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0 Geometric singular perturbation
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A review of geometric singular perturbation theory (GSPT)
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@ The equilibria of fast subsystem (F1) define the critical set
C:={(xy) e R" xR"[ f(x,y,0) = 0}.

The curves given by C are called critical curves.
e If C, C Cis a manifold, we called C, a critical manifold.

@ The regular orbits of the fast subsystem (F1) are called fast
orbits.

Normally hyperbolic
A compact submanifold Cy C C is called normally hyperbolic relative

to fast subsystem (F1) if all p € Cp, the m x m matrix (D,f)(p) has no

eigenvalues with zero real part.
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(@) Ajump point (xu, F(x)) (b) A canard point (x, F(xn))

Figure 1.1: The local dynamics near the normally nonhyperbolic points.

@ The U-shaped critical manifold Cy (blue curve) consists of two sub-
manifolds: C} is attracting, while CJ' is repelling.

@ Double arrows (blue) indicate fast flow, and single arrows (blue)
indicate slow flow.

@ The slow manifolds CL and C (red curve) of system (S) near the
normally nonhyperbolic point (x,,, F(xy)).
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@ A trajectory segment of system (S) is a canard if it follows an at-
tracting slow manifold, passes close to a contact point of the crit-
ical manifold, and then follows a repelling slow manifold for O(1)
time on the slow time scale 7 = ze.

@ An orbit of system (S) lying in the intersection of the attracting
slow manifold and the repelling slow manifold is called a maximal

canard.

(@) A canard C. (b) A maximal canard C.
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Given an ordered sequence of fast orbits and compact pieces
of slow curves, oriented by the respective fast and slow subsys-
tems, assuming their union is a topological circle, we call the
sequence a slow-fast cycle (SFC).

y ) J y
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(c) A SFC without (d) A transitory SFC (€) A SFCwithhead (f) A common SFC
head

Figure 1.2: Illustration of the family of slow-fast cycles (Solid blue).
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@ Denote by
—X_. , the vector field associated to system (S).
For afixed A = \g and a SFC ,, if thereare § > 0and ¢, > 0,
such that for each ¢ € (0,¢9) and A = A(e) ~ Ao, X., has a
limit cycle 72 in the §-neighborhood of ~, corresponding to
(e, ) = (0, ), and v — , (in Hausdorff sense) as ¢ — 0,
then ~2 is called a canard cycle, bifurcating from .

@ The maximal number of such canard cycles, taking into ac-
count their multiplicities, is called the cyclicity of SFC ~, for
X., at (e, A) = (0, \g) and is denoted by Cycl(X », Yo, (0, Ao))
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@ Relaxation oscillation is a periodic orbit of (S) which con-
verges to a SFC consisting of alternating fast and slow seg-
ments forming a closed loop, where the slow ones have the
same stability (e.g. Fig. 1.2 (d)) as ¢ — 0.

@ The very fast transition upon variation of a control param-
eter from a small amplitude limit cycle (Hopf cycle) via ca-
nard cycles to a large amplitude relaxation oscillation within
an exponentially small range O(exp(—1/¢)) of the control pa-
rameter is called canard explosion.
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@ GSPT was pioneered by Fenichel [JDE, 1979] and popu-
larised by Jones [Lecture Notes in Math., 1995].

@ Theideas in Fenichel [UIDE, 1979] are based on the previous
works Fenichel [Indiana Univ. Math. J., 71, 74, 77].
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Fenichel’s theorem

To state Fenichel’'s theorem, the following two assumptions are
made:
@ (H1) Supose f,g € C~.
@ (H2) Suppose C, C Cis a compact normally hyperbolic man-
ifold, possibly with boundary.
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@ For a normally hyperbolic critical manifold C,, for each p €
Co, assume that D,f(p) has m, eigenvalues with negative real
part and m, eigenvalues with positive real part where m, +
m, = m.

@ The local stable (unstable) manifold W} _(Co) (W}..(Cp)) can
be written as

Wie(Co) := | Wie(p) (W?Zc(co) = Wi‘oc(P)) :

peCy peCo

The manifolds W; .(p) (W}..(p)) form a family of fast fibers for

W (Co) (W}.(Co)), with base points p € Co.
@ Dim(W; (Co))=m; + n, Dim(W}: .(Co))=m, + n.

loc
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Fenichel’s Theorem 1

For0 < e« 1:

(i) For any r < oo, there exists a C"-smooth manifold C., locally
invariant under the flow of system (), that is O(¢) close and C’-
diffeomorphic to Cy.

(ii) The flow on C. converges to the flow of system (S1) on Cj as
e — 0.

4

W (C, o=

Figure 1.3: Fenichel’s Theorem 1. Compact normally hyperbolic manifold Cy
(dashed black ) perturbs C. (solid red).
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Fenichel’'s Theorem 2
For 0 < € < 1, Fenichel’s Theorem 1 holds and for any r < oo, there
exists a C"-smooth stable and unstable manifold

lsoc(CE) pEECE loc(pf:‘) llgc(cff) = UPEECE W;:)c<p€)7

locally invariant under the flow of system (), that are O(e) close and
C’-diffeomorphic to W} .(Cy) and W} (Cy), respectively.

o’

CC
W (p.)
: %W <)

e

L (C)

@)
S| w(p, )]

Figure 1.4: Fenichel’s Theorem 2. W; (Co) and W},

o (Co) perturb to W} (C.)
and W; (C.), respectively. W;, .(C.) and W} .(C.) can be fibered.
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Fenichel’'s Theorem 3

For 0 < ¢ <« 1, Fenichel’s Theorem 2 holds and:
(i) Forevery p. € C., there is an m-dimensional manifold W*(p.) C
W¥(C.) , that is O(e) close and C”-diffeomorphic to W*(p).

(ii) The foliation {W; (p-)|p- € C.} is positively invariant, i.e.
Wé(pe) -t C W¥(p. - t) for all t > O such that p. - ¢ € C., where -t
denotes the solution operator of system (S).

(iii) Similarly, () and (ii) hold for the unstable situation.

@) () )
1vl \ 3vl 4
c Wi (Ps) \ c
P ' P, plp, )

Figure 1.5: Fenichel’s Theorem 3. The fibers W*(pg) perturb to W*(p.) and
{W; .(pe)|pe € C.} is positively invariant.
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Today, GSPT encompasses not only the results of Fenichel [UDE,
1979] but a much wider range of geometric technique, such as

@ the blowup method,

@ exchange lemma,

@ slow-fast normal form theory,
@ numerical methods,
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The blowup method

@ A breakthrough is Dumortier & Roussarie [Mem. AMS, 96],
where the canard cycle in van del Pol’s equation was stud-
ied by using blowup of singularities and foliation by center
manifolds.

@ Krupa (K.), Szmolyan (S.), Wechselberger (W.) and their
coauthors developed the blowup method in studying the dy-
namics near the specific non-normally hyperbolic points of
2D and 3D slow-fast systems.
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Dynamics near non-normally hyperbolic points of 2D systems:
@ K. & S., jump points and canard points, [SIMA, 2001],

e K. & S., relaxation oscillations and canard explosion, [JDE,
2001],

@ K. & S., transcritical and pitchfork points, [Nonlinearity, 2001].
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Dynamics near non-normally hyperbolic points of 3D systems:
@ S. & W, canards in R3, [JDE, 2001],
@ S. & W., relaxation oscillations in R?, [JDE, 2004],
e W, a folded node, [SIADS, 2005],
e K. & W., a folded saddle-node type I, [JDE, 2010],
@ Vo & W., a folded saddle-node type I, [SIMA, 2015],
@ Mitry & W., folded saddles, [SIADS, 2017].
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Based mainly on blowup method and slow divergence integral,
De Maesschalck, Dumortier, Huzak, & Roussarie have a great
deal of work on:
@ stability loss delay, entry-exit function and dynamics near
turning points,
@ the mechanism of the birth of canard cycles and relaxation
oscillations,
@ cyclicity of slow-fast Hopf point and other singularities,
@ cyclicity of different slow-fast cycles ( canard, transitory, com-
mon),
See e. g., [ Mem. AMS, 1996], [Trans. AMS, 2006], [Proc. Roy.

