, 2010.
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Conclusion

m The exponential decay of error enables accurate computation of
covariant vectors:
@ G. Froyland, Th. Huls, G.P. Morriss and Th.M. Watson.
Computing covariant vectors, Lyapunov vectors, Oseledets vectors,
and dichotomy projectors: a comparative numerical study.
arXiv:1204.0871, 2012.
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