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General setting: separatrices

X is an analytic v. f. on a nbhd U of 0 € R", X(0) = 0.

Separatrix (analytic or formal, real or complex)

{ real (or complex) analytic curve: I'g(or '¢)

formal real (or complex) curve: I'g(or 'c)
invariant for X.

} which is
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General setting: characteristic orbits
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General setting: characteristic orbits

X is an analytic v. f. on a nbhd U of 0 € R", X(0) =0

Characteristic orbit

An integral curve (trajectory) v : [0, co[— U of X (its image)
such that lim;_,., v(t) = 0 and

v(t)

exists
t=oo [|y(1)]|
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Dimension n=2
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Dimension n=2

@ Camacho and Sad’s Theorem, 1982: There is always I'c.
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Dimension n=2

@ Camacho and Sad’s Theorem, 1982: There is always I'c.
@ There are examples with no I'g or INg:

7
N

Center Focus
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Dimension n=2

@ Camacho and Sad’s Theorem, 1982: There is always I'c.

@ There are examples with no 'y or FR:

(f;

-/
~

N

7/

Center Focus

@ There are examples with 'z, none convergent. Example

(modified from Risler, 2001):

0 0
(2 4
X=(y"+x )—+A(x,y)—ay.

ox
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Dimension n=2

@ Camacho and Sad’s Theorem, 1982: There is always I'c.
@ There are examples with no I'g or INg:

_

@)
N

Center Focus

@ There are examples with FR, none convergent. Example
(modified from Risler, 2001):

0 )
X =02+ xﬂa + A(x,y)@.

@ There are also examples with characteristic orbits without
'z (Corral-Sanz, 2011).
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Dimension n = 2. Indices and separatrices
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Dimension n = 2. Indices and separatrices

Result.- If the Poincaré index is Ip(X) = 0 then there exists Tk.
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Dimension n = 2. Indices and separatrices

Result.- If the Poincaré index is Ip(X) = 0 then there exists Tk.
Sketch.-

@ If X is of the type center-focus then Ip(X) = 1.

@ If X has characteristic orbits, it follows from Bendixson’s

Formula
e—h

b(X) =1+

Hyperbolic
Hyperboﬁ

Parabolic

Eliptic
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Dimension n=3
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Dimension n=3

@ There are examples with no Tc (Gomez-Mont and Luengo,
1992).
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Dimension n=3

@ There are examples with no Tc (Gomez-Mont and Luengo,
1992).

@ There are examples with 'z, none convergent.
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Dimension n=3

@ There are examples with no Tc (Gomez-Mont and Luengo,
1992).

@ There are examples with 'z, none convergent.

@ Brunella’s Theorem, 1998: If Sing(X) = {0}, there always
exists a characteristic orbit.
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General dimension n
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General dimension n

Moussu’s Theorem, 1997: If X = Vf is the gradient of an
analytic function f : (R"”,0) — R then X has .
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Main result
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Main result

Theorem (Mol-S, 2018).-

Let X be a real analytic vector field at (R3,0). If X has a
non-constant analytic first integral f (i.e. df(X) = 0) then X has
alg.

Fernando Sanz Sanchez Universidad de Valladolid (joint woi  Vector fields and separatrices



Main result

Theorem (Mol-S, 2018).-

Let X be a real analytic vector field at (R3,0). If X has a
non-constant analytic first integral f (i.e. df(X) = 0) then X has
alg.

Fernando Sanz Sanchez Universidad de Valladolid (joint woi  Vector fields and separatrices



Main result

Theorem (Mol-S, 2018).-

Let X be a real analytic vector field at (R3,0). If X has a
non-constant analytic first integral f (i.e. df(X) = 0) then X has
alg.

Related results of vector fields tangent to a foliation (a flag of
foliations).

@ Lins Neto-Cerveau, 2017 If X is holomorphic at (C3,0)
and tangent to a (singular) codimension 1 foliation (i.e.
w(X) = 0 for some integrable 1-form w) then X has a l'c.
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Main result

Theorem (Mol-S, 2018).-

Let X be a real analytic vector field at (R3,0). If X has a
non-constant analytic first integral f (i.e. df(X) = 0) then X has
alg.

Related results of vector fields tangent to a foliation (a flag of
foliations).

@ Lins Neto-Cerveau, 2017 If X is holomorphic at (C3,0)
and tangent to a (singular) codimension 1 foliation (i.e.
w(X) = 0 for some integrable 1-form w) then X has a l'c.

@ Cano and Roche, 2014: If X is analytic at (K2, 0) and
tangent to a foliation then it admits a reduction of
singularities by blow-ups.
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Examples

About convergence of the formal separatrix

Include Risler's example in a family of planar vector fields

0 0
X=(2+x*+ zz)a + A(x,y)a.

As a vector field at (R3,0), it has a first integral f = z but no real
analytic separatrix.
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Examples

About convergence of the formal separatrix

Include Risler's example in a family of planar vector fields

0 0
X =2+ x4+zz)8—x + A(X,y)a—y.