Soc. Edinburgh, 2008], [Indag. Math., 2011], [JDE, 2001-2016],
[DCDS, 2007a, 2007b, 2009 ].
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Many blowup method calculations follow the five steps outlined
next:

@ Find a suitable blowup map to desingularize the fold point
(obtain additional hyperbolicity).

@ Find charts to express the blowup in local coordinates.

© Investigate the dynamics of the blown-up vector fields in each
chart.

© Connect the results from different charts.
© Blow down.
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Example: Investigate the dynamics near the non-normally hy-
perbolic point (0,0) of ¥ = x> —y, ¥y = —e using blowup map
(x,y,€) = (rx, 7?y, P°&).

AL

Figure 1.6: Geometrical interpretation of the blowup method.
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Exchange Lemma

Exchange Lemma can be used to understand how trajectories
enter and leave the vicinity of a critical manifold.

@ Exchange Lemma was first recognized by Jones & Kopell
[UJDE, 1994]. An excellent introduction to Exchange Lemma
is Jones [Lecture Notes in Math., 1995].

@ The exponentially-small-error version can be found in Jones,
Kaper & Kopell [SIMA, 1996], see also the review Jones &
Kaper [IMA Vol. Math. Anal., 2001].

The above Exchange Lemma requires the normally hyperbolicity
of the critical manifold.
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@ W.S. Liu extended Exchange Lemma for loss-of-stability turn-
ing points [JDE, 2000; SIAP, 2005; DCDS, 2005; JDDE,
2006].

@ Schecter proved Generalized Exchange Lemma for normally
hyperbolic invariant manifold with rectifiable slow flow, loss-
of-stability turning points and gain-of-stability turning points
[JDE, 2008a, 2008b].

@ Further studies on Generalized Exchange Lemma, see Jones
& Tin [DCDS, 2009].
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Predator-Prey models of Holling type Il

@ Predator-Prey models of Holling
type llI
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Predator-Prey models of Holling type IlI

@ H. |l. Freedman and R. M. Mathsen in [BMB,1993] proposed
the following ratio-dependent predator-prey model

X =rx (1 - %) —yp(x),

)

with generalized Holling type Il functional response p(x) =

% , Where x > 0 and y > 0 denote prey and predator
densities, respectively.

(2.1)
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Predator-Prey models of Holling type IlI

@ H. |l. Freedman and R. M. Mathsen in [BMB,1993] proposed
the following ratio-dependent predator-prey model

X =rx (1 - %) —yp(x),

)

with generalized Holling type Il functional response p(x) =
% , Where x > 0 and y > 0 denote prey and predator
densities, respectively.

(2.1)

@ r,s > 0 :intrinsic prey and predator growth rate, respectively.
K > 0 : prey environmental carrying capacity.
h >0 : % is the number of prey required to support one
predator.

Xiang Zhang: Shanghai Jiao Tong University A slow-fast predator-prey model of generalized Holling type Il 27/137



@ For predator and prey, a functional response is the intake
rate of a predator as a function of prey density.

p(x)

A
—2\/;<b<0

o

Figure 2.1: Geometrical interpretation of the generalized Holling type III

b > —2y/a,a>0,m>0)

. e
functional response p(x) = 5 =, (
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@ For predator and prey, a functional response is the intake
rate of a predator as a function of prey density.

p(x)
A
—2\/;<b<0
b>0
0 >x

Figure 2.1: Geometrical interpretation of the generalized Holling type III

functional response p(x) = (b > —=2+/a,a>0,m > 0)

_om?
ax?>+bx+1’

@ b > —2y/a: so that ax* + bx + 1 > 0 for all x > 0 and hence
p(x) > 0 forall x > 0.
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Related results

@ By applying Dulac’s criterion and constructing Lyapunov func-
tions, Hsu & Huang investigated the global stability of an
equilibrium of system (2.1) in [SIAM J. Appl. Math., 55(3):763-
783, 1995].
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Related results

@ By applying Dulac’s criterion and constructing Lyapunov func-
tions, Hsu & Huang investigated the global stability of an
equilibrium of system (2.1) in [SIAM J. Appl. Math., 55(3):763-
783, 1995].

@ Based on the normal form theory and the center manifold
theory, Huang, Ruan & Song considered the subcritical Hopf
and B-T bifurcations of system (2.1) in [J. Differential Equa-
tions, 257(6):1721-1752, 2014].
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Our results

By geometric singular perturbation theory (GSPT), we obtain:
@ global asymptotical stability,

@ singular Hopf bifurcation and canard explosion,
@ canard cycles,

@ relaxation oscillations,

@ heteroclinic and homoclinic orbits,

°

cyclicity of slow-fast cycles.
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Dimensionless form
System (2.1) is topologically equivalent to the system

&_z (¥ +bx+1) (1 — i) — Xy,
gf K (2.2)
d—i =ey(x* +bx+ 1) (x — hy),

with (¢,K,h) € R3 and b > —2, where
+

b _ = ra S
—, K=K h=— d = -.

In the following, we drop the bars for notational convenience in
system (2.2).

S
I
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@ An important feather of biological systems is that they often
evolve on multiple scales.
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@ An important feather of biological systems is that they often
evolve on multiple scales.

@ For example, hares and squirrels reproduce much faster than
their predators, such as lynx and coyotes.
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@ An important feather of biological systems is that they often
evolve on multiple scales.

@ For example, hares and squirrels reproduce much faster than
their predators, such as lynx and coyotes.

@ Multiple scales problems of biological systems are usually
modeled by slow-fast systems.
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@ The parameter ¢ in system (2.2) can be interpreted as the
ratio between the intrinsic growth rate of the predator and
the intrinsic growth rate of the prey.
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@ The parameter ¢ in system (2.2) can be interpreted as the
ratio between the intrinsic growth rate of the predator and
the intrinsic growth rate of the prey.

@ If the predator lives a very long time and encounters many
different generations of prey, it is a natural assumption that *
is sufficiently small, i.e., 0 < ¢ < 1.
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Critical manifold

N p

L 1
1
: 1% (K-b) -27K=0
:

A(-2,1), v,
:U2
=) %) 5 x
(@) U:={(b,K) | (K —b)? —27K > 0} (b) Dynamics of fast subsystem

Figure 2.2: The critical manifold Cy (blue curve) is S-shaped when (b, K) € U.
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LetA = (X+b—K)>+3(kb—1),B=2(X+b—K)*—9(1—Kb)(X +
b—K)—27K and A := B> — 4A3,

Existence of positive equilibria

(a) If A > 0, then system (2.2) has a unique elementary anti-saddle.
(b) f A =0and
(b1) A>0and (X +b— K)+ A >0, then system (2.2) has a unique
elementary anti-saddle;

(by) A = 0, then system (2.2) has a unique degenerate equilibrium
(—3(E+b-K),— % (X +b-K)).
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(¢c) A=0,A>0and (¥ +b—K)+ VA < 0, then system (2.2)
has two different positive equilibria.

