
Proof of the Saari’s conjecture
for the planar 3-body problem

with general masses 
under

Newton potential
and a strong force potential

T. Fujiwara, H. Fukuda, H. Ozaki
& T. Taniguchi

2014/06/03 CRM, Barcelona, Spain
(HAMSYS2014)

1

Saari’s conjecture

2

L =
1
2

∑ mk

∣∣∣∣
dqk

dt

∣∣∣∣
2

+
U
α

µ = I�/2 U =

µ N

µ =

(∑
mimjr2ij∑

k mk

)α/2 ∑ mimj

rαij
qk � �ei�qk

I =

∑
mimjr2ij∑

mk
, U =

∑ mimj

rαij

rij = |qi − qj|

�µ =

Lagrange solution

the shape is unchanged,
namely,

the motion is homographic

3

µ =

√∑
mimjr2ij∑

k mk

∑ mimj

rij
=⇒

Euler solution

4

µ =

√∑
mimjr2ij∑

k mk

∑ mimj

rij
=⇒

the shape is unchanged,
namely,

the motion is homographic

Saari’s conjecture
µ = �

�
We consider

U =
∑

1≤i<j≤3

mimj

|qi − qj|α

5

claims that the reverse is also true.
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N = 3,

qk � R2 � C,

mk > 0,

� = 1 � = 2

Saari’s conjecture
⇩

attention to 
Shape variable

 what is the Shape variable ?
 equation of motion for the Shape variable ?
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Degrees of freedom
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Shape variable I
January 18, 2011, I received a mail from Richard 

Montgomery with an unpublished preprint
 [2007, unpublished]. 

In the preprint, Moeckel and Montgomery ...

 the Shape variable for Planar 3-body,
 the Lagrangian,
 the equations of motion.
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The Shape variable I

Moeckel & Montgomery 2007
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Lagrangian
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kinetic energy for:
size change, rotation, the shape change
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This term naturally defines the 
metric of the shape space ...

The Shape Sphere

distance on the sphere:
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gαβ =
δαβ

(1 + |η|2)2

The Shape Sphere

shape sphere: the Riemann sphere

shape variable:

W. Hsiang  1995, 2006,
R. Montgomery 2002,
R. Moeckel 2007,
K. H. Kuwabara
        & K. Tanikawa 2007
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η = x1 + ix2
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gαβ =
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Shape variables II
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ratio of distance between bodies

Lagrangian
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equations of motion for
rotation & size

by a few lines calculations, we get

: Saari’s relation
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dµ

dt
= 0 ⇒ = v2 =

:the angular momentum

Equation of motion
for the Shape variable
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Summary of the results 
from the equations of motion
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,
time dependent

in general
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Lagrange, Euler solution
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?
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Saari’s conjecture
for a strong force
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equal masses case 
� = 2
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Similarly,
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We can show that the right-hand side is not constant.
This is a proof of the Saari’s conjecture for equal masses case.
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General masses case
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General masses case
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Our choice is ...
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Therefore, the neccesary condition is not satisfied.
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Newton’s potential
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Summary
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The shape variable
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