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Motivation: Dulac map and time as building block

Qualitative behavior (bifurcation) of the period function of a
center at the outer boundary of its period annulus (polycycle).

line at infinity (polar set)

Difficulty: The regularity of the period function drops out at the
polycycle.
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Tool: Asymptotic expansion of the period function at the polycycle,
uniform with respect to parameters.
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Dulac map and time of families of hyperbolic saddles

Building block in hyperbolic monodromic polycycles:

1

men

0 0
Xy = <Pu(><,y)xax + Qu(xvy)yay> ;A= — P.(0,0) >0,

FLP: X, is locally orbitally linearizable (< Darboux integrable).



(L, K)-Flatness condition

Definition: If W  RN*1is an open neighborhood of {0} x U
and f: W N ((0,4+00) x U) — Ris of class ¥ we say that
f(s;p) € FF (o) if Yv = (vo, 11, .., uw) € ZV, | < K,
AV 3 pg, 3C, sp > 0 such that Vi € V and Vs € (0, sp)

0" f(s; )| < Cst,

where 0V = 900t -+ O and |v| =vo + 11+ vp.
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(L, K)-Flatness condition

Definition: If W  RN*1is an open neighborhood of {0} x U
and f: W N ((0,4+00) x U) — Ris of class ¥ we say that
f(s;p) € FF (o) if Yv = (vo, 11, .., uw) € ZV, | < K,
AV 3 pg, 3C, sp > 0 such that Vi € V and Vs € (0, sp)

|07F(s; )| < Cs*,
where 0¥ = 85”08511 e (95’,‘\’/ and [v|=vp+uv1-- +vp.
Remark: s* o st = s* is (AL, 00)-flat.

Lemma: If L > K every f € Ff(uo) extends to a € function f
in a neighborhood of (0, 10) such that 9”f(0; i) = 0 for |v| < K.

Lemma: If L > L and f € FK(uo) then f € stZx (o), ie.
for every n < K there is a neighborhood V' 5 pg such that
P"(f(s; p)/st) — 0 as s — 0 uniformly on 1 € V, where
9 = s0s is the Euler operator. (Zx are the Mourtada’s classes.)



Unifom asymptotic expansion (in the FLP case)

Theorem: For every g € U there exist a neighborhood V' > pg
and polynomials Dj;, T € €°°(V)[w] such that VL € R

D(sip)=s* > s"D;(w;p) + F°(1o),
0<i+Xoj<L

T(sip) =mo(p)logs+ > s Ty(w;p)+ F°(o),
0<i+Agj<L

where A\g = A(po)-
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1 _
dx  s—alw) —1
: — —afp) 27 =p—

w(s; a = X = , alp)=p—XAug.
(si a(p)) /S . ) (1) (1)
Moreover deg Djj = deg T;; = 0 if A\g ¢ Aj; C Qs discrete subset
and 79 = 0 except for (m, n) = (0, 0).



Unifom asymptotic expansion (in the FLP case)

Theorem: For every g € U there exist a neighborhood V' > pg
and polynomials Dj;, T € €°°(V)[w] such that VL € R

D(sip)=s" »  sVDy(wip) + Fi (o),
0<i+Xoj<L

T(sip) =7o(u)logs+ > N Ty(w;p) + Fi° (o),
0<i+Agj<L

where A\g = A(po). If Ao = p/q then w is the Ecalle-Roussarie
compensator (deformation of the logarithm —Ins = w(s; 0)):

1 i  g—olm)
w(s a(n)) = / L Rt VYN S V7 )

X a(p)

Moreover deg Djj = deg T;; = 0 if A\g ¢ Aj; C Qs discrete subset
and 79 = 0 except for (m, n) = (0, 0).
Work in progress: elimination of the FLP hypothesis.



Formulae for the first coefficients of the Dulac time
Assume m =0, n > 0 and define oj; = a,(j)(O) T = T(J)(O)

0 xn-1 ~Q(0,0)
Q0™ AT T R0,0)

e [ (quy 1)
M(u)= exp /Ou <C,EQ>E:8)) + )\> %

» If A\ >1/nthen T(s) = Too+ Ti0s + sZ1 with

TlO _ 021050_1 0110%)\ /020 31Q(O,y)L(y) dy
Q(O, 020) L(O’20) Q(O7 y)2 yl/)\—n+1

» If \ < 1/nthen T(s) = Too + Tons" + s*"T; with

Too=

o275 nQ(0,0) P(x,0) P(0,0)) x*nt1



Formulae for the first coefficients of the Dulac time
Assume m =0, n > 0 and define oj; = a,(j)(O) T = T(J)(O)