(d) fA<0,%¥ <Kk—b—/3(1 —Kb)and —2 < b < +, then system
(2.2) has three different positive equilibria.

v

In the following, for notational convenience, we let

Sy :={(K,b,h)|(K,b) € U and (a) or (b) holds},
S, : ={(K,b,h)|(K,b) € U and (c) holds},
{
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Positive invariance

@ ThesetZ = {(x,y) e RxR:0<x <K;0<y<K/h}is
positively invariant for system (2.2).

@ Moreover, if (b,K) € U, the set = is global attracting in the first
quadrant of the (x,y) plane for 0 < ¢ < 1.
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Dynamics near the origin

The origin O(0,0) of system (2.2) is a non-hyperbolic saddle for all
values of the parameters and 0 < ¢ < 1.

y
Blow—down
—_—
Blow—up [0) *

Figure 2.3: Directional blow-up at the origin O(0, 0) of system (2.2).
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e Slow-fast normal form
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Slow-fast normal form

To obtain

@ the first Lyapunov coefficient A,
@ singular Hopf bifurcation curve hy(/2),
@ and maximal canard curve h.(/2),

we derive the slow-fast normal form.

Remark: A singular Hopf bifurcation occurs when the eigenval-
ues become singular as ¢ — 0.
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@ In the following, we derive the slow-fast normal form near the
canard point (x,,, yi)-
@ Letting d/ = x*dt, x = x —x, and y = y — y,, in system (2.2)

yields
. K—x 1 1
- _ _2 m - =2 =3
Xx=—-y+x( x) ——mx—l—x—%x +0(x)),

- € _ _ _ _ o
3= (o +pix+pa¥ +¥(a0 + qix + 423) + O((x.3))),
(3.1)

41/137
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where
Po = Ym (1 — hymx,;l) (x2 + bx,, + 1),
P1 = X, 2V (2bhx Y + Yuhx, — bx2 + 3hy,, — 2x,,),
P2 = =X, V(36X + Ymhx2, — bx2 4 6hy,, — 3x,),
qo = %, (X — 2hy,) (X2 + bx,, + 1),
g1 = X, 2 (4bhx,y Y, + 2ymxs — bxZ -+ 6hy, — 2x,,),

g = —hx, (X2 + bx,, + 1).
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Note that py and p, have the relationship

Vi 3po po(xm + 2b)
— (b + ) + 22— - .
P1=n +x)+xm (X2, 4+ bxyy + 1) X2+ bx, + 1

When (b,K) € U, it is feasible to choose / such that

Po = ym(l — hy—’”)(xfn +bx, +1)=0.

X m

Then we can choose suitable 4 such that |py| is small enough
such that p; > 0. Set

(K —x)po 7_me\/p_1 _ meplv . X
K—x, ' b1

) - I/l, y
mep3/2 K B an
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System (3.1) can be further written as
it = —vhy (u, v, \)+1Phy (u, v, \)+-ehz(u, v, \),
v = ¢ (uhg(u, v, \)—Mhs(u, v, \)+vhe(u, v, \)) ,
where (u,v) take values near (0,0) and

K%Xm\/P1 - K3x2p
(K—x)>"  (K=x5)°

m

hy=1; hy=1- u? + O(|ul?);

Pszrzn 2
h3=0; hy =14+ ———"—u+ O(|u|]");
$= 0y = 1 B s ()

q0 Kxp K\/pi 2
hs = 1; hg = O(|(u, )]?).
s =1; he xm\/171+Q1K—x§,,u+q2K—x,§1v+ (I, v)[7)

Remark: h3 = O(u,v, \,e), hj = 1 4+ O(u,v, \,¢), j=1,2,4,5.
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Based mostly on Krupa and Szmolyan [SIMA, 2001] and [JDE,
2001], we obtain

A =(nym (32, + by + 1) 73 (K —x3) 24,
3/2
% K> (b + %) + 22)%/ "
hH(\/g) - 1 + 3/2 ()(6 ) )
ym 2ym (K—x?n)(x%-i-bxm-i- 1)1/2

(3t 12— DR (3 (b + 30 + 22)3/2

_xm XmYm Xm 3/2
Sl (K =530l + bt + 1) SO )
(3.3)
with
Al :2 (K—xs’n)z (xfn—l—bxm—i—l) (3 4)

+ Kxyym ((bxm — x5, + 3) K — 4bx), — 2x;, — 6x;),)
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@ Global asymptotic stability
@ Canard explosion
@ Relaxation oscillations

e Predator-Prey models:  One
positive equilibrium
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When system (2.2) has only one positive equilibria, There are
five distinguished cases to be considered as shown in Fig. 4.1.

Figure 4.1: Five cases: (a) xo < xm, (b) X0 = Xm, (C) Xm < X0 < xaz, (d) X0 = X1, (€) X0 > xp1.

Cases (d) and (e) in Fig.4.1 could be investigated in the same
way as the cases (b) and (a) respectively.
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Case (a): Global asymptotic stability

Theorem 4.1 (JDE 2019, Wang and Z.)

If (K,b,h) € S| and the unique positive equilibrium (xo, yo) lies on the nor-

mally hyperbolic attracting critical manifold Cé, then (xo,yo) is a global at-

tractor for system (2.2) in the interior of the first quadrant.

¥y
A

ky:F()r)

F(xy)

i

VRN

7 Xo

F(x,)

A :
C\\/c G

L
Yo X, Xm K

Figure 4.2: Dynamics of the limiting systems for xp < x,.
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Outline of the proof:

@ The line x = x,, divides the interior of the first quadrant into
two disjoint regions which we label (from left to right) R, and
R.

@ Construct a Dulac function
D(x,y) = ()c2 + bx + 1)x’2y’2, (x,y) € Ry.

From Dulac’s criterion, we can conclude that system (2.2)
has no closed orbits lying entirely in R;.

@ (xy,yy) is @ jump point. Trajectory starting at a point in R,
must eventually cross the line x = x,,, and it has (xy, yo) as its
w limit.
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Sete = 0.01, K = 3,b = —9/5and h = 1/3. Fig. 4.3 (a) shows
some typical orbits of system (2.2), and the behavior of the prey and

the predator that system (2.2) is modeling in Fig. 4.3 (b).

25—
i 1 (. 9 J—
——y==(1-3)(2"—za+1 prey
z D)
y =3z
2
ol
15 8
o
= =
(0.3706, 1.1119) g
05
ST
0 - = 0
0 05 1 15 2 25 3 35 4 0 200 400 600 800 1000
x time
(a) (b)

Figure 4.3: (a) Orbits of system (2.2) starting at points (0.1,2), (0.1,0.5), (0.1,0.1), (3,1) and
(1.5,2) for e = 0.01. (b) Behavior of the prey and predator with x(0) = 0.1 and y(0) = 0.1.
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Case (b): Canard explosion
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Figure 4.4: Dynamics of the limiting systems for xo = x,,.
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Theorem 4.2 (JDE 2019, Wang and Z.)

Assume that (K,b,h) € S|, and that the unique positive equilibrium
(x0,Y0) of the slow subsystem of system (2.2) coincides with the contact
point (Xp, yn). For 0 < e < 1, the following statements hold for system
(2.2).

