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Homoclinic orbits in auto
systems

ICDEA 2012_Homoclinc trejectories of nor-autonomous maps

Homoclinic orbits in autol ous system:
Let

m f: R¥ - R¥ be a smooth diffeomorphism,
m ¢ be a hyperbolic fixed point, i.e. o(Df(¢)) N {x € C: |x| =1} = 0.
m Assume that stable and unstable manifold of € intersect transversally.

Homoclinic orbit: xz = (X,)ncz:

Xpp1 = f(xn), NE€Z, lim x,=
i1 = 10) im0

e —

by solving a
boundary value problem.
Simplest case: periodic boundary conditions:

Xn_

I r(x):(x"+|—f(x"], n:n,,...,n+—1).

Xo_ = X,

Xn,

Often successful: Rough initial guess for Newton’s method:

ini rjectoriesof

Homoclinic orbits in autonomous systems

The dynamics near transversal homoclinic orbits is chaotic, cf. the
celebrated Smale-Silnikov-Birkhoff Theorem.

@ L P Sinikov.
Existence of a countable set of periodic motions in a neighborhood of a
homoclinic curve.
Dokl. Akad. Nauk SSSR, 172:298-301, 1967.
Soviet Math. Dokl. 8 (1967), 102-106
@ s.Smale.
Differentiable dynamical systems.
Bull. Amer. Math. Soc., 73:747-817, 1967.
@ K J Paimer.
Shadowing in dynamical systems, volume 501 of Mathematics and its
Applications.

Kluwer Academic Publishers, Do

T ——

Compute a finite orbit segment

Xn_y oo Xny

by solving a
boundary value problem.
Simplest case: periodic boundary conditions:

Xpp1 — f(Xa), n=n_,....nyp —1
e [T = (1o = 1)
Xn_ — Xn,
Xn,

Alternative: Compute initial guess via approximations of stable and
unstable manifolds.
[@ R.K.Ghaziani, W. Govaerts, Y. A. Kuznetsov, and H. G. E. Meijer.

Numerical continuation of connecting orbits of maps in MATLAB.

J. Difference Equ. Appl., 15(8-9):849-875, 2009.




Example: Hénon’s map:

bx

Cad
H (;) = (1 ty-ax ) . typical parameters: a = 1.4, b = 0.3.

@

Non-
autonomous
analog of
homaclinic
orbits

autonomous systems

. W.-J. Beyn, The numerical computation of connecting orbits in dynamical
systems. IMA J. Numer. Anal., 10,379-405, 1990.
“. W.-J. Beyn and J.-M. Kleinkauf, The numerical computation of homoclinic
orbits for maps. SIAM J. Numer. Anal., 34, 1207-1236, 1997.
% J.-M. Kleinkauf, Analyse Orbits. PhD
thesis, Universitét Bielefeld, Shaker Verlag, Aachen, 1998.
Y. Zou and W.~J. Beyn, On manifolds of connecting orbits in discretizations
of dynamical systems. Nonlinear Anal. TMA, 52(5),1499-1520, 2003.
“ W.~J. Beyn and Th. Hills. Error estimates for approximating non-hyperbolic
heteroclinic orbits of maps. Numer. Math., 99(2):289-323, 2004.
. Th. Hils. Bifurcation of connecting orbits with one nonhyperbolic fixed point
for maps. SIAM J. Appl. Dyn. Syst., 4(4):985-1007, 2005.
= W.-J. Beyn, Th. Huls, J.-M. Kleinkauf, and Y. Zou, Numerical analysis of
degenerate connecting orbits for maps. Internat. J. Bifur. Chaos Appl. Sci.
Engrg., 14, 3385-3407, 2004.

ries of non-sutonomous maps.

s analog of a fixed point

Non-autonomous discrete time dynamical system

Xpt1 = fo(X,), n€Z, f,famiy of smooth diffeomorphisms

autonomous vs. non-autonomous

fixed point - bounded trajectory

13 &t ko = (k). n€EL

¢l < ¢ ¥n

[@ J. A Langa, J. C. Robinson, and A. Suarez.
Stability, instability, and bifurcation phenomena in non-autonomous
differential equations
Nonlinearity, 15(3):887-903, 2002.