Theorem (Mardesi¢-M.-Villadelprat, 2003)
> If A > 1/” then T(S) = Too + T10S + sZ1 with

Tio = —

021050_1 N 0110%/\ /azo 91Q(0, y)L(y) dy
Q(0,020)  L(o20) Jo Q0,y)2  yl/A-nt

» If \ < 1/nthen T(s) = Too + Tons" + s*"T; with

a5 nQ(0,0) P(x,0)  P(0,0)) x 1

> If A~ L then T(s) = Too + s[Tioo + Tro1w(s; 1 — An)] + sTy
with T101 = (1 — An) T, and Ti00 = T10 + Ton extending to
A=1.
n



Modifying Mellin transform

Mellin transform: f(x) — {#f}(a) = [;° x*f(x
Example 0: The Gamma function

{ (e )} a) if a>0
N R CR ) if o€ (—1,0)
(@) =9 {#(e™—(1-x)}Ha) if ac(-2-1)

r 0
Definition-Proposition: If Tjf(x) = Z f )x' and ¢ Z_ then

=0

2 ) f0(0)
' (i + )

oo /O () — TEF(0x e

-~.

does not depend on k > —a.



Modifying Mellin transform

Mellin transform: f(x) = {#f}(a) = [;° x*f(x)Z.
Example 0: The Gamma function
{4 (e7)}a) if a>0
{ (e —1)}a) if ae(-1,0)
M) =9 {#(e™ -1 -x)}(a) if ae(-2-1)
Definition-Proposition: If T§f(x) = 3> 29 i and a ¢ Z_ then
i=0
k=1 .(;
. Fo) . . [ k-1 a-1
fo(u1) ;zg M) +u i [F(x) — Te& 1 (x)]x* tdx

does not depend on k > —a. In particular,
u
fo(u) = u“/ f(x)x* tdx for > 0.
0

Remark: lim (i + a)fy(u) = %u" residue at pole a = —i € Z_.
a——I :



Modifying Mellin transform

Mellin transform: f(x) = {#f}(a) = [;° x*f(x)Z.
Example 0: The Gamma function

(4 (e )} a) if a>0

{ (e — 1)} ) if ae(-1,0)

Ma) =90 {#(e*—(1-x)}Ha) if ae(-2-1)

Definition-Proposition: If T{f(x) = Z f(i)(o)x" and o ¢ Z_ then

i=
k—1

A M)
folu) == Z ,Ii, o) / [F(x) = To M F(x)]x* P

does not depend on k> —a.
Example 1: If f(x; b,c) = (1 + cx?)P and b < —% then

o

c 2 o o
Jim (b o) = =B (3, -6 5),

where B(a, b) = rr(agr(b) is the Euler Beta function.




Modifying Mellin transform

Mellin transform: f(x) = {#f}(a) = [;° x*f(x)Z.
Example 0: The Gamma function

(4 (e )} a) if a>0

{ (e — 1)} ) if ae(-1,0)

Ma) =90 {#(e*—(1-x)}Ha) if ae(-2-1)

Definition-Proposition: If T{f(x) = Z f(i)(o)x" and o ¢ Z_ then
i=
k—1

A M)
folu) == Z ,Ii, o) / [F(x) = To M F(x)]x* P

does not depend on k> —a.
Example 2: If f(x;a,¢;d) = (1 — dx)™?(1 — x), ¢ > 0 and
d < 1 then

lim fo(u;a,c;d) = B, c)2Fi(a, o ¢ + o d),

u—1—

where 2F1(a, b; ¢; d) is the hypergeometric Gauss function.



Formulae for the first coefficients of the Dulac time
Define A(u) = L(u)01Q~(0,u), B(u) = L(u)0; (g(O, u))
Cu) = L3(u)33Q7H(0,u) + 2A(u)B_1/z(u), D(u) = £ris),

Ef]u) = M(u)f)g(%(u,O)), F(u) = nD(u)E_x(u) + M™1(u)02P~1(u,0).
Then

_1 n o0
02107, 011050 ~ 1
Ti0 = — — A _ for \ & A =
10 Q0.020)  L(ow) " 1/x(020) for A ¢ Aqg {n+i},:0

T10L(020)

An .\ 00
TOn = 0'50 <U11> D,,\n(Tlo) fOI’ A ¢ AOn = {I}



Formulae for the first coefficients of the Dulac time
Define A(u) = L(u)01 Q@ (0, u), B(u) = L(u)0; (g(O, u))
C(u) = L2(u)2Q1(0, u) + 2A(u)B_1/x(u), D(v) = prre).

