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Preface

The present work is the final report of a study contract that was done for the
European Space Agency and was finished in 1985. At that moment it was part of the
mission analysis studies done by ESA for the SOHO mission. Unfortunately, none
of the techniques developed in our work was used for the real mission, and the tools
used for the determination of the nominal trajectory, the transfer from the Earth
and the station keeping, were the same ones used, at the end of the seventies, for
the ISEE-C mission, requiring a larger cost. Now the scenario has changed. Most
of the missions to the Lagrange points are studied using the dynamical systems
tools and ideas of our work. In general, they can be used when the basic model is a
(perturbed) restricted three-body problem or some similar simple model which can
be studied extensively. They have been shown to give a global and geometric picture
of the problem, a clear understanding of the phase space and, at the same time,
they provide a systematic approach that avoids the “trial and error” procedures, so
widely used in the study of this kind of missions.

In this book the problem of station keeping is studied for orbits near libration
points in the solar system. Main attention is devoted to orbits near halo ones in
the Sun-Earth+Moon system. Taking as starting point the restricted three-body
problem, the motion in the full solar system is considered as a perturbation of
this simplified model. All the study is done with enough generality to allow an easy
application to other primary-secondary systems as an easy extension of the analytic
and numerical algorithms.

First, the families of halo orbits and the motion near them are studied. Then, the
general equations of motion are stated and integrated to get the final nominal quasi-
periodic orbit. Once the nominal orbit is available, an on/off station keeping method
is developed, founded on geometrical considerations that use ideas of dynamical
systems theory. The feasibility of radiation pressure and low thrust station keeping
has been shown. It has been proved that the proposed on/off method of station
keeping is very cheap, in terms of fuel consumption, and the numerical simulations
can be done in a very fast way, when the nominal orbit and projection factors are
available.
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viii Preface

All the above items have been studied numerically and, as far as possible, ana-
lytically.

For the ESA original study, we produced a large amount of software to perform
the analytic and numerical computations and to do simulations of the real behavior.
This software is not included in the text, but all its main modules are described
with detail.

The ESA report is reproduced textually with minor modifications: the detected
typing or obvious mistakes have been corrected and some tables have been short-
ened. The layout of the (scanned) figures and tables has changed slightly, to ac-
commodate to latex requirements.

The last page of this preface reproduces the cover page of the report for the
European Space Agency showing, in particular, the original title of the study.

This is the first of a series of four reports done by persons of our research team
for ESA. These four reports are now reprinted by World Scientific Pub. Co., to make
available this information. Together they form a collection of works on Dynamics
and Mission Design Near Libration Points.

All the data concerning performance of programs correspond to the time when
the programs were developed, tested and executed. Some of them are now 17 years
old. In this period the facilities available to us have improved by a factor ranging
between 5 x 102 and 5 x 10*. The theoretical understanding, the algorithms and
their implementation have also been largely improved, leading to a gain in speed, in
some cases, by a factor up to 103. It is not surprising that computations requiring
2 weeks of CPU time in 1983 take now 1 second.

Updates on the state of the art, both concerning theoretical and practical studies,
can be found at the end of Volume IV of this collection. These updates refer to
contributions done, in this domain, by our research team.

We are indebted to all the staff of World Scientific Pub. Co. for the cooperation
and support in the preparation and publication of these Volumes, and to Prof.
Rafael de la Llave for encouraging us in this task and his unvaluable help. Our
deep acknowledgement to Dr. Walter Flury from the European Space Operations
Center in Darmstadt for his kindness in writing the Foreword.

Barcelona, Fall 2000

On behalf of the authors
Carles Simé



Preface ix

STATION KEEPING OF

LIBRATION POINT ORBITS
FINAL REPORT

ESOC CONTRACT NO.: 5648/83/D/IS(SC)
ESOC TECHNICAL SUPERVISORS: Dr. E. A. Roth

AUTHORS: G. Gémez !, J. Llibre 2, R. Martinez 2, C. Sim6 3

1 Departament de Matematica Aplicada I, ETSEIB, Universitat Politécnica
de Catalunya, Diagonal 647, 08028 Barcelona, Spain.

