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Newtonian n—body problem

The Planar Newtonian n—body problem consists of studying the
motion of n punctual bodies with positive masses my,..., m,
interacting according to Newton's gravitational law. In other
words, the equations of motion are given by

n
.. ri—r
rp=— E mjlr3J7 (1)

J=1,j#i i

fori=1,2,...,n.
Here, r; € R?, are the position vectors of the bodies;

rij = |ri — rj| is the Euclidean distance between the bodies i and j.



Remarks

Henceforth consider:

> r; lies in the inertial barycentric system, that is,

n
E miri = 0;
i=1

» The configurations r = (ry, ..., r,) € R?" are out of the
collision set;
» Two configurations r = (ri,...,r,) and r' = (r{,...,r}) are

similar if we can pass from one configuration to the other by a
dilation or a rotation of R2. Thus configuration means its
equivalence class.



Central configurations

At a given ty a central configuration (c.c.) is a configuration, such
that the acceleration vector for each body is a common scalar
multiple of its position vector (referred to the inertial barycentric
system), that is

rjp=Arj, A#0,

forallj=1,...,n.

Finding c.c.’s is an algebraic problem, since by equation (1), we

have .
ai=— 3 D) (2)
3 7
J=Lj#i Y

fori=1,2,...,n.



The first examples of Central Configurations

The first three c.c.'s were found in 1767 by Euler in the 3-body
problem, for which three bodies are collinear.

Figura: Euler's collinear c.c..

L. Euler, De moto rectilineo trium corporum se mutuo attahentium,
Novi Comm. Acad. Sci. Imp. Petrop., 11 (1767), 144-151.



The first examples of Central Configurations

In 1772 Lagrange found two additional c.c.’s in the 3-body
problem, where the three bodies are at the vertices of an
equilateral triangle.

Figura: Lagrange's equilateral c.c..

J.L. Lagrange, Essai sur le probléme de trois corps, Ouvres, vol 6,
Gauthier—Villars, Paris, 1873.



Perpendicular Bisector Theorem

Figura: Not a central configuration

DA



Andoyer s equations

For the planar central configurations instead of working with
equation (2) we shall do with the Andoyer ’s equations

n
fi= . me(Rix—Ri) Dj =0,
k=1,k#i.j

for 1 < i< j < n, where

R,'j: A;jk:(r,-—rj)/\(r,-—rk).

H. Andoyer, Sur I'equilibre relatif de n corps, Bulletin
Astronomique 23 (1906) pp. 50-59.



A simple application of Andoyer “s equation

What are the non—collinear central configurations with 3 bodies?

fio = m3 (Ri2 — Ra3) A123 =0
fiz=mo (Ri2 — R32) A130 =0
fo3 =m1 (Ro1 — R31) Az =0

This equations are verified if, and only if,
Ri2 = Ri3 = Ro3 = o = 3z = s,

That is, the bodies are at the vertices of an equilateral triangle.



A simple application of Andoyer “s equation

What are the non—collinear central configurations with 3 bodies?

fio = m3 (Ri2 — Ra3) A123 =0
fiz=my (Ri2 — R32) A130 =0
fo3 =m1 (Ro1 — R31) Az =0

This equations are verified if, and only if,
Ri2 = Ri3 = Ro3 = 2 = n3 = 3,

That is, the bodies are at the vertices of an equilateral triangle.
Note that this configurations does not depend on the values of the
masses.



Question

Consider n bodies with position vectors r1, r, ..., r, and positive
masses my, mo, ..., M, in a planar central configuration. Consider
also 0 < k < n. Is it possible to change the values of the masses

Mp_k # My, Mp—k1 F Mp_ki1,-- -, My F My
keeping fixed all the position vectors 1, 2, ..., r, and the values of
the other masses my, my, ..., m,_,_1 such that the n bodies are

still in a central configuration?



Theorem case k=1

Theorem. Consider the planar non—collinear n—body problem with
n > 4. Then the central configurations for which is possible to
change the value of one mass keeping fixed all the positions and
the values of the other n — 1 masses and still have a central
configuration are the central configurations with n bodies such
that n — 1 bodies are in a co—circular central configuration and one
body of arbitrary mass is at the center of the circle.



Proof for the case k =1

Without loss of generality, suppose that the mass to be change is
my. The proof of Theorem is divided into two lemmas.

