Introduction CC of two twisted rings CC of three twisted ring

On Central Configurations of Twisted Rings

E. Barrabés' J.M. Cors 2 G. Roberts®

1 Universitat de Girona
2Universitat Politécnica de Catalunya

3College of the Holy Cross

HamSys — Bellaterra, 2014,/06/02

Barrabés, Cors and Roberts (HamSys 2014) Twisted CC

1/ 27



Introduction

CC of two twisted rings

CC of three twisted rings

Barrabés, Cors and Roberts (HamSys 2014) Twisted CC 2 /27



Introduction

Planar Central Configuration of xn Bodies
We consider
e x groups of n bodies: qj; eER%i=1,....,n,j=1,...,K

e All bodies in the same group have equal mass m;, j =1,...,k
K
° ij(qjl + - +an) =0

A central configuration is q = (qi1,q12, - ., Qun) € R?*™ such that, for some
value of w, satisfies the algebraic equation
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Introduction CC of two twisted rings

Planar Central Configuration of xn Bodies

CC of three twi

ed ring

The particles within the same group are located at the vertices of an n-gon.

Nested rings
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Twisted CC

Twisted rings

Rotation of w/n

@ i °
<. 2d ;
° 21

PO ° :

¢ o

@ :

)

s o
@ i °

4/ 27



Introduction

Barrabés,

Previous Results

Moeckel and Simé (1995)

Two nested rings for any n: for every ratio mj/mas, there are exactly two
planar central configurations, one with the ratio of the sizes of the two
polygons less than 1, and the other one greater than 1.

Zhang and Zhou (2002)

Two rings: they take all the masses different, imposing CC equations, the
masses within the same group must be equal.

Corollary (MacMillan-Bartky): in the case of two twisted rings of two

bodies, the ratio of the sizes of the two polygons a € (1/v/3,/3).

Yu and Zhang (2012)
CC of two rings: if two rings, one rotated with respect the other an angle

6, are a CC then 6§ = 0 (nested) or § = w/n (twisted)
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Introduction CC of two twisted rings CC of three twisted ring

Previous Results

e Corbera, Delgado, Llibre (2009)
Nested k m-gons: there exist planar central configurations of k nested
rings of n-gons

e Llibre, Melo (2009)
Particular cases of twisted rings: existence of central configurations of
twisted rings for k =3 and n = 2,3 and Kk =4 and n = 2.

e Roberts (1999 PhD), Sekiguchi (2004), Lei and Santoprete (2006)
CC of two rings and a central mass: number of central configurations and
bifurcations varying the value of the central mass
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CC of threc

Introduction CC of two twisted ring

Equations (1)

o Size of the n-gon: a;, j =1,...,K

e Argument of the first particle in a group: w;, j=1,...,K
e First group: m; =1,a; =1 and w; =0
q;1 = aj ) qjk = q]leZQTr(k_l)/n7 k= 27 BN .7 = 17

Twisted CC
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Introduction
Equations (2)

Using the symmetry of the problem, the CC equation reduces to

. ou 2 _
(qu) : le + w'm;q;1 = 0o — { %(Eq) _

forall j=1,...,k

S(Eq;) = 0 if and only if:

sin(w; — w; + 2wk /n)
=0
Z ma Z (a? + a — 2aja; cos(w; — w; + 2wk /n))3/?
Z#J
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Introduction
Equations (2)

Using the symmetry of the problem, the CC equation reduces to

- oau 9 -~ R(Eq;) =0
(qu) : le +w m;q;1 = 0 — { %(qu) -0

forall j=1,...,k.

S(Eq;) = 0 if and only if:

u " sin(w; — w; + 27k /n)
DMy =0
=1 k=l (a} + af — 2aa; cos(w; — wv; + 21k /n))3/2

I
0

if wp=0,7/n, Vk
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Introduction

Equations (3)
Fixed {w,};=1,. . with w; € {0,7/n},

Sh
(Cj1 — Snpaj)mi + Z i1 — a;Cy)my + ( (JJ('U> m; = 0,
1=2 J

1#j

Kk — 1 equations with 2x — 2 unknowns: mo, ..., Mk, a2,...,0x
=
Sn ! Z k7r/n

a; — a; cos(w; — wy + 2km/n)
(a7 + af — 2a;a cos(w;j — @y + 2km/n))3/2

Ci = Cji(aj,a1) =
k=1
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CC of two twisted rings

Two twisted rings

The unknowns are m = my and a = as

Sn
(Co1(a) — Spa) + (zz - (1,012((1)) m=0
C

where

Ca1(a) = —¢'(a), Ciz(a) = ¢(a) + ag'(a)

bla) =3 !

and

= (1+a?—2acos 7(%;1)”)1/2

Barrabés, Cors and Roberts (HamSys 2014) Twisted CC 11 / 27



CC of two twisted rings

Two twisted rings

Inverse problem

a?(S,a — Cy(a))

m = H(a) = Sy — a3Cha(a)

a > 0.

Q@ H(1) = 1. If the two n-gons have the same size, all the masses are equal.