(a) There exists a curve h = hy(+\/2) of Hopf bifurcations such that

E is stable for h < hy(\/€). Moreover, the Hopf bifurcation is
nondegenerate when A, # 0, and it is supercritical if Ay < 0 and

subcritical if Ay > 0. A canard cycle and a relaxation oscillation

coexist when A; > 0.

v
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Theorem 4.2 [UDE 2019, Wang and Z.]

(b) Furthermore, there exists a curve h = h.(/), for § € (0, 1), the
canard explosion occurs when s € [¢”,2(yy — y,.) — 7], where

(s, V&) — he(VE)| < 7'/,

| A

Example 2

Set ¢ = 0.0001, K = 225/32, b = 29/32 and h = 0.6205. When h
increases, system (2.2) exhibits the supercritical singular Hopf bifurca-

tion, the canard explosion and the relaxation oscillation as shown next.

4
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Figure 4.5: (a) A stable focus. (b) A Hopf cycle. (c) Canard cycle without head. (d) Canard cycle

with head. (d) Relaxation oscillation. (f) The amplitude (vertical axis) of the limit cycle when 4 is varied
(denote the amplitude by the maximum value of x).
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Next, we draw Ay (/) and h.(1/2) in (e, h) plane for Example 2.
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Figure 4.6: Consider € > 0 fixed. By increasing 4, a singular Hopf bifurcation takes place, giving rise

to a small stable limit cycle called Hopf cycle with amplitude O(g). The amplitude of the Hopf cycle is

growing as & increases. When £ reaches the dashed line /5(+/z), the Hopf cycle becomes a canard cycle

without head. Along the curve /i, (+/€) the family of canard cycles ends at a relaxation oscillation. The black

dashed lines hs(+1/€) and h-(1/€) mark the beginning and ending of the canard explosion. Furthermore,
|hi(v/) — he(v/E)| = O(e=K0/¢), i = s, r, for some Ko > 0 as e — 0.
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Case (c): Relaxation oscillations
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Theorem 4.3 (JDE 2019, Wang and Z.)

Assume that (K,b,h) € S and xy lies on the normally hyperbolic re-

pelling critical submanifold C. Then for each fixed € > 0 sufficiently
small,

(a) system (2.2) has a unique limit cycle, say 7., which is located in a
small tubular neighborhood of the common slow-fast cycle.

(b) Furthermore, ~y. converges to v in the Hausdorff distance as ¢ — 0.
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Sketch of the proof:

@ The unique positive equilibrium (xo,yo) of the slow subsys-
tem is an unstable singular node,

@ and the critical submanifold CJ' is normally hyperbolic re-
pelling, see Fig.4.7.

@ The two contact points (x,,,y,) and (xy,yy) are both jump
points.

Xiang Zhang: Shanghai Jiao Tong University A slow-fast predator-prey model of generalized Holling type IlI 58/137



@ Take a small horizontal section A transversal to C}), and choose
any two trajectories I'! and I'? of system (2.2) starting on A.

@ For ¢ > 0 sufficiently small, it follows from Fenichel’s the-
ory that I'! and I'? are attracted to C. with exponential rate
O(e71/e).

@ Theorem 2.1 in Krupa & Szmolyan [SIMA, 2001] shows that
I'! and I'? pass by the jump point (x,,y,) contracting expo-
nentially toward each other until they reach a neighborhood
of Cj.

@ Then I'! and I'? are attracted toward C’ with exponentially
small rate, and pass by the jump point (x,yy) once more
with exponentially small attracting rate, and finally they re-
turn to A.
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@ Following the positive orbits of system (2.2) starting on A,
we can get an attracting map © : A — A with an exponential
small contracting rate O(e~'/¢).

@ The contraction mapping theorem verifies that © has a unique
fixed point on A. Consequently, system (2.2) for 0 < ¢ < 1
has a unique limit cycle.

60/ 137

Xiang Zhang: Shanghai Jiao Tong University A slow-fast predator-prey model of generalized Holling type Il



The relaxation oscillation for system (2.2) when ¢ = 0.0001, K =
225/32,b =29/32 and h = 14400/17549.
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Figure 4.8: (a) The relaxation oscillation for system (2.2). (b) The behavior of x and
y depending on time ¢.
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e Two positive equilibria
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Assume that (K, b, h) € S, and x; < x,. Then the locations of the
two equilibria can be distinguished into next six cases, where in
(a), (b) and () E»(x,,y») is degenerate, whereas in (d), (e) and (f)

E\(x1,y;) is degenerate.

y y y ¥y y y
o|x1 X, O| X, X, O| X, X, 0| XX, 0| XX, 0| X, X,
(a) (b) () (d) (e) (f)

Figure 5.1: @x < xm <1 < i, O) X1 = X < X0 < xg, (©) X < X1 < X2 < xpg, (d)
Xm < X < X < ap, (@) xm < xp < xp = xy, ) < x1 < xy < xp. In cases (a), (b) and (c),
y = F(x) is tangent to y = h~'x at (x, F(x)). In cases (d), (e) and (f), y = F(x) is tangent toy = A~ lx

at (x1, F(xp)).
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@ Since the cases (d), (e) and (f) in 5.1 can be investigated
in the completely same way as the cases (c), (b) and (a),
respectively,

@ we consider only the first three cases, where E, is a degen-
erate equilibrium.

o Set H, := —10hx + 6((K — b)h — K)x2 + 3(Kb — 1)hx, + Kh,
where
° x,=—1(K/h+b—K)+ 1VAin (a), (b) and (c),
® x, =—1(K/h+ b—K)— 1VAin (d), (e) and (f).
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For system (2.2), if Hy # 0, then E, is a saddle-node, and its local
structure is shown in Fig.5.2, where L' and L" are the two branches of

the unstable manifold associated to the positive eigenvalue.

Proof: The proof follows from some calculations of normal form
near a saddle-node.

h

Figure 5.2: Local structure of the saddle-node E,.
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Case (a): Heteroclinic orbits

Figure 5.3: The dynamics of limiting systems for 0 < x; < x,;, < X < Xp.
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Theorem 5.1 (JDE 2019, Wang and Z.)

Assume (K, b,h) € S, and 0 < x; < x,, < xp < xpy. For0 < e < 1, the

following statements hold.
(a) System (2.2) has neither canard cycle nor relaxation oscillation.

(b) If H # 0, system (2.2) has infinitely many heteroclinic orbits

connecting E, and E,.

Outline of the proof:
@ System (2.2) has neither canard points nor slow-fast cycles.
@ (xy,yu) is @ jump point.
@ Fenichel’s theory.
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Example 4

Set ¢ = 0.001, K = 10, » = —9/5 and h = 2.7061. Then system
(2.2) has two positive equilibrium: a local stable node E;(x;,y;) =
(0.7369,0.2723) and a degenerate equilibrium E,(3.6839, 1.3613).

T : : : : : :

t =Y EY (22 2

25, v=-(1-15)(a*—5e+1) ]
=
: Y~ 57061
2r1
t P
P ==
151 '
- / N
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4 Y
1t 24 \
; \
, \
/7 \
7 AN
|- \
ost \By . s \
4 \
\// A
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\

Figure 5.4: Two typical heteroclinic orbits connecting the equilibria £y and E, for the numerical
example.
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Case (b): Homoclinic orbits and canard cycles

Figure 5.5: (a) The dynamics of the limiting systems for x; = x,, < x2 < x3. (b) A
schematic diagram of the proof of Theorem 5.2: CL, C™ and C”. are slow manifolds.