Lemma 1. In order to have a central configuration in which the
mass m, can be changed it is necessary that the other n — 1 bodies
must be in a co—circular configuration with center at r,.



Proof for the case k =1

The planar Andoyer equations (3) must be satisfied for the n
bodies. Consider the Andoyer equations with i # n and j # n.
These equations can be written as

fij= > mc(Rik—Rik)Aijk+mn(Rin—Rin)Aijn=0,
k#"’j7n

for all indices 7/ and j, such that 0 < i < j < n. Note that in

equation the part under summation does not depend on the mass
mp. So, the variation of the mass m,, implies that the part under
summation and the coefficient of m, must vanish. Thus we have

(Rijn—Rjn)Ajjn=0,

for all indices i and j, such that 0 </ < j < n.



Proof for the case k =1

n—1

Figura: The only possible configuration with the continuous variation of
mh.



Proof for the case k =1

By assumption the configuration is non—collinear, so in last
equation at least one A;; , # 0. Without loss of generality,
suppose Ay, # 0. Thus from

(Rin— Ron) D12, =0

we have
Rl,n - R2,n = 0>

which implies that ri, = rn, = d > 0. Therefore r, and r, belong
to the circle of radius d and center at r,.



Proof for the case k =1

We can classify the other indices into two sets
¢ ={j:A1jn=0}, € ={j:A1j,#0},

that is, €; contains the indices of the bodies whose position
vectors are collinear with r; and r,, while €5 contains the indices of
the bodies whose position vectors are not collinear with r; and r,,.
For j € & and from

(Rin— Rjn) A1jn =0

we have
Rin — Rjn=0.

Thus, rjp = rnp=d >0, for all j € €. Then ry, r» and r; belong
to the circle of radius d and center at r,, for all j € &5.



Proof for the case k =1

To complete the proof of the lemma we need to show that €; has
at most one element. Suppose, by contradiction, that there exist
two indices b, c € €1. So Ay, = 0, which implies that

Ay pn # 0. From

(R2,n - Rb,n) A2,b,n = 07

we have
R2,n - Rb,n = 07

which implies that rp, = ro, = d > 0. Thus r, belongs to the
circle of radius d and center at r,.



Proof for the case k =1

As the central configurations are out of the collision set r, must be
diametrically opposite to r;. Now consider the index ¢ € €;. So
A1,c,n =0, which implies that A, . , # 0. From

(R2,n - Rc,n) A2,c,n =0

we have
R2,n - Rc,n = 07

which implies that re, = rp, = d > 0. Here we have a
contradiction, since in this case r. coincides with either r; or rp.



Proof for the case k =1

r2

rn

b

Figura: There is no position for r. out of the collision set.



Proof for the case k =1

Lemma 2. In order to have a planar central configuration in which
the mass m, can be changed it is necessary that the other n —1
co—circular bodies must be in a central configuration.

Note that, with 1 </ < j<n-1

fij= Z mi (Rik — Rj k) Dij ik + mn (Rin — Rjn) Aijn =0,
KkAij.n

the part under summation is exactly the Andoyer’s equation for
central configuration for the n — 1 co—circular bodies.



Theorem case k =2

Theorem Consider the planar non—collinear n—body problem with
n > 4. There is not a central configuration for which is possible to
change the values of the masses of two bodies keeping fixed all the
positions and the values of the masses of the other n — 2 bodies
and still have a central configuration.



Proof for the case kK =2

Without loss of generality, suppose that the masses to be changed
are m,_1 and m,. Consider the Andoyer equations for
i=1,2,...,n—2and j =n—1. These equations can be written
as

finct= > mi(Rik— Ro14) Dino1 it
k#i,n—1,n

Mmp (Ri,n - Rn—l,n) Ai,n—l,n =0



Proof for the case kK =2

The change of the mass m,, implies that the coefficient of m, must
vanish, that is

(Ri,n - Rn—l,n) Ai,n—l,n = 07 (4)

for all 0 <7 < n—1. With the same arguments for the mass m,_;
we have

(Ri,n—l - Rn,n—l) Ai,n,n—l = 07 (5)

forall0 < i< n—1.



Proof for the case kK =2

From equations (4) and (5), the position vectors ry, ..., r,_o must
be either collinear with r,_1 and r, or belong to the intersection of
C1 and C», where C; is the circumference with center at r,_; and
radius |r, — rp—1| and Cy is the circumference with center at r, and
radius |r, — rh—1]. Note that C; N Cy determines two points in the
plane. Since we consider non—collinear central configurations these
two points must be position vectors of two bodies of the
configuration, otherwise by the Perpendicular Bisector Theorem
there is no such a central configuration. Without loss of generality,
suppose that C1 NCy = {r1, r}.



