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The main goal

Systematic work on quadratic differential systems possessing an
invariant conic began towards the end of the XX-th century and
the beginning of this century.

Qin Yuan-xum, T.A.Druzhkova, C. Christopher, J. Llibre, L. Cairó,
J. Chavarriga, H. Giacomini, R.D.S. Oliveira, A.C. Rezende,
D. Schlomiuk and others.

The main motivation of our study is to obtain the full
geometry of quadratic differential systems possessing an invariant
conic and in particular an invariant ellipse.

By the geometry of such systems we mean giving all their phase
portraits as well as their bifurcation diagrams and in addition all
the information regarding invariant ellipses.
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The main goal

The first step in this direction is to determine the necessary and
sufficient conditions for a non-degenerate quadratic system to
possess an invariant ellipse in affine invariant form, i.e. independent
of the normal forms in which the system may be presented.

We achieve this in our Main Theorem which also gives us an
algorithm for deciding for any quadratic differential system whether
it possesses an invariant ellipse or not. This theorem opens the
road for determining the phase portraits of all quadratic systems
possessing an invariant ellipse as well as their bifurcation diagram,
both in affine invariant form.
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Main results

Main Theorem. Consider a non-degenerate quadratic system.

(A) The conditions γ̂1 = γ̂2 = 0 and either η < 0 or C2 = 0 are
necessary for this system to possess at least one invariant
ellipse.

Assume that the conditions γ̂1 = γ̂2 = 0 are
satisfied for this system.

(A1) If η < 0 and Ñ 6= 0, then the system could possess at most
one invariant ellipse. Moreover, the necessary and sufficient
conditions for the existence of such an ellipse are given in
Diagram 1, where we can also find the conditions for the
ellipse to be real or complex.
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Main results

(A2) If η < 0 and Ñ = 0, then the system either has no invariant
ellipse or it has an infinite family of invariant ellipses.

Moreover, the necessary and sufficient conditions for the
existence of a family of invariant ellipses are given in
Diagram 1, where we can also find the conditions for the
ellipses to be real or/and complex. In addition, this system
possesses a real invariant line and the positions of the invariant
ellipses with respect to this line are presented in Figure 1.
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Main results

(A3) If C2 = 0, then the system either has no invariant ellipse or it
has an infinite family of invariant ellipses.

Moreover, the
necessary and sufficient conditions for the existence of a
family of invariant ellipses are given in Diagram 2, where we
can also find the conditions for the ellipses to be real or/and
complex. In addition, this system possesses a real invariant
line and the positions of the invariant ellipses with respect to
this line are presented in Figure 2.
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Main results

(B) A non-degenerate quadratic system possesses an algebraic
limit cycle, which is an ellipse, if and only if γ̂1 = γ̂2 = 0,
η < 0, T3F < 0, β̂1β̂2 6= 0, and one of the following sets of
conditions is satisfied:

(B1) θ 6= 0, β̂3 6= 0, R̂1 < 0;

(B2) θ 6= 0, β̂3 = 0, γ̂3 = 0, R̂1 < 0;

(B3) θ = 0, γ̂6 = 0, R̂5 < 0.

Moreover, we see in Diagram 1 how these limit cycles are
displayed in the 12-parameter space.
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Main results

(C) The Diagrams 1 and 2 actually contain the global
“bifurcation” diagram in the 12-dimensional space of
parameters of non-degenerate systems which possess at least
one invariant ellipse.

The corresponding conditions are given
in terms of 36 invariant polynomials with respect to the group
of affine transformations and time rescaling.
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To present the diagrams and figures related to Main Theorem

(semi-algebraic)
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Proof of the statement (B) of the Main Theorem

(B): the conditions for the existence of an algebraic limit cycle,
which is an ellipse

Consider the class of quadratic systems possessing an
invariant ellipse. Then according to [Qin Yuan-Xun: Chin. Math.
Acta 8, 608 (1996)], via an affine change and time rescaling, they
could be brought to the canonical systems

ẋ = 1− cy − x2 − axy − (b + 1)y2, ẏ = x(c + ax + by). (1)

These systems possess the invariant conic

Φ(x , y) = x2 + y2 − 1 = 0.
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Proof of the statement (B) of the Main Theorem