Q@ H(l/a)=1/H(a).
If (m,a) corresponds to a CC — (1/m,1/a) is also a CC
@ The CC is convex if
™
cos <7) <a<
n

s
COos | —
n
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CC of two twisted rings

Results for n =2

For each value of the mass ratio m, there exist only one central configuration of
two twisted 2-gons of the 4-body problem (rhomboidal central configuration)

V3
o Admissible sizes a € (1/v/3,V/3)
4 VB S
oa=1/V3—-m=c0 - X
oa:\/§—>m:0
o All the CC are convex moo
mk
m=0
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CC of two twisted rings

Results for n = 3

Theorem
For n = 3, the set of admissible values of a such that there exist a CC is

(0,21) U (1/22,22) U (1/21,00),

where z; < 1 < 29 are the only two positive zeros of m = H(a) = 0, and
Z129 < 1

. . .
- N B * m=0 E ¢
m=oo
. . N
m=0 .
m=oc0

convex
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Results for n = 3

Theorem
For n = 3, the set of admissible values of a such that there exist a CC is

(0,21) U (1/22,22) U (1/21,00),
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. > .
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CC of two twisted rings

Results for n = 3

Theorem
Given a value of the mass ratio m > 1, the number of different CC are
e three for any m € (1, m*) U (m**, o)

e one for any m € (m*, m**)

e two for m = 1, m*, m**.

m* ~ 1.000768, m** ~ 35.700177
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CC of two twisted rings

Convex CC for the 6-body problem

e Moeckel: numerical exploration of CC for the N-body problem with equal
masses (N =4,...,8). In particular, for N = 6 there exist two convex

CC:

* {i2u 2mms, s 1o < . (o a3 oo o
{ 0.204124, -0.353553 | 0.000000 ) 0.408248 (-0.392810, -0.000000 , uuuum) us;zsw

. 0204124, 0353553 0.000000) 0.406248 { Q423124 0.000000 0,000 0.423124

[ (-0.408248, + 0.000000) . { 0156, 0340163, 0000000 ) 0.392816

. . ( 0.204124; 0.353553 , 0.000000 ) 0.408248 . - (S, S 3eeas 5000000
Potential = 26.856454 PR Potential= 26.856364 = w0.an
Index=1 Nuliity=1 Index =0 Nullity=1
Cone e o) (R o Le g O S

(s —toe a5l

a=1 a~1.077171777

e For any m € [1,1.000768) there exist two convex CC of the 6-body
problem
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CC of two twisted rings

Results for n > 4

Proposition
There exist at least two positive solutions, z; and za, of m = H(a) = 0 with
z1 <1< z9 and and z129 > 1.

Conjecture
For n >4 the equation H(a) =0 has only two solutions z1, ze in (0, 00).
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CC of two twisted rings

Results for n > 4

Theorem
Suppose that the Conjecture is true. Then, for n > 4, the set of admissible

values of a such that there exist a CC of two twisted n-gons is

(0,1/22) U (21,1/21) U (22,00)

where z; < 1 < 29 are the only two positive zeros of m = H(a) = 0, and
Z129 > 1

Notice that m € (0,00) for a in any of the three admissible intervals
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CC of two twisted rings

Results for n > 4

Theorem
Suppose that the Conjecture is true. Then, for n > 4, the set of admissible
values of a such that there exist a CC of two twisted n-gons is

(0,1/22) U (21,1/21) U (22,00)

where z; < 1 < 2z are the only two positive zeros of m = H(a) = 0, and
Z129 > 1

Notice that m € (0,00) for a in any of the three admissible intervals

Theorem
For n > 4 any CC of two twisted n-gons with a € (z1,1/21) is convex
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Introduction CC of two twisted rings CC of three twisted ring

Convex CC for n =14

. - - °
. .
. "o,
. - - . >
p .
m=0 . .
. * > .
m=co
(0.69738051, 0.707106781) (0.707106781, 1.414213563) (1.414213563, 1.433937407)
convex

e not all the configurations a € (z1,1/%1) are convex.
e convex configurations correspond to m € (0.062278912,16.05679941)

there are not convex CC of twisted rings for certain values of m
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CC of two twisted rings

Results for n > 4

Theorem
Suppose that the Conjecture is true. Then, for two nested rings with n > 4
bodies in each ring, and for any positive value of the mass ratio m there exists
at least three different central configurations.

1 1 1 1 I L I I L
5 10 15 20 25 30 35 40 45 5
m

[=]
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CC of three twisted rings

Three twisted rings

Fixed values for wy and w3, the unknowns are mo, ms3 and as, as.

(Sn, — (13012(a2)) mao + (13(623(0,2, GJ) — (LgClg(ag)) msz = CL%(S”(IQ — 021 (ag)),
a3(Csa(az, az) — azCiz(as)) ma + (S, — a3Cis(as)) ms = a3(Spasz — Cs1(as)).

@ Nested: wy = w3 =0

o Twisted: one of the rings is rotated with respect the other two. It is
enough to restrict the study to

we = 7/n, w3 =0, and 0<ag O0<asz<1
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CC of three twisted rings

Results for n =

Theorem
Consider three rings of two bodies in each ring, all of them with equal masses.
Then, if they are in a twisted central configuration, then a3z < as < 1, that is,
the twisted ring is in the middle of the other two.
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Numerical results

Region of admissible values of (ag,as) for n = 2

M2
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Numerical results

Region of admissible values of (ag,a3) for n =3
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Introduction CC of two twisted rings CC of three twisted rings

Numerical results

Region of admissible values of (az,as) for n =4

0 02 04 06 08 1 12 14 16 18 2
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Introduction

CcC

of two twisted ringe

Numerical results for
Conjecture If as = ag then mq > mg
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Twisted CC

CC of three twisted rings

a,=ag
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Numerical results for as = a3

Conjecture If ay = ag then my > ms
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Thank you for your attention
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