2 Departament de Matematiques, Facultat de Ciéncies, Universitat Autono-
ma de Barcelona, Bellaterra, 08193 Barcelona, Spain.

3 Departament de Matematica Aplicada i Analisi, Facultat de Matematiques,
Universitat de Barcelona, Gran Via 585, 08007 Barcelona, Spain.

COMPANY: Fundacié Empresa i Ciéncia, Pomaret 21, 08017 Barcelona, Spain

EUROPEAN SPACE AGENCY. CONTRACT REPORT

The work described in this report is done under ESA contract.
Responsibility for the contents resides in the authors that pre-
pared it

Barcelona, November, 1985



To the memory of
Dr. Ernest A. Roth
A Space Science Man



Contents

Foreword

Preface

Introduction: Libration Points and Station Keeping

0.1

0.2

The Neighborhood of Libration Points as a Useful Place for Spacecrafts
0.1.1 The Libration Points in the Restricted Three-body Problem . . .
0.1.2 The Libration Points in Perturbations of the Restricted Three-

body Problem . . ... ... .. ... ... .. .
0.1.3 Possible Missions Around the Libration Points . . . .. ... ..
0.1.4 The Real Nominal Quasi-periodic Orbit . . . ... ... .. ...
Station Keeping of Libration Point Orbits . . . . . .. ... .. ... ..
0.2.1 Unstable Nominal Orbits . . . ... .. .. ... ... ......
0.2.2 Requirements for an On/off Control . ... .. ... ... ....

Chapter 1 Bibliographical Survey

1.1

1.2

1.3

Numerical Results for Three-dimensional Periodic Orbits Around Lq, Lo
and L3 .....................................
111 References. . . . . . . . . e
1.1.2 Equations. General Properties . . .. ... ... .........
1.1.3 Linear Theory Around the Equilibrium Points . . . . . ... ..
1.1.4 Description of the Results . . . . .. .. .. .. ... .......
Analytic Results for Halo Orbits Associated to Ly, Lo and Ly . . . . . .
121 References. . . . . . . .. . . .. e
1.22 Equationsof Motion . . . ... ... .. ... ... ........
1.2.3 Construction of Halo Periodic Solutions . . . ... ... ... ..
Motion Near Ly and Ls . . . . . . . . . . o v i i v i i i i i i
1.31 References. . . . . .. . . . . ... . e
1.3.2 The Triangular Equilibrium Points, Location and Stability

1.3.3 Numerical Explorations . . .. ... ... ... ..........
1.34 AnalyticResults . . ... ... ... . ... ... ..

xi

vii



xii Contents

1.4 Station Keeping . . .. .. ... . ... . ...
141 References. . . . . . . . . . . . e
1.4.2 The Control of Libration Point Satellites . . . ... ... ....

1.4.2.1 Perturbations and Nominal Path Control . . . . . . . .

1.4.2.2 Linear Feedback Control . . . ... .. ... ......
1.4.2.3 Station Keeping . . . . . ... .. ... ... ...

1.4.3 Station Keeping for a Translunar Station . . ... ... ... ..

1431 Dynamics . ... ... ... ... ..

1.43.2 Linear Control . . . . . .. . ... ... .........
1433 EffectofErrors . ... ... ... ... ... ......
1.4.4 Control of an Unstable Periodic Orbit . . . .. ... ... ....
1.4.5 Station Keeping for the ISEE-C. Algorithm and Results . . . . .
1.45.1 Mission Design . . .. ... ... ... ... .. ...
1.4.5.2 The Algorithm . . . . . . ... ... ... ... ...
1.4.5.3 A Posteriori Information on the Mission . .. ... ..
1.4.6 Additional Work . . . . . . .. .. ...