Hols @Bllefeld U ICDEA 2012_Homoclino trajectories o n

Non-autonomous analog of hyperbolicity

Non-autonomous discrete time dynamical system

Xni1 = f(xa), n€Z, f,family of smooth diffeomorphisms

Hyperbolicity of

afixed point & o a bounded trajectory &
Df(§)has The variational equation
no center eigenvalue Unt1 = Dh(&x)Un, NET
has an exponential dichotomy on Z.
A , showing that are i for analyzing

stability in non-autonomous systems was given by Vinograd (1952), cf.
[ F Colonius and W. Kliemann.
The dynamics of control.

Systems & Co
Boston, MA, 2¢

ntrol: Foundations & Applications. Birkhauser B

Exp

@ w.A. Coppel
Dichotomies in Stability Theory.

Springer-Verlag, Berlin, 1978.
Lecture Notes in Mathematics, Vol. 629
@ D. Henry.
Geometric Theory of Semilinear Parabolic Equations.
Springer-Verlag, Berlin, 1981
@ K. J. Paimer.
i the ing lemma and homoclinic

points.

In Dynamics reported, Vol. 1, pages 265-306. Teubner, Stuttgart, 1988,

ini rjectoriesof

Exponential dichotomy

Consider the linear difference equation

Unit = Antn, NEZ, uy € RF, A, €GL(KGTR). 0]
AnteAn forn>m
Solution operator of (1):  ®(n, m) := ! forn=m
ATLAYL, forn<m

Definition

The linear difference equation (1) has an exponential dichotomy with
data (K, o, PS, PY) on J = [n_, ny] N Z if there exist

2 families of projectors PS, PY, n € J, with PS + P = [for all n € J and
constants K, & > 0, such that

PEO(n,m) = ®(n,m)P  VnmedJ, k€ {su},

Yn>m, nme J.

[[o(n,m)Pg | < Ke~olr=m
<

Ke—aln-m)

Non-autonol

s analog of a homoclinic orbit
Non-autonomous discrete time dynamical system
Xn41 = h(xa). n€Z, f,family of smooth diffeomorphisms

autonomous vs. non-autonomous

homoclinic orbit © homoclinic trajectories:

An orbit xz that satisfies Two bounded trajectories xz, £z
satisfying

limp— o0 X = § limy 00 [0 = &nll = 0

Note that:

Xz is homoclinicto £z ¢+ &z is homoclinic to xz




Step 2
STl

Approximation of
a second trajectory xy
that is homoclinic to {z.

Approximation of

a bounded trajectory &;

P ——

Approximation of bounded trajectories

Bounded trajectory £z

Zero of the operator [ : Xz x R% — Xy, defined as

T(€z: Az) := (Entt = 1(ns An)) ez

Space of bounded sequences on the discrete interval J

X = {uJ = (s € (RS suplu] < o |

Setup

Xot1 = fo(xa), n€Z

f, is generated by a parameter-dependent map

fr=1f(.A\n), Az sequence of parameters.

© Smoothness: f € C*(R¥ x IR, R¥), (-, \) diffeomorphism for all
AER.

@ There exists Az € R” such that
&1 = (&), nEZ
has a bounded solution &7.
© The variational equation
tnit = Duf(En An)un, NEZ

has an exponential dichotomy on Z.

o3 of non-autonomous maps

Approximation of bounded trajectories

Lemma

Assume @ - ©.
Then there exist two neighborhoods U(A\z) and V(&z), such that

(&2, \z) =0z
has for all Az, € U(A\z) a unique solution & € V(Ez).