Proof for the case kK =2

We have proved the following lemma.
Lemma. Consider the planar non—collinear n-body problem with
n > 4. The following conditions are necessary in order to have a
central configuration for which is possible to change the values of
two masses keeping fixed all the positions and the values of the
other n — 2 masses and still have a central configuration (see
Figure 6):
(a) r, r, ra—1 and r, are at the vertices of a rhombus
with |n —r_1|=|n—rm|=|n—r-1|=|n—rnl =
|rh—1 — | #0.
(b) The other n — 4 bodies belong to the straight line
containing r,—1 and r,.



Proof for the case kK =2

n
Cl C2

r

Figura: The positions of the bodies with fixed masses must be either
collinear or belong to the intersection of two circumferences with centers
at r,—1 and r, and radius |r,—1 — ral.



Proof for the case kK =2

In the following lemma shows that the masses of the bodies at the
intersections of C; and C> must be equal, that is m; = mo.

Lemma.Consider the planar n-body problem, n > 4. Suppose that
rn, r, rh—1 and r, are at the vertices of a rhombus with
lrn—rtil=ln—r|=|n—r1|=|n—ra =|m-1—r|#0
and the other n — 4 bodies belong to the straight line containing
rh—1 and r, according to Figure. Then in order to have a central
configuration a necessary condition is m; = m.



Proof for the case kK =2

Consider the Andoyer equations f; , =0, for i =3,...,n—2,
which can be written as
fin=m1(Ri1— Rn1)Qin1+ m(Ri2—Rn2)Ajn2 (6)

+ Z mi (Rik — Rnk) Dipk =0.
k#1,2.i,n

In equation the part under summation is zero, since A; , x = 0. On
the other hand, A,‘7n,1 = —A;,n72 75 0, R,‘71 = R,‘72 and Rn71 = Rn,2.
Thus equation has the form

fin=_(m —m)(Ri1— Rn1)Ajn1=0. (7)

As R;i1 — Rn1 # 0 equation (7) is satisfied if and only if m; = mo.
This completes the proof of the lemma.



Proof for the case kK =2

Fix the following nomenclature: the masses to be changed are m,
and m,_1; after the change these masses will be denoted by
Mn = Mp — lUn and Mn—l = Mp—1 — Un-1-



Proof for the case kK =2

Lemma. Consider the planar n—body problem with n > 4.
Suppose that r, r, r,_1 and r, form a rhombus with
lrn—ril=ln—r|=|n—ri|=|n—ri=|m1—r|#0
and the other n — 4 bodies belong to the straight line containing
rh—1 and r, according to Figure. Then in order to have a central
configuration in which is possible to change the values of the
masses m, and m,_1 keeping fixed all the positions and other

n — 2 masses, the following equation must be satisfied

Hn-1 _ (Rl,n - Ri,n) Al,i,n (8)
tn (Rin—1— Rin-1)D1in-1’

for 2 < i < n—1. Moreover, the quotient p,—1/1, must be
positive.



Proof for the case kK =2

Consider the Andoyer equations f; ; = 0, with 2 </ < n— 1.
These equations can be written as

fri= Z my (Rik — Rik) A1ik (9)
k#1,i,n—1,n

+mp—1 (Ri,n—1 — Rijn—1) A1,in—1+ Mn (R1,n — Rin) Avin =0,

for 2 < i < n—1. Consider the same equation after the change of
the values of m,_1 and m,

fi= Y mi(Ruk— Rix)Aik(10)
k#1,i,n—1.n

+Mn—1 (Rl,n—l - Ri,n—l) A1,i,n—1 + Mn (Rl,n - Ri,n) A1,i,n =0.