Chapter 2 Halo Orbits. Analytic and Numerical Study
2.1 The Restricted Three-body Problem . . . .. ... ... ... .... ..
2.1.1 Description of the Problem . . . ... ... ... ... ......
2.1.2  Values Adopted for the Constants . . . .. ... .. .......
2.2 Analytic Determination of the Families of Halo Orbits for the Restricted
Three-body Problem . . . . . . . . ... .. .
2.21 Introduction . . . . .. .. . . ...
2.2.2  Analytic Computations . . .. ... .. ... ... ...
2.2.3 Description of the Program for the Computation of the Analytic
Halo Orbits . . . . . . . o e
2.2.3.1 Storage of the Elements . . . ... ... ... .....
2232 TheSeriesM,Nand P .. ... ............
2.2.3.3 AdditionofSeries . . . . ... ... o oo
2.2.3.4 Multiplication of Series . . . . ... ... ... ... ..
2.2.3.5 Computation of the Amount of Elements Used in the
Program . . ... ... ... ... .. ...
2.2.4 Results of the Analytic Computations . . . . ... ... ... ..
2.3 Numerical Determination of the Families of Halo Orbits for the RTBP.
Analysis of Bifurcations and Terminations . . . . . . ... ... ... ..
2.3.1 Description of the Program for the Numerical Computation of
Symmetric Periodic Orbits for the RTBP . . . ... ... .. ..
2.3.1.1 The Continuation Method . . . . . .. .. .. ... ..
2.3.1.2 Refinement. .. ... ... ... ... ...
2.3.1.3 Implementation . .. ... .. ... ...........



Contents xiii

2.3.2 Tables of Numerical Values of the Families of Halo Orbits Asso-
ciatedto Lyand La . . . . . .. .. 96
2.3.3 The Halo Families Associatedto L . . ... ... .. ... ... 115
2.3.4 Interest of These Orbits for Spacecraft Missions . . . . . . .. .. 119
2.3.4.1 Small Size Halo Orbits Related to Ly and Lo . . . . . . 119
2.3.4.2 The Stable Zone of Halo Orbits in the L, and L, cases 120
2343 TheL3zCase . ... . o i i, 123
2.3.5 Bifurcatlons . . . . . . . .. o e e e e e e e 124
2.3.6 Termination of the Families of Halo Orbits. The Hill Problem.
The Rotating Two-body Problem . . . . . . . ... ... ..... 126
2.3.6.1 Introduction . .. ... .. ... ... ... ... ... 126
2.3.6.2 TheKS Transform . ... ... ............. 127
2.3.6.3  Vertical Periodic Orbits for Hill’s Problem. Local Anal-
VSIS © v e e e e e e e 128
2.3.6.4 Hill’s Problem Bifurcations. Perturbations Due to p . 129
2.3.6.5 Numerical Results . . . . ... .. .. ... ....... 132
2.3.6.6 The Rotating Two-body Problem . . ... .. ... .. 137
2.3.7 The Elliptic Restricted Three-body Problem ... ... ... .. 140
24 References . . ... . . o v i i i e e e e e e e e e e e 141

Chapter 3 The Neighborhood of the Halo Orbits: Numerical Study

and Applications 143
3.1 Numerical Study of the Local Invariant Manifolds . . ... ... .. .. 143
3.1.1 The First Order Variational Equations . . . . . .. ... ..... 143
3.1.2 Floquet Theory for Halo Orbits. The Floquet Modes . . . . . . . 145
3.1.3 Numerical Computation of the Unstable and Stable Manifolds . 148
3.1.4 Numerical Computation of the Remaining Floquet Modes . . . . 149
3.1.5 Results of the Computations. Consequences and Discussion . . . 150
3.2 The Proposed Method for the On/off Control . . . . . ... ... . ... 159
3.2.1 On/off Control Using Invariant Manifolds . . . . .. .. ..... 159
3.2.2 The Projection Factors . . . . . .. ... ... ... ....... 160
3.2.3 A First Approach Towards the Optimal Maneuvers . . . . . . . . 161
3.2.4 Numerical Computations of Projection Factors and Unitary Con-
trols . . . oL 163
3.2.5 Discussion of Results: the Different Gains and the No Delay Rule 177
3.2.6 A Second Approach Towards the Optimal Maneuvers . . .. . . 178
3.3 On the Use of Solar Radiation Pressure for Station Keeping . . . . . . . 179
3.3.1 Using Radiation Pressure: Applicability and Limitations . . . . . 179
3.3.2  On the Determination of Optimal Parameters . . . . . .. .. .. 179
3.3.3 The “Always Towards the Sun” Rule . . . .. ... ... ... .. 181
3.4 Globalization of the Invariant Manifolds . . . . . ... ... ....... 184
3.4.1 The Computation of the Global Stable Manifold . ... ... .. 184