According to [J. Llibre, G. S̀wirszcz: Bull. Sci. Math. 131(2007)],
this conic is a limit cycle if and only if

a2 + b2 < c2, a 6= 0. (2)

For systems (1), we calculate

T3F = a2c2(a2 + b2 − c2)
[
a2 + (b − 2)2

]2
/8,

and, since from the conditions (2) we have ac 6= 0, the following
lemma is valid. T3F for R12 - gepm. meaning

Lemma

If a quadratic system possesses an invariant ellipse, then this ellipse
is a limit cycle of the system if and only if T3F < 0.
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Proof of the statement (B) of the Main Theorem

Application of the Diagrams 1 and 2 given in Main Theorem:

for
systems (1) satisfying the conditions (2) we obtain:

γ̂1 = γ̂2 = 0, η < 0, C2Ñ 6= 0 and β̂1β̂2 6= 0 ⇒

Theorem

A quadratic system possesses an algebraic limit cycle of degree 2 if
and only if η < 0, T3F < 0, β̂1β̂2 6= 0, γ̂1 = γ̂2 = 0 and one of the
following sets of conditions is satisfied:

(i) θ 6= 0, β̂3 6= 0, R̂1 < 0; (a = −1, b = −5, c = −6);

(ii) θ 6= 0, β̂3 = γ̂3 =0, R̂1<0; (a = −3/4, b = −(10 + 3
√

3 )/4, c = −8);

(iii) θ = 0, γ̂6 = 0, R̂5 < 0; (a = −1/4, b = −(2 +
√

3 )/4, c = −2).
(about the construction of invariant polynomials)
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γ̂1 = γ̂2 = 0, η < 0, C2Ñ 6= 0 and β̂1β̂2 6= 0 ⇒

Theorem

A quadratic system possesses an algebraic limit cycle of degree 2 if
and only if η < 0, T3F < 0, β̂1β̂2 6= 0, γ̂1 = γ̂2 = 0 and one of the
following sets of conditions is satisfied:

(i) θ 6= 0, β̂3 6= 0, R̂1 < 0; (a = −1, b = −5, c = −6);

(ii) θ 6= 0, β̂3 = γ̂3 =0, R̂1<0; (a = −3/4, b = −(10 + 3
√

3 )/4, c = −8);

(iii) θ = 0, γ̂6 = 0, R̂5 < 0; (a = −1/4, b = −(2 +
√

3 )/4, c = −2).
(about the construction of invariant polynomials)

Nicolae Vulpe Quadratic systems possessing invariant ellipses



Proof of the statement (B) of the Main Theorem

Application of the Diagrams 1 and 2 given in Main Theorem: for
systems (1) satisfying the conditions (2) we obtain:

γ̂1 = γ̂2 = 0, η < 0, C2Ñ 6= 0 and β̂1β̂2 6= 0 ⇒
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following sets of conditions is satisfied:

(i) θ 6= 0, β̂3 6= 0, R̂1 < 0; (a = −1, b = −5, c = −6);

(ii) θ 6= 0, β̂3 = γ̂3 =0, R̂1<0; (a = −3/4, b = −(10 + 3
√

3 )/4, c = −8);

(iii) θ = 0, γ̂6 = 0, R̂5 < 0; (a = −1/4, b = −(2 +
√

3 )/4, c = −2).

(about the construction of invariant polynomials)
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Proof of the statement (B) of the Main Theorem

Application of the Diagrams 1 and 2 given in Main Theorem: for
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√

3 )/4, c = −2).
(about the construction of invariant polynomials)
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Thanks a lot for your attention!
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Diagram 1: The existence of invariant ellipses: QS with one real

and two complex infinite singularities.

1



Diagram 1 (cont.): The existence of invariant ellipses: QS with one real

and two complex infinite singularities.

ẋ = 2xy, ẏ = b− x2 + y2. (1)

Φ(x, y) = b + qx + x2 + y2 = 0, (2)

Figure 1: The family (2) of invariant ellipses of systems (1).
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Diagram 2: The existence of invariant ellipses: QS with infinite line

filled up with singularities.

ẋ = a + y + x2, ẏ = xy, (3)

Φ̃(x, y) = a + 2y + x2 + m2y2 = 0. (4)

Figure 2: The family (4) of invariant ellipses of systems (3).
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