Proof for the case kK =2

Note that the parts under summation in equations (9) and (10) are
equal. Taking the difference of (9) and (10), we have

Mmp—1 (Rl,n—l - Ri,n—l) A1,i,n—1 + my (Rl,n - Ri,n) A1,i,n
—Mp_1(Ri,n—1 — Rin—1) A1,in—1 — My (Ri,n — Rin) A1,in =0,
which implies equation (8). We need to prove that the quotient in

equation (8) is positive. Consider equation (8) written in the
following form

Hn—1 (Rl,n—l - Ri,n—l) A1,i,n—1 + Lin (Rl,n - Ri,n) A1,i,n =0. (11)



Proof for the case kK =2

Suppose, by contradiction, that p,—1u, < 0. So, in order to satisfy
(11) the coefficients of p,—1 and g, must have the same sign.
Suppose that there exists a body of index i out of the rhombus and
located to the right of r,. This implies that the terms Ay ; ,—1,
Ay;n are negative and the term Ry ,_1 — Ri ,—1 is positive. So,
the term Ry , — Ri , must be positive. But this implies that

|l — ra| < |ri — ra|. The same assertion holds for all bodies out of
the rhombus and located to the right of r,,. All these cases lead a
contradiction with the Perpendicular Bisector Theorem.



Proof for the case kK =2

The same argument can be used for the bodies out of the rhombus
and located to the left of r,_1. Thus all collinear bodies must be
in the interior of the rhombus, but this also leads to a
contradiction with the Perpendicular Bisector Theorem. This part
of the proof implies that all bodies in the configuration must
belong to the interior of the union of the sets bounded by the
circumferences C; and C».



Proof for the case kK =2

An important consequence of this lemma is that in a central
configuration in which is possible to change the values of two
masses (mp, and mp,_1) keeping fixed all the positions and other
n — 2 masses, the position vectors of the collinear bodies must
satisfy

(Ri,n — Rin)Atin _ (Ri,n — Rin) A1 k,n <0
(Rin-1— Rin-1)D1in-1  (Rin-1— Rkn—1) D1k n-1 ’
(12)

for all i and k such that 2 < i,k < n—1.



Proof for the case kK =2

Consider a system of coordinates formed by two axes, one passing
through r; and r» and the other passing through the line
containing the collinear bodies. See Figure 7. Without loss of
generality, we assume the coordinates r; = (0, \/§) ry = (0, _\/§)
rn—1 = (—1,0), r, = (1,0) and r; = (r;,0) (using r; as a scalar
variable) for i = 3,...,n — 2. We study the equation

(Rin— Rin)Atin
(Ri,n-1 — Rijn—1) A1,in—1

= —a’

with a > 0, or equivalently the equation
(Rin—Rin)Arin+a(Rin-1— Rin-1)A1in-1=0. (13)

Since r1, m, rp_1 and ry are fixed in our system of coordinates,
equation (13) can be written as a polynomial equation of degree
five in the variable r;.



Proof for the case kK =2
N

o'l

‘fz

Figura: System of coordinates formed by two axes, one passing through
r and r» and the other passing through r,_1, r, and the other bodies r;,
i=3,...,n—2.



Proof for the case kK =2

By the construction of the coordinates the terms

(RL" — R,'7,,) Al,f," and (R17,,_1 — R,'7,,_1) A17,'7,,_1 always have the
pure imaginary roots 13/3|r — ry|/2 = 13/3 and

—2\/§|r1 — /2= —11/3, where 1 = /—1. Therefore the
polynomial equation (13) has at most three real roots, for every

a > 0. An straightforward computation shows that a as function of
rj is strictly increasing in (—3,—1) U (1, 3) and strictly decreasing
in (=1,1), which are the intervals of interest in our problem.



Proof for the case kK =2

Note that for each value of a equation (12) is satisfied by an index
i when r; is a root of (13). Since (13) has at most three real roots,
there are at most three possible positions to the collinear bodies.
Moreover, for each positive value of a we have exactly one root in
(—3,1), one root in (—1,1) and one root in (1,3). Thus n must
be less than 8, because in the cases n > 8 collisions are always
required in order to satisfy equation (12), for all indices. We have
proved the following lemma.



Proof for the case kK =2

Lemma. Consider the planar non—collinear n—body problem with
n > 8. There are no central configurations for which is possible to
change the values of two masses keeping fixed all the positions and
the values of the other n — 2 masses and still have a central
configuration.



Proof for the case kK =2

Now we prove that there are no such kind of central configurations
for the remaining cases: n=4, n=5, n=06 and n=7. We divide
the proof into four lemmas.

Lemma. Consider the planar 4—body problem. Suppose that r,
r, r3 and ry form a rhombus with ri3 = 4 = 3 = g = 34
according to Figure. Then there are no positive masses for which
this configuration is a central configuration.