Lemma

Assume @ - ©.
Then there exist two neighborhoods U(\z) and V/(&z), such that

Unt1 = Dxf(Xps An)tn, n€Z

has an ext onZ for any xz € V(éz),
Az € U(\z). The dichotomy constants are independent of the specific
sequence x.
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Approximation of bounded trajectories

Aim: Numerical approximations of a bounded solution of

Enpr = 1(Eny An)  on the finite interval J = [n_, n.].

& = (&n)ney depends on A, n € J, butalso on A, n & J.

The influence of A, n ¢ J decays exponentially fast towards the middle
of the interval J.
Thus, numerical approximations with high accuracy can be achieved.

T —

Approximation of bounded trajectories

Theorem

Assume @ - ©.
LetJ = [n_, n] be afinite interval and U(\z), V(€z) as stated above.

- Al
Choose Az, jiz € U(Az) \/\/\/\/\/\/\
suchthat \y = ipforne J. TAYVAS

- Joee
Denote by &z, 11z € V/(Ez) the bounded solutions w.rt. Az and fiz.

Then

there exist constants C, o > 0 that do not depend on Ay, and jiz, such that

2K

Iéa—nall < © (ew(nw) + e,(.(,.+,"))

holds for all n € J.

Similar observation in autonomous systems

[ P Diamond, P. Kloeden, V. Kozyakin, and A. Pokrovskii.
ivity of i ic Lipschitz
Bull. Austral. Math. Soc., 51(2):301-308, 1995.
[ K.J. Paimer.
Shadowing in dynamical systems, volume 501 of Mathematics and its
Applications.
Kluwer Academic Publishers, Dordrecht, 2000.
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"), where \,

Sott = f(&n An)s Moy = f(0ny jtn), 0z = Mz—E&z,  hz = pz—Az.
i = &+ dn Ao+ hn) = £(€n, An)

‘
= A&+ o)+ [ DA+ oot T By = (603
,

= f(én,An)+/ Dyf(En + Tdny Ap)dT dhy
Jo

.
+ / DA(En+ doy Mg + 7o )AT iy — (€0, A)
Jo

i
= / Dyf(En + T, An)dT dy +
o

= Axdh+1p

1
/ DAf(€n + dpy Ap + Thy)dT hy

where

s An + Tha)dT By,
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“ "
Ay = / Dyf(én+ Tdp A)dT 1y = DAf(&n + dny An + Thy)dT hy
o o

By assumption &
Unpr = Dxf(En An)un, N EZ
has an exponential dichotomy on Z.
Due to the Roughness-Theorem and our construction of neighborhoods,
Upr = Aglln, nET

has an exponential dichotomy on Z with data (K, av, PS, PY).

Solution operator: ®(n, m), i.e. u, = ®(n, m)um

T ——

1 1
A, = / Dyf(&n+ Tdp, Ap)dT 1= / Drf(&n + dny An + Thy)dT By
o o

w =3 G(n.m+1)rm, [ G(n. m)]| = { [0(n, m)P| < Ke=(=m), n> m,

[[&(n, m)PY|| < Ke=*(™") n<m.

met
n_—1 %
lual < > llG(nm+)mll+ D [1G(nm+ 1|
menit1
%
< Y AKe 4 3 Akerelmiion)
o meny 1
_ RK (Sfa(nfn,)+sfﬂ(ﬂ+*n+2)>, nedJ.
="

s (Bilefeld Uriversity) | ICDEA 2012 Homocliic traj tonomous maps

. .
ao= [ Dier 7AYo= / DA(En -+ o An -+ Tho)dT By

Unique bounded solution of  upi1 = Antip + onZ:
Up = Z G(n,m+1)rm,
me,

where G is Green’s function, defined as

1 1
Ay = / Dyf(&n + Tdp, Ap)dT 1y = / DAf(&n + dny Ap + Thy)dT hy
o o
U1 = Anlin + In, neZ @)

HU"H < 1 il <e a(n=n )+e aln "‘2)). ned.