A;, A, and A, are three horizontal sections.
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Theorem 5.2 (JDE 2019, Wang and Z.)

Assume (K, b,h) € S3, H # 0and 0 < x; = x,, < xo < xyy < K. Then
for0<e< 1,

(a) there exists a continuous function h = h.(+/¢) such that system
(2.2) has a unique orbit homoclinic to the saddle-node E,(x,,y>) if
and only if h = h.(\/¢).

(b) Furthermore, if it is the case, system (2.2) has a limit cycle T,
which approaches either to the slow-fast cycle without head Fig.
1.2 (c) or to the slow-fast cycle with head Fig. 1.2 (e).
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Sketch of the proof:
Preparation:
@ By Fenichel’s theory, the compact critical submanifolds C.,
Cy and Cj, perturb to the nearby slow submanifolds C., C™
and CZ, respectively.

@ Consider the slow manifold C! as a example. C' is not unique.
All slow manifolds lie at a Hausdorff distance O(e=%/¢)) from
each other for some K > 0, K = O(1).
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@ By Theorem 2.1 of Krupa & Szmolyan [SIMA, 2001], two or-
bits starting on A" pass by the jump point (x,,, y») contracting
exponentially toward each other and follow approximately a
layer of the fast subsystem to a neighborhood of C'.

@ Let v!'? be two orbits emanating from the infinitely many cen-
ter manifolds of the saddle-node E. +!? will finally attracted
(with exponential rate O(e~'/%)) to C..
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Having the above preparation, we can prove the existence and
uniqueness of the homoclinic orbit to the saddle-node E,.
@ Recall that the positive equilibria of system (2.2) coincide
with the positive equilibria of the slow subsystem, and that
E, is a saddle-node.

@ The unique stable branch of the center manifolds of E, must
coincide with one of the slow manifolds, saying C**, bifurcat-
ing from Cj' and with E, located on it.

@ Thus, there is only one way that the homoclinic orbit (if ex-
ists) can return to the saddle-node. However, it could leave
the saddle-node along any one (priori) of the infinitely many
orbits composing the unstable set W* of E,.
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@ Now turn to the any chosen orbit ¥ emanating from E,, it is
rapidly attracted to a O(¢) neighborhood of C},

@ and then follow C}, positively, during this last period ~ is a
slow manifold bifurcating from the critical manifold C., and
becomes a C%.

@ Next we analyze the conditions such that C** and C* could
connect.
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@ Theorem 3.2 in Krupa & Szmolyan [JDE, 2001], shows that
a connection from C* to C™* exists if and only if A = h.( /)

This proves that under the condition 7 = h.(+/¢) the orbit ~y is ho-
moclinic to E;.
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Next, we prove the second part of the theorem.
@ We define the Poincaré map on A, in 5.5 (b) for system (2.2).

@ For any orbit starting on A, and located outside the homo-
clinic orbit +, it first follows C until arriving at a small neigh-
borhood of the canard point (x,,, ),

@ and passes it in the way either flighting to the vicinity of Cj, or
following Cf a while and then flighting to Cj (this fact holds
because of the existence of the homoclinic orbit v at E»),
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@ then it follows Cj until arriving at a small vicinity of the jump
point (xy, yx), and jumps from this point to the vicinity of C},

@ next it follows C), again and arrives at A,.
@ The Poincaré map is a contraction.

@ Hence, it follows from the contraction map theorem that the
Poincaré map has a unique fixed point on A;, which provides
a limit cycle of system (2.2) for ¢ > 0 sufficiently small.
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Case (c): Relaxation oscillations

(a) (b)

Figure 5.6: (a) The dynamics of limiting systems for x,, < x; < x < xp. (b) The

sketch of the relaxation oscillation of system (2.2) for x,, < x; < xp < xyy.
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Theorem 5.3 (JDE 2019, Wang and Z.)

Assume that (K, b, h) € S5 and x| and x, lie on the normally hyperbolic

repelling critical submanifold C'. Then for each fixed € > 0 sufficiently
small,

(a) system (2.2) has a unique limit cycle, say I'2, which is a relaxation
oscillation and is located in a small tubular neighborhood of the
common slow-fast cycle T's.

(b) Furthermore, T'? converges to T} in the hausdorff distance as € —
0.

v

Outline of the proof:
@ The two contact points (x,,y.) and (xy,yy) are both jump
points.
@ Construct a contraction map.
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G Three positive equilibria
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@ In this section we assume that the parameters (K, b, h) € S;.

@ Then system (2.2) has exactly three positive equilibria E;, E,
and E;.

@ There are nine different cases to be considered, which are:
a) x1 < Xy < Xxp < Xy < X3, b) x1 < X < X2 < x3 < xp1,

(

C) iy <x1 < X2 <xpy <x3, (d)xy, <x1 <x<x3<2xpy,
() xm < x1 < x2 < x3 = X1,
(

Q) x1 =xp <x2<xy<x3, (h)x;<x,<x<xz=xy

(a)

(c)

(€) x1 = xpm < xp < x3 < X,
(9)

(

) x1 = xpm < xp < X3 =xp.
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Case (a): Heteroclinic orbits

By Fenichel’s theory and Fig. 6.1 (a) one gets that system (2.2)
has E, and E; as stable nodes, and E, as a saddle.

y y
A A
y= F(x) y= F(x)
G
x,/h [N
| Ooar asaremi
it awimme
‘ ‘ G 3y G
o X X X3 K > o X, X, X, K x
(@) (b)

Figure 6.1: (a) The dynamics of the limiting systems for x; < x,, < xp < Xy < X3.
(b) A schematic diagram of heteroclinic orbits connecting equilibria E; and E,, and

E, and Ej of system (2.2).
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Theorem 6.1

Assume (K, b, h) € S35, and x; < x,, < X3 < xp < X3.

(a) For0 < e < 1, system (2.2) has heteroclinic orbits connecting the
equilibria E\ and E,, and E, and Ej,

(b) and has no periodic orbits in the first quadrant.

Outline of the proof:
@ Fenichel’s theory.

@ System has neither canard points nor slow-fast cycles.
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Sete = 0.001, K = 10, b = —9/5 and h = 4. Fig.6.2 shows that
heteroclinic orbits connecting the equilibria E; and E,, and E, and E;.
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Case (b): Heteroclinic orbits

y y
A A
y=F(x) y=F(x)
\Cg G
xg/h CV)C\ P_
xa/hpr— g <> : e
w7 ENS
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0 X, X, X, K 7 x 0 X X, X K i
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Figure 6.3: (a) The dynamics of the limiting systems for x; < x, < xp < x3 < Xp.
(b) A schematic diagram of heteroclinic orbits of system (2.2): two heteroclinic orbits
(solid red) connecting equilibria E; and E, and three heteroclinic orbits (solid blue)

connecting equilibria E| and E3.
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Theorem 6.2

Assume (K, b, h) € S35, and x; < x,, < Xp < x3 < Xy

(a) For0 < e < 1, system (2.2) has two heteroclinic orbits connecting
the equilibria E, and E,,

(D) has infinitely many heteroclinic orbits connecting E, and E,

(¢) and has no periodic orbits in the first quadrant.
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Example 6

Sete = 0.001, K = 10, b = —9/5 and h = 3. Fig. 6.4 shows that
heteroclinic orbits connecting the equilibria £, and E,, and E; and E;.
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Figure 6.4: A numerical example.
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@ Case (c) is similar to the case (b), and so the detail state-
ments are omitted.