-ﬁ]U) = M(u)é)g(%(u, 0)), F(u) = nD(u)E_x(u) + M"Y (1)3,P~2(u,0).

_1 n o0
02107, 011050 ~ 1
Ti0 = — — A _ for \ & A =
10 Q0.020)  L(ow) " 1/x(020) for A ¢ Aqg {n+i},:0

An .\ 00
TOn = 0'50 <UH> D,,\n(Tlo) fOI’ A ¢ AOn = {I}

T10L(020) nJ)i—
and
A(n+1) /\/I"+1(T ) ~
T — 4n+l o11 M \710). F_
[o@)

for A ¢ A07n+1 = {#.l}i—l-



Formulae for the first coefficients of the Dulac time
Define A(u) = L(u)01 Q@ (0, u), B(u) = L(u)0; (%(0, u))
C(u) = L2(u)2Q1(0, u) + 2A(u)B_1/x(u), D(v) = prre).

-ﬁ]U) = M(u)é)g(%(u, 0)), F(u) = nD(u)E_x(u) + M"Y (1)3,P~2(u,0).

-1 )
02105 011020 1

Tio = — A for A ¢ Agg =

10 Q0.029)  L(om) ™ 1/x(020) for A ¢ Ajo = {n+i}. i

An .\ 00
TOn = 0'50 <U11> D,,\n(Tlo) fOI’ A ¢ AOn = {I}

T10L(020) nJ)i—
and
A(n+1) /\/I"+1(T ) ~
T n+1 011 7—11—10 F_
One1 = 0 <T10L(020) 710721 P(710, 0) se1)(710)

. o0
for A\ ¢ Ao py1 = {ﬁ} . There is a longer explicit expression
1=

, B_1 and C 2 valid for A\ ¢ Ayp = {-2-

for Typ involving An_% o

>



Period function criticality of quadratic Loud centers

x=—y+xy, y=x+Dx>+ Fy?

r

\

\\ F=-D
\

Tz
3/2

T'y

1/2

-2 -3/2 ~1/2 N D
N
N

L(ofm_) ={y=ax+ 0}



Period function criticality of quadratic Loud centers
x=—y+xy, y=x+Dx>+ Fy?

F

N
N F=-D
N
N

Tz
3/2

1/2

—2  -3/2 ~1/2 N i
\

L = {y = ax + 3}

In Tg \ {D(F + D)(F = 3)(F — 3) = 0} U{(~3,3),(~3.2)}
we have criticality 1 and criticality 2 in [g N {F = %}« Explicit
expressions of Tj; in terms of Gamma and hypergeometric functions.



Explicit expressions of the coefficients for Loud centers

For yu= (D, F) € (~1,0) x [(0,1)\ {1/2}], A = £ and

s r-%
Too(pt) = 2D To1(p) = Pl(#)r((é)),

1
Tuo(k) = pa(12)(2D + 1) =353,
Taol10) = p3(10) F—t) + pa()(2D + 1).

where p;(p) are analytic functions which are positive por i = 1,2, 3.




Explicit expressions of the coefficients for Loud centers
For ;1 = (D, F) € (—1,0) x [(0,1)\ {1/2}], A = £+ and

us r,A
Too(1) NG To1(p) = 1(N)r((1 QA))
1
Tao(k) = pa(u)(2D + 1) 34,
Taol10) = p3(10) F—t) + pa()(2D + 1).

For p=(D,F) € {F+D>0,D <0,F >1}, A= 57— and the
outer boundary of the period annulus is contained in the Rine at
infinity and an invariant hyperbola % = (a(p)x® + b(u)x + c(p))
meeting the axis {y = 0} at the points (p1,0), (p2,0) with p1 < ps.



Explicit expressions of the coefficients for Loud centers

For u= (D, F) € (—1,0) x [(0,1) \ {1/2}], A = F and
Toolw) = 5 7prsyy Torl) = Pl(M)rr((;)y
Tio(1) = p2()(2D + 3=,

Taol10) = p3(10) F—t) + pa()(2D + 1).

Foru:(D,F)E{F+D>07D<OaF>1}v)‘:ﬁand
2 3._1.1-
Too(k) ﬁzﬁ(l,—j,—@ 17;23)’

Tor(p) =p1(0)B (=X, %),

Tio(w) =p2(n)B (1= 3, -3) oA (-1- 1 -5 3 - 1 E2)
Tao(p) =p3(1)B (1*%7*%)2/:1 *%* ,*%:*%*%1;‘3)

+ pa(e) Tro(1)-



Thanks for your attention!