e

i o(n,m)BS,  n>m, ) ! )
3 —¢(n, ’”)P,'ﬁn < M, dz, = &z — nz is the unique bounded solution of (2), thus
Estimates: lldull = [1€n — mall < € (e"”(”””) + e”"("‘*"’)) . ned
la(n.mll = [[&(n,mPs| < Ke "™, forn>m, o
llG(nm)| = [®(n,m)PL| < Ke= (" forn < m.
ThorstenHils (il niversiy) ICOEAZ012.Homod e Thorsen s BlaoldUniveri) | ICDEA2012. Homslini rajectaries o no-atonomous maps
of bounded ctories Approximat of bounded trajectories with constant tails
Mtz %) = ((zns — e A gy e Do o20.)) =0
E&z: zero of the operator I : Xz x R” — Xy Assumption @
There exist sequence jiz € U(Az) with solution 77z € V(€z) and
(&2, 22) = (Ent1 = f(En M) ez i € R, 7 € R¥ such that
D= = ey = T =i,
Fints approximton 2, cn J = [n_, ] NZ

FET PR (CAREEH5 ) BN ) )

with periodic boundary operator b(z,_ . Zp, ) := Zn_ — Zp, -

Assume @ - @.
Then constants 8, N, C > 0 exist, such that I'y(zy, fi;) = 0, with periodic
boundary conditions, has a unique solution

2y € Bs(y) ford =[n_.ny], —n_, ny > N.

Approximation error:
17 = 2l < Cllfin_ = 7. |-

Approximation o nded trajectories

For all parameter sequences that coincide on J,
we get the same numerical approximation.

SV ASVASYAYA YA
EAASVAYYAVA
%/K_/

Thus, we choose /1, = const for all n ¢ J.

efeld University) _ICOEA 2012 Homoclinic rajctories of non-autonomous maps.

Approximation of bounded trajectories with tolerance A

/\ & -al <4
if Ao = fin N € &y

.

choose fi, = fi for
néJ
|-zl < %

—
where [/(z) = 0
For n € J we get

[
<[ =l
177 — zal|
A A _
J sstz=4

ICDEA 2012_Homoclinc rajectores




Numerical experiments:

Computation of bounded trajectories

P ——

Example: Computat of bounded trajectories

Solutions of [, = 0 on J = [—40, 40] for two sequences ), that coincide
on [-20,20].

Exampl

of bounded trajectories

Hénon's map

A2
X = h(x,\,b) = (1 +X§X /\X‘)
3

Fix b = 0.3 and choose Az € [1,2]% at random.

Non-autonomous difference equation

X1 = h(xn Ansb),  n€ .

[@ M. Hénon
A two-dimensional mapping with a strange attractor.

Comm. Math. 50(1):6!

o3 of non-autonomous maps

Given a sequence A, € [1,2]” with corresponding solution &,.
Let 11y € [1,2]” such that A, = 4, for n € [—100, 100] and solution 7,.

dy = [[€n = mall, n € Jor
N 10 different sequences /z,.

Interval where dy < A

o
0] = | llog A|
o= o ],
N . log A
o= [n -2l
e g ] 4 dichotomy constants,
n_n_ ny oy
A=107"%

Exampl

Computati

of bounded trajectories on

Choose a buffer interval [fi_, i, such that we get an accurate
approximation on [—20, 20]:

log A log A
,MJ 40 and fy = {MM} 7

a_ oy

X o X o
n_ n_ ny ny n_ ny

T —

Homoclinic trajectories

Assumptions

@ Let )\ as in ©. A solution Xz of

o = 1

exists, that is homoclinic to £z and non-trivial, i.e. Xz # &z.
® The trajectory Xz is transversal, i.e.

Uns1 = Dyf(Rny An)Un, N € Ziforuz € Xz <= uz =

Lemma

Assume @ - ®. Then the difference equation

Upiy = Dyf(%n, An)tin, N E Z.

has an exponential dichotomy on Z.