Xiang Zhang: Shanghai Jiao Tong University A slow-fast predator-prey model of generalized Holling type IlI 88/137



Case (d): Relaxation oscillations

@ By Fenichel’s theory we know E; and E; are unstable nodes
and E, is a saddle .

y
A A
y=F(x)
\q
Jiea
4
G
=2
D a R R
0 N% IS >x 0 >x
(a) (b)

Figure 6.5: (a) The dynamics of the limiting systems for x,, < x; < x < x3 < Xp.
(b) A schematic diagram of the relaxation oscillation for x,, < x; < xp < x3 < xp.
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Theorem 6.3

Let U be a small tubular neighborhood of the common slow-fast cycle
['o. Then for each fixed € > O sufficiently small, there exists a unique
relaxation oscillation T3 C U, which is the only limit cycle of system

(2.2) and converges to 'y in the Hausdorff distance as ¢ — 0.
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Set e = 0.001, K = 29153, b = —1.8135 and h = 9. Fig. 6.6 shows
that there exists a relaxation oscillation for system (2.2).
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Figure 6.6: A relaxation oscillation for x,, < x; < x, < x3 < x) generated by a

numerical example.

Xiang Zhang: Shan

niversity

A slow-fast predator-prey model of generalized Holling type Il

91/137



Case (e): Homoclinic orbits and canard cycles

By Fenichel’s theory we know E, is a saddle and E; is an unstable

node of system (2.2).
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Figure 6.7: The dynamics of the limiting systems for x,, = x; < x; < x3 < Xpy.
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Next result shows the existence of “small” or “big” homoclinic or-
bits , where the “small” homoclinic orbit is the one passing only
one contact point; whereas the “big” homoclinic orbit is the one
passing the two contact points, see Fig. 6.8

A A
y=F(x)
, o K
i c P G
0 X X x : >x [0} X XX, KO > x
(a) (b)

Figure 6.8: (a) A “small” homoclinic orbit. (b) A “big” homoclinic orbit.
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Theorem 6.4

Assume (K,b,h) € S35, and 0 < x; = x,, < X < x3 < xyy < K. Then

Jor 0 < e < 1, the following statements hold.

(a) There exists a continuous function h.(\/z) having the expression
(3.3) such that system (2.2) has an orbit homoclinic to the saddle
E,, which is either small or big, if and only if h = h.( \/€). Depend-
ing on the different choice of h.(\/¢), both of the small and big ones

could appear but not simultaneously.
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Theorem 6.4

(b) When varying h from h.(+/) sufficiently small, the homoclinic or-

bit bifurcates a unique canard cycle without head when it is small,

or a unique canard cycle with head if it is big. Furthermore, the
unique canard cycle is unstable and exists for 0 < h.(y/e) —h < 1.
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Geometrical interpretation of the proof:

Figure 6.9: A schematic diagram for the proof of Theorem 6.4.
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@ Case (f) is similar to the case (e), and so the detail state-
ments are omitted.
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Case (g): Homoclinic orbits and canard cycles

System (2.2) for 0 < ¢ < 1 has E, as a saddle and E; as a stable
node respectively, whereas E; is a canard point.

y y
A
y=F(x
) VF(5)
C
x/h }/\\ EYG
x,/h 4 :
a/h |
G P c
0 XX, x, K . > 0 XX, x, K >
(@) (b)

Figure 6.10: (a) The dynamics of the limiting system for x; = x,, < xp < xpr < x3.
(b) A small homoclinic orbit.
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Next result shows the existence of small homoclinic orbit and ca-
nard cycle without head.

Theorem 6.5

Assume (K,b,h) € S3, and 0 < x; = x,, < xp < xy < x3 < K. Then

Jor 0 < e K 1, the following statements hold.

(a) There exists a continuous function h.(\/c) having the expression
(3.3) such that system (2.2) has an orbit homoclinic to the saddle
E>(x2,y2) if and only if h = he(/€).

(b) When varying hfrom h.(\/€) sufficiently small, the homoclinic orbit
bifurcates to a unique canard cycle without head. Furthermore, the

unique canard cycle is unstable and exists for 0 < h.(\/e)—h < 1.
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@ Case (h) is similar to the case (b), and so the detail state-
ments are omitted.
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Case (i): Homoclinic orbits and canard cycles

Now E, is a saddle for system (2.2), and E; and E; are both lo-
cated at the contact points of the critical manifold.

y y )
r=re) 1=F() y=F()
G G £ G k
xfh ‘ y-'
s/ o EYG:
x/h U : P L
i« o o
P q o N P q
0 PR K0 > 0 Y KD [ 0 Xy ox Kﬂ >
(a) (b) (c)

Figure 6.11: (a) The dynamics of limiting systems for x; = x,, < x, < x3 = xp.

(b) A small homoclinic orbit. (c) A big homoclinic orbit.
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Next result shows the existence of small or big homoclinic orbit
and canard cycle without head.

Theorem 6.6

Assume (K,b,h) € Sy and x| = x,, < xp < Xy = x3. Then for 0 < ¢ K
1, the following statements hold.

(a) There exists a continuous function h.(\/) of form (7) such that
system (2.2) has a small homoclinic orbit if and only if h = h.(\/€).

(b) Furthermore, a unique canard cycle without head bifurcates from
the homoclinic orbit when h varies slightly from h = h.(/¢). The
unique canard cycle is unstable and exists for 0 < h.(\/e)—h < 1.
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Theorem 6.6

(c¢) Assume that E5 always coincides with the contact point (X, yu)
when A varies slightly from 7 = h.(1/¢). Then there exists a con-
tinuous function A.(+/) of form (7) such that system (2.2) has a
big homoclinic orbit if and only if & = h.(1/2).

(d) A unique canard cycle with head bifurcates from the big homo-
clinic orbit when X varies slightly from A = h.(y/2). The unique
canard cycle is unstable and exists for 0 < h.(y/2) — h < 1.
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The existence and types of slow-fast cycles for e =0

Recall that in the interior of the first quadrant system (2.2) is
smoothly equivalent to the system of the form

de 1
E:§<l_%> (4 bx+ 1) —y = f(x,y,7), -

d 1
2 £y (1 - hX) (o 4+ bx + 1) = eg(x,y,n),
dr X X

withn = (b,K, h), and (b,K) € U. We have clearly the next result.

Assume that (x;, F(x;)) is a canard point of system (7.1), j € {m, M}.
Then for any (b,K) € U system (7.1) for ¢ = 0 could have a slow-fast
cycle passing (x;, F(x;)).
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Next, according to the analysis on the number, types and relative
locations of positive equilibria of the slow subsystem of system
(7.1), we can provide a complete list of slow-fast cycles, which
are illustrated in Figs. 7.1, 7.2 and 7.3 as a schematic view.

I-6 -7 -8 1-9

Figure 7.1: Slow-fast cycles when system (7.1) (or system (2.2)) has one positive
equilibrium (black dot).
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II-1 II-2 II-3 II-4 II-5
_____ N S N AN SN
I1-6 -7 1I-8 II-9 II-10
I1-11

Figure 7.2: Slow-fast cycles when system (7.1) (or system (2.2)) has two positive
equilibria (black dots) where one equilibrium is a saddle-node.
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||| 1 ||| 2 ||| 3 ||| 4 -5 I1-6 -7 -8 -9

m-10  1-11 III12 I-13 III-14 III-15 III-16 III-17 1-18

e o Yiil v}/:l iﬁ?’—?*

m-19 120 w-21 W22 M-23 1l-24  11-25

Figure 7.3: Slow-fast cycles when system (7.1) (or system (2.2)) has three positive
equilibria (black dots) where equilibrium E, is a saddle.
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Let I be the set of all slow-fast cycles shown in Figs. 7.1, 7.2 and
7.3. We can express I/ as the disjoint union of the next subsets:

(a) Small cycles: T'y := {(I-1), (I-6), (II-1), (I-7), (III-1), (II1-7), (III-
12), (III-15), (III—18)}.