As a vector field at (R3,0), it has a first integral f = z but no real
analytic separatrix.
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Examples

About convergence of the formal separatrix

Include Risler's example in a family of planar vector fields

0 0
X =2+ x4+22)8—x + A(X,y)a—y.

As a vector field at (R3,0), it has a first integral f = z but no real
analytic separatrix.

The result is only valid in dimension three:

@ If n=2mis even, consider a polycenter
X =Xi+ -+ Xm, where X; = —y;0x + X0y,
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Examples

About convergence of the formal separatrix

Include Risler's example in a family of planar vector fields

0 0
X =2+ x4+zz)8—x + A(x,y)a—y.

As a vector field at (R3,0), it has a first integral f = z but no real
analytic separatrix.

The result is only valid in dimension three:
@ If n=2mis even, consider a polycenter
X =Xi+ -+ Xm, where X; = —y;0x + X0y,

@ Ifn=2m+1 > 5is odd, consider
X=X +---+ Xn_1+ Y,where X;is a center and Y'is
Gomez-Mont and Luengo’s example.
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|deas of the proof. Structure of the levels of f
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|deas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~'(0).
@ By Brunella’s Theorem, Z # {0} (invariant by X).
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|deas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~1(0).
@ By Brunella’s Theorem, Z # {0} (invariant by X).
@ Since Sing(df) is invariant by X, if dim(Sing(df)) > 1 we
are done.
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|deas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~'(0).
@ By Brunella’s Theorem, Z # {0} (invariant by X).
@ Since Sing(df) is invariant by X, if dim(Sing(df)) > 1 we
are done.
@ Assume f has isolated singularity. Then
Z\{0} =LiulouU---L;, where L;is a connected
non-singular immersed analytic surface.
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|deas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~1(0).

@ By Brunella’s Theorem, Z # {0} (invariant by X).

@ Since Sing(df) is invariant by X, if dim(Sing(df)) > 1 we
are done.

@ Assume f has isolated singularity. Then
Z\{0} =LiulouU---L;, where L;is a connected
non-singular immersed analytic surface.

@ Put C; = Lj N S the link of L;.
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|deas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~'(0).

@ By Brunella’s Theorem, Z # {0} (invariant by X).

@ Since Sing(df) is invariant by X, if dim(Sing(df)) > 1 we
are done.

@ Assume f has isolated singularity. Then
Z\{0} =LiulouU---L;, where L;is a connected
non-singular immersed analytic surface.

@ Put C; = LN S the link of L;.

@ By the Conic Structure, L; = L; U {0} is a cone over C; with
vertex at 0.
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Ideas of the proof. Structure of the levels of f

Assume f(0) = 0 and put Z = f~'(0).

@ By Brunella’s Theorem, Z # {0} (invariant by X).

@ Since Sing(df) is invariant by X, if dim(Sing(df)) > 1 we
are done.

@ Assume f has isolated singularity. Then
Z\{0} =LiulouU---L;, where L;is a connected
non-singular immersed analytic surface.

@ Put C; = LN S the link of L;.

@ By the Conic Structure, L; = L; U {0} is a cone over C; with
vertex at 0.
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Ideas the proof. Restricted index

Fernando Sanz Sanchez Universidad de Valladolid (joint woi  Vector fields and separatrices



Ideas the proof. Restricted index

We define IC].(X), the index of X along C; by considering the
two-dimensional restriction X]|,.
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Ideas the proof. Restricted index

We define IC].(X), the index of X along C; by considering the
two-dimensional restriction X]|,.
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Ideas of the proof. Generalizing Bendixson’s formula
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Ideas of the proof. Generalizing Bendixson’s formula

Lemma.- If /¢,(X) = 0 then there exists an invariant T inside
L.
]
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Ideas of the proof. Generalizing Bendixson’s formula

Lemma.- If /¢,(X) = 0 then there exists an invariant T inside
L;.

The proof uses the same argument of existence of sectors and
Bendixson’s formula inside L;, using that (L;,0) ~ (R2,0).

By a process of reduction of singularities of L;, together with a
reduction of singularities of the foliation generated by X|,,, we
have the situation: ~

Saddle
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|deas of the proof. Simply connected levels
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|deas of the proof. Simply connected levels

Proposition

There exists some L, and a nbhd basis /3 of 0 € R® such that
for every U € 3 there are simply connected fibers of f|y
arbitrarily closed to L;, N U.
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|deas of the proof. Simply connected levels

Proposition

There exists some L, and a nbhd basis /3 of 0 € R® such that
for every U € 3 there are simply connected fibers of f|y
arbitrarily closed to L;, N U.
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|deas of the proof. Simply connected levels

Proposition

There exists some L, and a nbhd basis /3 of 0 € R® such that
for every U € 3 there are simply connected fibers of f|y
arbitrarily closed to L;, N U.

End of the proof.- We finish by showing that /c,O(X) =0 for
such jp (by “pushing” the vector field X\LI.O near Cj, to a nearby
simply connected fiber).
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Proof of the proposition

After an embedded resolution of singularities 7 : M — RS of the
function f (with real oriented blow-ups), we have the situation
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