Step 2
Step 1 (done) =2

Approximation of
a second trajectory x;
that is homoclinic to &

Approximation of
a bounded trajectory {z.

Thorsten Hils (ielefld Uni 1GDEA 2012 _Homocinkc rajectories of non-autonomous maps

lomoclinic trajectories

Xz, is homoclinic to &z
if and only if
yz defined as
-&
is a homoclinic orbit of
Y1 = 0¥ M) = f(yn + &0 An) —Enp1 nEZ
w.rt. the fixed point 0.

¥n

The f and g-system are topologically equivalent due to the kinematic
transformation, cf.

[@ B. Aulbach and T. Wanner.

Invariant foliations and decoupling of non-autonomous difference equations.




Approximation of homoclinic trajectories

an(y) =1y + &0 A0) = &ty Yor1 = 9n¥n): 9n(0) =0, neEZ.

Approximation

Fu(ys) = ((ym = 9000 ey Y0 —m) =0

with periodic boundary conditions.

Assumptions

@ Denote by P3, Py the dichotomy projectors of
Un1 = D(Ens An)Un, N € Z.

Assume for all sufficiently large —n_, n :

L(R(PS),R(PL)) > 0, fora0 <o < g

Numerical experiments:

Computation of homoclinic trajectories

(a) for the Hénon system,
(b) for a predator-prey model.

ols Biletold Uriversity) _ICDEA 2012 Homoslinic trajct

Approximation of homoclinic trajectories

9n(y) ==y + &) = &ntrs Yor1 = 9a(n): 9n(0) =0, neEZ.

Assume © - ©.
Then there exist constants 3, N, C > 0, such that
T'y(ys) = 0, with projection boundary conditions, has a unique solution

o € Bs(7) forall J=

nyl,

where —n_, ny > N.
Approximation error: ||y, — yy|| < Cl|Va. — ¥n. |-

@ Th. Huls.

orbits of maps and their

J. Difference Equ. Appl., 12(11):1103-1126, 2006.

o3 of non-autonomous maps

énon system: Computation of homoclinic trajectories

Homoclinic orbit of the transformed system

Yot = h(Yn+ En AnyB) — Enry, NEJ,  h: Hénon's map

0
n 20

Homoclinic orbit w.r.t. the fixed point 0.

n Hols (Blelefeld

Predator-prey clinic trajectories

system: Computation of oclinic trajectories

Homoclinic trajectories
LetX, = yp + & n € J.
Then x, and £, are two homoclinic trajectories.

T —

(x,m) _ (xneXP (3 (‘ - Txf) - by“)) , nez.
Yntt oxn(1 — exp(—by))

Ko =10+ j1- 1y, 1y € [~3, 3] uniformly distributed, 1 € [0, 1].

Predator-prey model: Computation of oclinic trajectories

Predator-prey model

(=) - (p (s(1-2) 4%)) ,nez.

Yors o (1~ exp(~byr))
X, prey attime n, a=7,
Yo predator attime n, b=02
K, carrying capacity, c=2.

[@ J.R.Beddington, C. A. Free, and J. H. Lawton,
Dynamic complexity in predator-prey models framed in difference equations.

Nature,
@ J.D. Murray.

Mathematical biology. 1, volume 17 of Interdisciplinary Applied Mathematics.
New York, third edition, 2002

Springer-Verl
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Some remarks
and
extended results




Invariant fiber bundles

Stable and unstable fiber bundles are the non-autonomous generalizati-
on of stable and unstable manifolds:
W : solution operator of X,1 = fo(xn),

S(e) — Ko _ _
() = {xeR*: i [W(m,0)(x) — &l =0},
wie Y Koo - =
se) = {xeR: m_[¥mo) - el =}
Approximation results:
[ C. Pétzsche and M. Rasmussen.
Taylor approximation of invariant fiber bundles for non-autonomous
difference equations.
Nonlinear Anal., 60(7):1303-1330, 2005,
Let xz be a homoclinic trajectory w.rt. £z. Then

x € 85(6z) N Sp(€z)-

P ——

Problem: Families of semi-bounded trajectories exist.
Separate one semi-bounded trajectory by posing an initial condition.

ols Biletold Uriversity)

eteroclinic trajectories

Autonomous world: Heteroclinic orbit.
Let £ and £ two fixed points.
A trajectory xz is heteroclinic w.r.t. {i, if

lim x, =&, lim x, = ¢+,
o0 o0

N analog:

Let &; be a trajectory that is bounded in backward time, and
let {% be a trajectory that is bounded in forward time.