(D) Slow-fast cycles without head: I'{} := {(I-2), (II-2), (II-3), (III-2),
(I1-3), (II-13), (I[I-14), (II[-19), (I1-20)}, T = {(I-7), (IL-8),
(1-9), (11-8), (II1-9), (II-16), (I11-17), (I11-24), (I11-25)}.

(¢) Slow-fast cycles with head: T := {(I-4), (I-4), (II-5), (I1I-4), (ITI-
5)}, TV = { (1:9), (II-10), (II-11), (I1-10), (II-11)}, T's:={(I1I-
21), (II1-22), (II1-23)}}.

(d) Transitory slow-fast cycles: I'f; :={(I-3), (I-8)}.

(e) Common slow-fast cycles: I'c:={(I-5), (II-6), (III-6)}.
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The slow divergence integral

@ Since the proofs on the cyclicity of the slow-fast cycles in T}
and in '/, in 'y and in T'Y, and (I-3) and (I-8) in T}, respec-
tively are very similar in most cases,

@ in what follows we only study the limit cycles bifurcated from

the formers in each of pairs, and the ones in latter which are
different.

@ For doing so, we first define the SDI along the slow-fast cy-
clesinI'(j and I'¢, respectively.

@ Denote by X., the vector field associated to system (7.1),
with n = (K, b, h).

Xiang Zhang: Shanghai Jiao Tong University A slow-fast predator-prey model of generalized Holling type IlI 110/137



@ Let (x,,,yn) be a non-degenerate canard point and (xy, yu)
be a non-degenerate jump point.

@ Hence there exists a solution xy(7) of the slow subsystem
connecting C, and C.

@ There is a solution x,(¢) of the slow subsystem, which corre-
sponds to the slow flow on Cj.
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@ Let(s) <0 < 1,(s) be such that
F(xo(ti(s))) = F(x0(tu(5))) = ym + 5.
and let 7,(s) be defined by
F(x0(t:(s5))) = ym + s.

Next, we defined the so-called slow divergence integral.
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@ For the slow-fast cycle in T U {(I-3)}, define the function
I(S7 770) as

tm(s)
I(s,m0) = /() %(xo(t),F(xo(t)),no)dt,SE[O,SOL (7.2)

where sy = yy — Y
@ For the slow-fast cycle in I'¢, define the function I(s, ) as

tm(5)
toom) = [ 1 Gl Pl ma
[ o) Fia(0), mar, s < [0,

(7.3)

The above two integrals I(s, 7o) are called slow divergence inte-
grals (SDls).
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A A
y=F (x) y= F(x)
A v (s
0 ‘ Y(S:no)/, """ ! Y TS| ( 0) Gz(x)
YV tSf / c v+l : O
. i " : AN
It : Ynp-r-->5 Ix) Lo
o) G TN
: ' > : : >
050 w6 K70k 56 10K
(a) (b)

Figure 7.4: Tllustration for the slow divergence integral when (x,,,y,,) is a canard
point. (a) A slow-fast cycle (s, ) without head (blue curve). (b) A slow-fast cycle
~(s, 10) with head (blue curve).
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Making the change of integration variable from ¢ to x in (7.2) and
(7.3) yields

Xm (5) /x
= [ L Foom) e e (0,50,

() Ox g(x, F(x),m0)
(7.4)
o
X (8) /
of F'(x)
" x(s) o P ) (x, F (X),no)dx’ s € 0]
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@ If the slow-fast cycle has no a head (see 7.4 (a)), for x €
[x, x|, we define o(x) by F(x) = F(o(x)). Hence for x €
[x;, x), we have

F'(x)

o'(x) = Flo@) < 0.

o If the slow-fast cycle has a head (see 7.4 (b)), for each x €
[x1, xn), we define o1(x) € [xu,xy] and o2(x) € [xu,x,] by
F(x) = F(o;(x)), j = 1,2. For x # x,,, x # x) one has

, F'(x)

B F(2)
79 = F o)

<0, 0y(x) = Foa0)) > 0.
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Let o

E(va(x)aHO) (76)
8(x, F(x),m0)

and let x = F~!(y) be the single-valued inverse function of y = F(x) for
x € [x1,xn]. The following results hold.

h(x) =

Lemma 7.2

For s € [0, 9], the SDIs (7.4) and (7.5) can be written respectively as

Ym=+S
o) = [ (o) ~ o) dy 7.7)
i x=F~(y)
Ym~+S YM
I(5,m0) = / ORI / ORI
(7.8)
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Now we recall some results developed by De Maesschalck and Du-
mortier.

[Theorem 1, C. R. Math. Acad. Sci. Paris, 2014]

When I(s,19) # O for the transitory slow-fast cycle (s, 79) as shown in Fig.
1.2 (b), system (2.2) has at most one periodic orbit Hausdorff close to (s, 79)
for 0 < ¢ < 1. When I(s,n9) = 0, there are at most two periodic orbits

Hausdorff close to (s, 10).

Definition 7.1
A slow-fast cycle (s, 1) is called non-degenerate, if it is not transitory and
all of its contact points (fold points) are non-degenerate. Here a transitory

slow-fast cycle is the one given in Fig.1.2 (b).
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[Theorems 2.22, 2.23 and 2.24, Proc. Roy. Soc. E. A, 2008]

If a slow-fast cycle (s, 7o) is non-degenerate as shown in Fig.7.4 (a) or (c),

then the following statements hold.

(a) IfI(s,mo) # 0, then Cycl(X. ,v(s), (0,70)) < 1. Moreover, if I(s, 1) <
0 (or > 0) then the perturbed canard cycle from (s, 7o) is stable (or
unstable).

ol

b) IfI =
(b) 1¢1(s,) = O.and =

(Sa 770) # 0, then CyCI(Xs,na ’7(5)7 (07 770)) <2

ol
(¢) IfI(s,mo) = 0 and (s,19) is a zero point of s with multiplicity m, then
s
Cycl(Xe,p,7(5), (0,m0)) <2+ m.
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[Theorems 2, Indag. Math., 2011]
When (s, 70) is a common slow-fast cycle as shown in Fig. 1.2 (d),
there is a unique hyperbolic periodic orbit Hausdorff close to (s, 1)

for sufficiently small ¢ > 0.
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Cyclicity of the small slow-fast cycle

@ Note that each small slow-fast cycle in T', is in fact a canard
point.

@ The maximal number of small limit cycles born from a canard
point under perturbation is from Hopf bifurcation.

@ For 0 < ¢ <« 1, the coexistence of two limit cycles when
system (2.2) has a unique positive equilibrium can be proved
by the canard explosion phenomenon,

@ the coexistence of Hopf cycle and relaxation oscillation or
the canard cycle without head and canard cycle with head.
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Amp 257
A |
/

N \

R 05
>h 0 2 4 6 8 10

Figure 7.5: (a) Sketch of the bifurcation diagram corresponding to the subcritical
singular Hopf bifurcation for system (2.2). Amp denotes the amplitude of the limit
cycles. hg and h, marking the beginning and the ending of canard explosion. (b)
The coexistence of a canard cycle without head and a canard cycle with head when
K =10,b = —11/10 in system (2.2).
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Proposition 7.1

Assume that (K,b,h) € S, and that the unique positive equilibrium of the
slow subsystem of system (2.2) coincides with the contact point (Xp,yn). Let
A, defined in (3.3) be positive. Then for 0 < & < 1,

(a) If h > hy(e), system (2.2) has a unique stable relaxation oscillation sur-

rounding an unstable equilibrium.