Xiv Contents

3.4.2 Results of Interest for the Transfer Orbit . . . ... .. ... .. 184
3.5 References. . . . . . . .. . . ... 188
Chapter 4 Analytic Solution of the Variational Equations. Analytic
Computations for Control Parameters 189
4.1 Analytic Solution of the Variational Equations . . ... ... .... .. 189
4.1.1 The Analytic Method . . . . .. .. ... ... ... ....... 189
4.1.2 Description of the Program to Do the Analytic Computations . . 194
4.1.3 Results and Numerical Tests . . .. ... ... ... ....... 196
4.1.4 The Resonance Between Modes and the Related Problems of
Convergence . . . .. .. ... .. 197
4.2 Analytic Computations for Control Parameters . . . ... ... ... .. 204
4.2.1 The General Methodtobe Used . .. ... ... ... ...... 204
4.2.2 On the Fast Computation of the Involved Parameters . . . . .. 205
4.2.3 Description of the Program to Obtain the Control Parameters . 206
4.2.4 Comparison with Direct Numerical Computations . .. ... .. 207
43 References. . . . . . . . . . e e 216
Chapter 35 The Equations of Motion for Halo Orbits Under the Effect
of Perturbations and Near Triangular Points 217
5.1 Analysis of the Perturbations . . . ... ... ... ............ 217
5.1.1 Description and Justification of the Method. The Problems of
Dynamical Coherence . . . ... ... ... ... ......... 217
5.1.2 Determination of the Magnitudes to be Associated to the Differ-
ent Weights . . . . . .. ... ... o 218

5.1.3 The Reference Systems and the Related Changes of Coordinates 220
5.1.4 A Program for the Simulation of the Solar System and the Com-

putation of Residual Accelerations . . . . . . . ... ... ... .. 222

5.1.5 The Adopted Model for the Motion Near Halo Orbits in the Cases
Under Consideration . . . . . . . . ... ... ... .. ..... 226
5.2 Equations of Motion for Perturbed Halo Orbits . . . . .. ... ... .. 237
5.2.1 Imtroduction . ... ... . .. ... ... oo 237
5.2.2 The Lagrangian in Ecliptic Coordinates . . . .. .. ... .. .. 237
5.2.3 The Collinear Points for the Sun—-Barycenter Problem . . . . . . 239

5.2.4 Expressions of the Lagrangian in Different Coordinate Systems . 240
5.2.5 The Lagrange Equations for the Sun-Barycenter Problem, Col-

linear Points Case . . . .. .. ... ... .. ........... 246

5.2.6 The Collinear Points in the Earth-Moon Problem: Several Ex-
pressions for the Lagrangian . . .. ... ... ... ....... 250

5.2.7 The Lagrange Equations for the Earth—-Moon Problem: Collinear
Points . . . . . . . e e e 253
5.3 Equations of Motion Near the Triangular Points . . . . . ... ... .. 254

5.3.1 The Triangular Points for the Sun-Barycenter Problem . .. .. 254



Contents XV

5.3.2 The Lagrangian in Normalized Coordinates with Origin at L, or

Ly o o 255

5.3.3 The Lagrange Equations for the Sun-Barycenter Problem, Tri-
angular Case . . . . . . ... .. ... ... e 256
5.3.4 The Equations in the Earth-Moon Problem . . . . . ... .. .. 258
5.4 Numerical Tests of the Equations of Motion . . . . .. ... .. ... .. 259
5.4.1 Description of a Program to Check the Equations of Motion. . . 259
54.2 Numerical Results . . . ... ... ... ... ... ........ 260
55 References. . . . . . . . . o e 264