A trajectory xz is heteroclinic w.r.t. {%, if

im e — &5 ]| = Jim[lx, — 5| =
[ Th. Hals and Y. Zou
On computing i fes of maps.

Dis @

o3 of non-autonomous maps

eteroclinic trajectories

One achieves accurate approximations of semi-bounded and heteroclinic
trajectories, by solving appropriate boundary value problems.

| approximation of £ | |

n' n2 nly "

approximation of &

2
B

approximation of xz,

Boundary operator:

b(xn_xn,) = (Ylm, -&) ) _

V(= &,2)

Y_:base of R(PY )+, Y,:baseof R(PS )*.

“Thorsten Hils (i

y) IGDEA2012_Homo

nomous maps

ot

Computation of di y projectors

Fix N € Z and compute Py, as follows:
Foreachi=1,...,ksolveforn € Z

Uhiy = Anth+ Onn—r81, NEZ, Ay=Dh(EF)
&; : i-th unit vector, d : Kronecker symbol.
Unique bounded solution for n € Z:
i d(n.N)Py,  n>N,

up = G(n,N)e;, G(n,N) = { —o(n NPy n<N.

Thus
uy = G(N,N)e; = Pye;.
Therefore
Py =(uy & ... uf).

Finite approximations can be achieved since errors decay exponentially
fast towards the midpoint.

T —

Example: Heteroclinic trajectories

Discrete time model for two competing species x and y:

s
Xot1) _ Xotyn
Yo Yoo~ |

4, s, =2+ Lsin({n)

[@ ¥.Kang and H. Smith.
Global Dynamics of a
Discrete Two-species
Lottery-Ricker
Competition Model.

al of Biological

6(2):35¢

ICDEA2012_Homoc!

Computation of otomy projectors

Error estimates for approximate dichotomy projectors:

B Th. Hiils.
Numerical computation of dichotomy rates and projectors in discrete time.
Discrete Contin. Dyn. Syst. Ser. B, 12(1):109-131, 2009,

Extended results:
[ Th. Hiils.
Computing Sacker-Sell spectra in discrete time dynamical systems.

SIAM J. Numer. Anal., 48(6):2043-2064, 2010.

1GDEA2012_Homolinic rajectories of n

Si) S02)

Heteroclinic trajectories: £, &, and x.
If S3(xz) and S§(xz) intersect transversally, we find homoclinic
trajectories xz, zz.

ICDEA 2012_Homoclini




Conclu:

m We derive imation results for inic (and
trajectories via boundary value problems.

L] ification: Due to our i i errors on
finite intervals decay exponentially fast toward the midpoint.

m One can verify these i ion, using i that

have been introduced, for example, in:
[@ L. Dieci, C. Elia, and E. Van Vieck.
Exponential dichotomy on the real line: SVD and QR methods:
J. Differential Equations, 248(2):287-308, 2010.
@ Th. Hls.
Computing Sacker-Sell spectra i discrete time dynamical systems.
SIAM J. Numer. Anal., 48(6)

043-2064, 2010.

Conclusion

m The exponential decay of error enables accurate computation of
covariant vectors:
[@ G. Froyland, Th. Hils, G.P. Morriss and Th.M. Watson.
Computing covariant vectors, Lyapunov vectors, Oseledets vectors,
and dichotomy projectors: a comparative numerical study.
arXiv:1204.0871, 2012

Thorsten i ries of non-sutonomous maps.