(b) If h = hyg(e), system (2.2) exhibits a subcritical singular Hopf bifurca-

tion.

(¢) If he(e) < h < hy(e), system (2.2) has two limit cycles surrounding a
stable equilibrium, where the inner cycle is unstable and the outer cycle
is stable. More precisely, the two limit cycles either are the small Hopf
cycle and the big relaxation oscillation or the canard cycle without head

and the canard cycle with head.
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@ We have a basic assumption that » > —1 in the following.

@ For system (7.1), the function &(x) defined in (7.6) along the
slow-fast cycle has the expression

F(x)
F(x)x72(1 — hox'F(x))(x2 + bx + 1)
K3 (23 + (b — K)x* + K)
(K — x)(x2 4+ bx + 1)2(Kx2 — ho(K — x)(x2 + bx + 1))’

h(x) =
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Cyclicity of the slow-fast cycle without head

@ First we discuss the cyclicity of the slow-fast cycle 7/"(s) €

e,
@ According to Lemma 7.2, we need to consider the following
SDI
Ym+s
o) = [ (b)) = o) dy, (b.K) €U, (7.9)
Y x=F~1(y)
where

@ 0(x) € (xm,xm(s))isdefinedby F(x) = F(o(x)) forx € (xi(s), xm).
e x = F~!(y) is the single-valued inverse function of y = F(x)
for x € (x(s), xm).
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@ Some calculations show that i(c(x)) — h(x) < 0in (7.9) for
(b,K) e Uand b > —1.

@ Next we discuss the slow-fast cycle v¥(s) € T¥,
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@ the SDI can be written in

Ym+$
o) = [ (o) ~hoal0))|  dy (KY€
Im x=F~'(y)
(7.10)
where
@ 01(x) € (xu($),xm) C (xm,xp) @nd oz (x) € (xpr,x,(s)) C (xp1, %)
are defined by F(x) = F(o1(x)) = F(o2(x)) for x € (x;,x:(s))-
e x = F~!(y) is the single-valued inverse function of y = F(x)
for x € (x, x(s)).
@ The similar arguments as did for (7.9) show that the slow
divergence integral is positive for (b,K) € Uand b > —1.
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Based on the above analysis, we have the following result.

Proposition 7.2
For system (2.2) with 0 < ¢ < 1, if (b,K) € U and b > —1, then the
cyclicity of the slow-fast cycles without head contained in Tt UTY is at

most one. Furthermore, the canard cycles bifurcated from the slow-fast

cycles belonging to T (resp. T'¥) are stable (resp. unstable).
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Cyclicity of the slow-fast cycle with head

@ We first study the cyclicity of the slow-fast cycle ~"(s) € I'¢.
@ According to Lemma 7.2, we need to consider the SDI

dy
x=F~1(y)

m+S
o) = [ (o (9) o)

Ym

where
@ 01(x) € (X, X (s)) C (X, xpr) @nd o2(x) € (xpr, x,(5)) C (a1, Xy)
are defined by F(x) = ( 1(x)) for x € (x(s),xn) and F(x) =
F(o2(x)) for x € (x;,x(s)).
e x = F~!(y) is the single-valued inverse function of y = F(x)
for x € (x7,xm).
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@ Some analysis shows that I(s, ) is negative for (b,K) € U
and b > —1.

@ Next, we consider the cyclicity of the slow-fast cycle ¥ (s)
contained in T'Y.
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@ According to 7.2, we need to consider the following SDI

Y=+
I(s,m0) = / (h(o2(x)) — h(x)) dy
ym . x=F710) (7.11)
[ (o)) — b () dy.
/y"’“ x=F~1(y) ’

where
@ o1(x) € (xm(s),xa) C (xm,xn) and oz (x) € (xp,x,) are defined
by F(x) = F(o1(x)) = F(oa2(x)) for x € (x,x:(s)) and F(x) =
F(oa(x)) for x € (xi(s),xn), respectively.
e x = Fl(y) is the single-valued inverse function of y = F(x)

forx € (x7,xm).

131/137
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@ Applying the same arguments as those we did for the slow-
fast cycle ~"(s), one obtains that h(o,(x)) — h(x) < 0 for
(b,K) € U and h(oy(x)) — h(oy(x)) > 0 for (b,K) € U and
b>—1.

° lingl(s,no) >0and lim I(s,n) <O.
s—>

N d (yM _YW)

@ Furthermore, for (b,K) € U and b > 1 we have

dI(S, 770)

0. 7.12
PR (7.12)
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Proposition 7.3

For system (2.2) with 0 < ¢ < 1, and (b,K) € U and b > —1, the

following statements hold.

(a) The cyclicity of the slow-fast cycles with head in I'{ is at most one.
Furthermore, any canard cycle bifurcated from a slow-fast cycle

belonging to I'¢ is stable.

(b) Inside T'¥, there exists a unique slow-fast cycle, denoted by v (s*),
whose cyclicity is at most two. All the other slow-fast cycles be-
longing to T¥ \ {yM(s*)} has cyclicity at most one. Furthermore,
any canard cycle bifurcated from v (s) € T¥ with s € (0,s*)(resp.
s € (8%, Y — Ym)) is unstable (resp. stable).
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Cyclicity of the transitory and common slow-fast cycles

(a) For the cyclicity of the transitory slow-fast cycle, after careful
calculations we realize that all the details are similar to the
cyclicity of the slow-fast cycle without head.

(b) For the cyclicity of the common slow-fast cycle in T, by using
the contraction map theorem we get that the common slow-
fast cycle can bifurcate exactly one limit cycle, which is a
relaxation oscillation.
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Theorem 7.1

For system (2.2) with 0 < ¢ < 1, and (b,K) € U and b > —1, the

following statements hold.

(a) The cyclicity of the slow-fast cycles without head in T UTY and of
the transitory slow-fast cycles in Ul is at most one. Furthermore,
the canard cycles bifurcated from the slow-fast cycles belonging to
U {(1-3)} (resp. T¥ U {(1-8)}) are stable (resp. unstable).

(b) The cyclicity of the slow-fast cycles with head in I'{ is at most one,

and the canard cycles bifurcated from the slow-fast cycles belong-

ing to I'§ are stable.
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Theorem 7.1

(¢) For the slow-fast cycles with head belonging to T'¥, there exists
a unique slow-fast cycle, denoted by v (s*), whose cyclicity is at
most two, and the cyclicity of slow-fast cycles belonging to T'¥ \
{~M(s*)} is at most one. Furthermore, the canard cycles bifurcated
from vM(s) € T¥ with s € (0,s*)(resp. s € (s*,yu — Ym)) i
unstable (resp. stable).

(d) The cyclicity of the common slow-fast cycle in I'c is one. Fur-
thermore, the unique periodic orbit bifurcated from the common
slow-fast cycle is hyperbolic and stable.

(e) If one of the two contact points is a canard point and the other is
a jump point, system (2.2) has at most two limit cycles which can
be bifurcated from slow-fast cycles.
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i

Thanks for your attention!
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