Chapter 6 Expansions Required for the Equations of Motion. Col-

linear Points Case 265
6.1 Analytic Expansion of the Coefficients Due to the Noncircular Motion
of the Earth-Moon Barycenter . . . .. ... ... .. ... ....... 266
6.1.1 The Coeflicients Appearing in the Equations of Motion . . . .. 266
6.1.2 A Program for the Computation of the Coeflicients . . . . . . . . 267
6.1.3 Numerical Results and Tests . . . . . . .. ... .. ... .... 268
6.2 Preliminary Exploration of the Functions tobe Kept . . . . . . . .. .. 276
6.2.1 Expansion of the Perturbing Functions as Sum of Monomials in
the Coordinates . . . . ... ... ... ... ... ... 276
6.2.2 A Rough Exploration of the Functions to be Kept . . . ... .. 277
6.3 Computation of the Approximate Frequencies and Magnitudes of the
Perturbations Using FFT . . . . . .. . . . . ... .. .. ... .. .... 278
6.3.1 The Functions to be Analyzed ... ... ............. 278
6.3.2 The Filtering Procedure for the Output of FFT . . . ... .. .. 279
6.3.3 Numerical Results . . . ... ... ... .. ... ......... 279
6.3.4 The Identification of the Frequencies . . . . . . ... ... .. .. 280
6.4 The Final Computation of the Perturbing Terms . . ... ... ... .. 290
6.4.1 Determination of the Coefficients . . . . . ... ... ... .... 290
6.4.2 Conversion to a Suitable Form for the Equations of the
Quasi-periodic Orbit. Numerical Results . . . . . .. .. ... .. 290
6.5 References. . . . . ... ... . ... e 304

Chapter 7 The Quasi-periodic Orbits: Equations, Method of Solu-

tion and Results 305
7.1 The Final Equations of Motion for the Collinear Case . .. ... .. .. 305
7.1.1 Expansion of the Equations of Motion in a Suitable Form for the

Integration . . .. ... ... .. .. L0 oL 305
7.1.2 A Program for Producing the Equations of Motion . . . . . . . . 307
7.1.3 Results and Numerical Checks . .. .. ... ... ........ 309

7.2 The Method of Solution of the Equations for the Quasi-periodic Orbit . 323
7.2.1 General Expression of the Equations. The Recurrent Procedure . 323
7.2.2 A Lindstedt-Poincaré Device for the Quasi-periodic Orbit . . . . 324



xvi Contents

7.2.3 Description of the Program to Obtain the Analytic Quasi-periodic

Orbit . . . . . . e 326

7.3 The Results. Problems Related to Small Divisors . . . . .. ... .. .. 329
7.3.1 Sample of Results in Several Cases . . . . . ... .. ....... 329
7.3.2 The Problem of Small Divisors . . . .. ... ........... 330
7.3.3 The Analytic Expression of the Nominal Orbit . . ... ... .. 331

74 References . . . . . . . . . e 344

Chapter 8 Numerical Refinement of the Quasi-periodic Orbit: The
Final Numerical Determination of the Orbit and of the Projection

Factors 345
8.1 A Parallel Shooting Method for the Numerical Refinement of the Quasi-
periodic Orbit . . . . . . . . . . . e 345
8.1.1 The Input Parameters to Get the Nominal Orbit . . . . ... .. 345
8.1.2 A First Shooting Procedure. Description of the Program Used
tothisEnd . . ... .. . ... o, 348
8.1.3 Numerical Results and Discussion of the First Procedure . . . . 356
8.1.4 A Second Shooting Procedure. . . . . . ... ... ... ..... 358
8.1.5 Numerical Results and Discussion of the Second Procedure . . . 359
8.1.6 Comments on Different Shooting Approaches . . . . .. ... .. 360
8.2 The Final Nominal Orbit and Projection Factors . . . . .. .. ... .. 370
8.2.1 The Problem of the Floquet Modes for a Quasi-periodic Orbit . 370
8.2.2 The Adopted Procedure to Obtain the Projection Factors . . . . 371
8.2.3 A Program for the Final Nominal Computations. Results and
Discussion . . . . . . . . . . .. e 372
83 References. . . . . . . . . .. 379