The proof is a direct corollary of the Perpendicular Bisector
Theorem.



Proof for the case kK =2

rn

r3 ra

r2

Figura: This configuration can not be a central configuration.



Proof for the case kK =2

Lemma. Consider the planar 5-body problem. Suppose that ry,
rp, ry and rs form a rhombus with ri4 = 15 = 4 = s = 5 and
r3 belongs to the straight line containing ry and rs according to
Figure. Then there are no positive masses for which this
configuration is a central configuration.



Proof for the case kK =2

The position vector r3 can not belong to the interior of the
rhombus. This is a direct consequence of the Perpendicular
Bisector Theorem. With r3 out of the convex hull of the rhombus,
consider the Andoyer equation f; 4 = 0. Taking into account the
symmetries it can be written as

fia=m3(Ri3— Ra3)A143=0. (14)

Equation (14) is satisfied if and only if r3 coincides with either ry
or rs, but this is a contradiction.



Proof for the case kK =2

Lemma. Consider the planar 6-body problem. Suppose that ry,
r, rs and rg form a rhombus with rg = s = g = s = s, the
position vectors r3 and ry belong to the straight line containing rs
and rg according to Figure. Suppose also m; = my. Then there are
no positive masses for which this configuration form a central
configuration satisfying: it is possible to change the values of mg
and mg keeping fixed all the positions and other four masses and
still have a central configuration.



Proof for the case kK =2

For six bodies we have fifteen Andoyer equations (3). By our
assumptions of symmetries the following equations are already

verified
ﬁ.,2 = Oa f3,4 = Oa f3,5 = Oa f3,6 = Oa

fa5 =0, f46=0, f56=0.

The remaining equations are f; j = 0 and f,; = 0, with 3 < j < 6.
The assumption m; = my and the symmetries imply that f; ; = 0 if
and only if , ; = 0. So we just study the equations f; j = 0.



Proof for the case kK =2

fiz=mp(Ri2— R32)A132+ms(Ria— R34)A134
+ms (Ri5 — R35) A135 + ms (R — Ra6) A136 =0,

fia=m(Ri2— Rap)Ara2+m3(Ri3— Ra3)A1a3
+ms (Ris — Ras) A145+ me (Ri6 — Rag) Ara6 =0,

fis =my(Ri2— Rs2)A152+ m3(Ri3— Rs3)A1s3
+my (R1,4 - R5,4) Ay54+ mg (R1,6 - R5,6) A156 =0,

fie =my(Ri2— Re2) D162+ m3(Ri3— Re3) Q163
+my (Ria — Rea) D164+ ms(Ris — Res)A1e5 = 0.



Proof for the case kK =2

Equivalently the above equations can be written as
HM =0, (15)
where,
M = (ma, m3, myg, ms, mg)*, 0= (0,0,0,0,0)*

and
hir 0 hiz hs his

ho1 h 0 hyg hos
hsi hx hz 0 O
har hax hyz 0 O

If H has maximum rank the solutions of (15) are parallel to the
vector T = (T1,— Ty, T3, — T4, Ts), where Ty is the determinant
of the matrix obtained from H deleting the column k.



Proof for the case kK =2

Consider again equation (13) in the context of six bodies

Rieg — R36) A Rie — Rap) A
(R — Rse) Arse _ (Rue — Rag)Dias

(Ri5 —R3s5)A135 (Ris— Ras)A1as

Using this relation in the matrix H we have

hir 0 hiz —ahis his

ho1  hyy 0 —ahys hos

hs1  hy hz 0 0o |’
—h31 hgy  hgs 0 0

H =

which implies that T = (T1,— T, T3, — T4, Ts) = (0,0,0,aTs, Ts).
But in this case it is necessary that the masses m», m3 and my
vanish, assuming that the rank of H is equal to four.



Proof for the case kK =2

Our last case is n = 7. We have the following lemma.

Lemma. Consider the planar 7-body problem. Suppose that ry,
r, re and r; form a rhombus with rng = rn7 = ne = 7 = rg7, the
position vectors r3, r4 and r5 belong to the straight line containing
re and r; and my = my. Then there are no positive masses for
which this configuration form a central configuration satisfying: it
is possible to change the values of mg and my keeping fixed all the
positions and other five masses and still have a central
configuration.

The proof follows in an analogous way to last Lemma.

This ends the proof of the theorem.



Proof for the case kK =2

Thanks for your Attention!



