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Consider a Hamiltonian system with an equilibrium at the origin
H(z) = H(z) + K(2), z € R?"

were the quadratic system is

H(z) = %ZTSZ,

and the linear Hamiltonian system is
z=Az, A=JS

and KC(z) is the higher order terms.



Assume H is smooth and H is positive definite then:
The origin is stable. (Dirichlet, 1846)

There are n periodic solutions on each small level set H = ¢ > 0.
(Weinstein, 1973)



Assume H is smooth and H satisfies the MWC,
(Moser-Weinstein Condition).

There are n periodic solutions near the origin on
the level sets H = +e. (Moser, 1976)

What is the MWC? How can we use it?



Linear Hamiltonian Systems:
Ln: 2H(z) = z" Sz, z= Az, A=JS

System Ln is stable if all solutions are bounded for all t € R.

System Ln satisfies the PIDC if all eigenvalues of A are pure
imaginary and A is diagonalizable.

Theorem: System Ln is stable iff it satisfies PIDC.



System Ln is parametrically stable if it and all sufficiently small
linear Hamiltonian perturbations of it are stable.

Define n(A) = kernel (A — Al)

Let A have distinct eigenvalues £51/,..., 4080, 1 < s < n.

W; = n(+8;i) @ n(—p;i) is the complexification of a real space V;.
Let H; be the restriction of H to V;.

System Ln satisfies the Krein—Gel'fand-Lidskii condition, KGLC, if
A is nonsingular, A is stable, and the Hamiltonian Hj is positive or
negative definite for each j =1,...5s.

Theorem: System Ln is parametrically stable iff KGLC holds.



Group the eigenvalues of A as follows:

+ikiwr, £ikowe, . . ., :tiklslwl
Fikawr, Tikowy, ..., Zikes,wy

wi,...,w, are rationally independent and ki1 ... ks, € Z\{0}.
W; = [n(ikjrw;) & n(—ikjw;)] & - - - & [n(ikjsw;) & n(—ikjs;w;)].
W; is the complexification of a real V;.

R"=V, Vo ---®V,

Let H; be the restriction of H to V;.

System Ln satisfies the Moser-Weinstein condition, MWC, if each
IH; is either positive or negative definite.



H satisfies PIDC iff there are symplectic coordinates such that

w1 w
H= 204 +y0) + -+ 5 (0 +yn) =wrh + -+ wnly
eigenvalues of A: w1/, ..., *wy,i and

[ = %(xj2 + yj2), ¢j = tan—1 yj/X;j are action-angle variables.

Examples:

H =/, + |, satisfies KGLC and MWC — positive definite.
H = 1 — I does not satisfies KGLC or MWC.

H = I, — 2), satisfies KGLC but not MWC.

H=15h+2h - \@(/3 + 31,) satisfies KGLC and MWC.



A formal system H, is in normal form if
Hao(z) = H(z) + H(z)

with H(e”tz) = H(z) or {H,H} = 0.

H, is normally stable if for every 7 there exists a formal integral
L(z) = L(2) + £.(2)

where L is a positive definite quadratic form in z.

Theorem: H, is normally stable iff H satisfies MWC.



Consider a real analytic Hamiltonian
Ha(w) = H(w) +H*(w)
such that the origin is an equilibrium point.

Ha is formally stable if there exists a formal positive definite
integral L¢(w), i.e., {Ha, L} = 0.

Remark: This implies some asymptotic estimates — see Seigel,
Moser, Bruno et al.

Corollary: If H satisfies MWC then the analytic Hamiltonian
system H, is formally stable.



Proof:
MWC implies
H=wi(kithi + -+ kisshs) + - +wrlkerlrn + -+ + kes, Irs,)
were all the ks are positive. Define the positive definite
L = |wi|(kiths + -+ kishs) + - 4 [wr|(ketlen 4+ kis hrs, ).

The rational independence of the ws imply
Lemma : Let

T =l 157/ cos(Ei_y [Bjndjn + - + Biodjo])
be a typical term in the Poisson series for 7 then

kiiBj1 + kj2Bj2 + - - + kjoBje = 0.



Using the lemma a direct computation yields
{L,T} =0.

QED



Three Degrees of Freedom: H = wih + wabh + wslz

Case: (i) wj's all have the same sign: w; > 0
Case (ii) two of one sign and one of other sign:
w; < 0,wr >0,w3 >0

In case (ii) MWC holds iff wy/wy and w3/wy are irrational.
Application: L4 in the spatial restricted three body problem.
wofwi =reQ, re(0,1)and w3/wy =1/s€Q, s € (1/v2,1)
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