Chapter 9 The On/off Control Strategy: Simulations and Discus-

sion 381
9.1 A Simulation Program for the Motion of the Controlled Spacecraft . . . 381
9.1.1 The Equations of Motion. Introduction of Random and System-
atic Noise in the Solar Radiation Pressure Effect . . . . ... .. 381

9.1.2 The Effect of Tracking Errors and Errors in the Execution of
Maneuvers . . . . . . v i i e e e e e e e e e e 382
9.1.3 How to Decide When a Control Should be Applied . . . . .. .. 383
9.1.4 Description of the Program . . . . ... ... ... ... ..... 384
9.2 Numerical Results of the Simulations . . . . . ... ... ... ...... 385
921 ASummaryofResults. ... ... ... ... . .......... 385
9.2.2 Discussion on the Effect of the Different Errors and Magnitudes 390
9.3 The Feasibility of the Control Using Solar Radiation Pressure . . . . . . 402

9.3.1 The Determination of the Maneuver Interval. Discussion of Fea-
sibility . . . . . . 402



Contents xvii

9.3.2 Simulations of the Radiation Pressure Control. Results and Dis-

CUSSION . . v v v v et e e e e e e e e e e e e e 403
Chapter 10 Other Cases and Further Simulations 409
10.1 The L3 Case for the Sun—Barycenter Problem . . . . . . .. .. ... .. 409
10.1.1 Computation of Initial Conditions . . ... ... .. .. ... .. 409
10.1.2 Results of Simulations . . . . . ... .. ... .. ... ... 410
10.2 The L3 Case for the Earth-Moon Problem . . . . . ... ... ... ... 410
10.2.1 Results of a Simulation . ... ... ... ... ... ..... 410
10.3 The Triangular Cases for the Sun-Barycenter Problem . . . . . . . . .. 413
10.3.1 The Adopted Model for the Motion Near Ly and Ls . . . . . .. 413
10.3.2 Development of the Simplified Equations of Motion . ... ... 415
10.3.3 Analytic Solution. On the Existence of Almost Tori . . ... .. 419
10.3.4 Simulations Starting at the Instantaneous Equilibrium Point or
with Suitable Initial Conditions . . . . . .. ... .. ... .. .. 420
10.4 Simulations for the Triangular Cases in the Earth-Moon Problem . . . . 428
10.4.1 Results of the Simulations . . . . . ... ... ... ... ..... 428
10.5 References . . . . . . . o i i i i e e e e e e e 430
Chapter 11 Summary and Outlook 433
11.1 Summary of the Achieved Results . . . . . .. .. ... ... ...... 433
11.1.1 Concerning the Halo Orbits . . . . . .. .. ... ... .. .... 433
11.1.2 Concerning the Quasi-periodic Nominal Orbit . . . . .. ... .. 435
11.1.3 Concerning Station Keeping . . . . . .. .. ... ... ... ... 436
11.2 Possible Extensions of the Work . . . . .. ... ... ... ... .... 439
11.2.1 The Use of Better Models for the Solar System . . . ... .. .. 439
11.2.2 The Translunar Problem Using the Real Solar System . . . . . . 439
11.2.3 Stable Manifolds and the Transfer Problem . .. .. ... . ... 440
11.3 Theoretical Problems. . . . . . .. .. .. ... 0oL, 440
11.3.1 The Small Divisors Problem for Quasi-periodic Orbits . . . . . . 440
11.3.2 The Large Size Orbits in the Halo Family: Analytic Study and
Perturbation to a Quasi-periodic Orbit . . . .. ... ...... 440
11.3.3 The Floquet Modes for a Quasi-periodic Orbit. Searching for an
Analytic Approach . . . . . ... ... . o o 441

Acknowledgments 443



