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‘ Abstract |

Quasi-homogeneous systems, and in particular those 3-
dimensional, are currently a thriving line of research. But
a method for obtaining all fields of this class is not yet avail-
able. The weight vectors of a quasi-homogeneous system
are grouped into families. We found that the maximal three-
dimensional quasi-homogeneous systems have the prop-
erty of having only one family with minimum weight vector.
This minimum vector is unique to the system, thus acting
as identification code. We develop an algorithm that pro-
vides all normal forms of maximal three-dimensional quasi-
homogeneous systems for a given degree. All other three-
dimensional quasi-homogeneous systems can be trivially
deduced from these maximal systems. We also list all
the systems of this type of degree 2 using the algorithm.
With this algorithm we make available to the researchers all
three-dimensional quasi-homogeneous systems.

‘ Introduction |

A polynomial differential system

y:Q<x7y7Z>7 ZZR('CC?y?Z)?

where P, Q R € Clz,y, 2|, is said QUASI-HOMOGENEOUS
(QH) if exist positive integers si, s9, s3, d verifying that for
any o € RT,

T = Plx,y, 2),

St p(gy, 2),

Q(a®iz, a2y, a®z) = a*2T71Q(x, y, 2),

R(a™x, o™y, a®z) = 0453+d_1R(x, Y, 2).

P(a™z, 0™y, a®z) = «

In this case, v = (s1, s9, s3,d) is denominated WEIGHT VEC-
TOR of the system.

The degree of the system is n = max{deg(P), deg(Q), deg(R)}.

A QH system is called MAXIMAL if any new monomial added
to its structure maintaining the degree of the system pre-
vents it to be QH.

Every QH system is either maximal or contained within a
maximal. Thus, knowing the maximal set we control the
whole QH systems.

The goal of our algorithm is to provide all the maximal QH
systems of a given degree.

‘ Weight vectors |

Definition 1 A weight vector w,, Is the MINIMUM WEIGHT
VECTOR of the system if for any other weight vector w it Is
verified that w,, < w.

The weight vectors of a QH system form groups:

Definition 2 The WEIGHT VECTOR FAMILY Fg (A, u) with ra-
tio (X, 1) is defined as
S1

Fg (A, ) = {(51, 9, 53, d) weight vector : — = X and o ,u}
S2 S3

Figure 1: Arrangement of families in an example of a plane
QH system.

Maximal systems have a single family of weight vectors,
and in addition, fixed a degree, the families of two systems
are disjoint. As a consequence, fixed a degree, w,,, always
exists and is a unique identifier of the maximal system.
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‘ Bricks |

Given a maximal QH system of degree n, 1 < k < n,

ri,x0 € {0,1,....k — 1}, 0 < 21 + 29 < k — 1, the follow-

Ing statements are equivalents:

1. Monomial axﬁl)xz’k_xl_@_1a:x1+1yx2zk_x1_$2_1 IS 1IN
component P.

2. Monomial by, v, i1 kg, 12y E TR TTITRTL g in
component Q).

3. Monomial ¢, v, ks, @ y?22" 41722 is in component
R.

Definition 3 A BRICK /s one of these sets of linked mono-
mials of the same degree k, which are the simplest con-
stituent elements of any maximal QH system. We denote
by |z, xo; k| the brick associated with the previous monomi-
als.

As an example, the following QH system is built of five
bricks with degrees running from 2 to 3:

r = |+txyz +y3 +1
Yy = +y2z 2 +xy
o=ty trz | 4P

Brick: [0,1;3] |[1,—1;3] |[=1,3:3] |[1,0:2] |[0,2:2]

Definition 4 We denote by B, the set of bricks of degree k,
By = {[z1, 20: k] : w129 € Z, <z, w0, 21 + 29 < K}

[-1,3;3] [0,3;3]
®

[-1,2:3] [0,2;3]
& @

[-1,1;3] [0,1;3] [1,1;3]
O L ] @

[-1,0:3] [0,0;3] [1,0:3] [2,0;3] [3,0;3]
® ® ®

[0,-1;3] [1,-1;3] [2,-1;3] [3,-1;3]
@ @ @

Figure 2: Bs, the set of bricks of degree 3.

‘ Compatibility |

Not any subset of bricks can be part of a QH system. This
IS determined by its compatibility.

Definition 5 COMPATIBLE bricks are those that can coexist
in a QH system, and INCOMPATIBLE those that cannot do
So under any circumstances.

The compatibility of two bricks is totally determined by the
following results, according to the two bricks are of the
same degree or not:

e The bricks |x1,z9; k] and |y;, yo; p| are compatible if and
onlyif Yy >0,orY;+Y>>0,beingy, =y, —x;,2=1,2.
e Two different bricks [z, xo; k| and |y, yo; k| are compatible
ifand only if Y; =0, or —=Y5/Y] > 1, being Y; = y; — x; for

i=1,2.

[-1,3:3]

[0,2;2] [-1,2;3]
@

[0,1;

[-1,1;3]
L ® L

[1,0;1] [0,0;2]

[-1,0;3] [[0,0;3]
L o @ | ®

[1,-1:1] [0,-1:2] [1,-1:2] [0,-1:3] [1,-1:3]
® ® ®

Figure 3: The brick [0,1;2] and their compatibles in By, Bo
and B3 (marked in red).

‘ Seeds |

A maximal system always has at least a set of three bricks
from which the rest of the system is totally determined. We
call SEEDS to these special sets of three bricks, which en-
code all the algebraic information of their system by them-
selves.

Theorem 1 The bricks [x1,z9;n|, |y1,y2;m| and [z, zo; k]
form a seed of some n-degree maximal QH system if and
only if the following three conditions hold:

o115 <0 and ‘Tl‘ < ‘TQ‘,
Y1 Yo
171 15
Gl —Yoly  woly — a1y

(n—m)Tp = (n—1)T "
where Y, =y; —x;, T; =(k—m)x; + (n —k)y; + (m —n) z;,
for: =1, 2.
Theorem 2 If the bricks |[x1,x9;n|, |y1,yo;m| and |z, zo; k]

form a seed of an n-degree maximal inhomogeneous QH
system S, then

e The brick [ti,ty;l] with1 < < n, belongs to the system S
ifand only if T' Ry = TH R

e The minimum weight vector of S Is w;,, =

S1 S9 83 d
|
(G’G’G’G+ )

where
Y, = y; — a;, fori = 1,2,
Ti=(k—m)xi+(n—k)y;+(m—n)z, fori=1,2,
Ri=(l-m)z;+(n—1y +(m—n)t;, fori=1,2,
s1= |Y1"To — YoTi| + (n —m) [ T3],
so = [Y1Ty — YT | + (n —m) [T1],
s3 = Y115 — Yo,
d=(n—1 V1T —YoT1| +6 (n—m) (x1Th — 22T},
0 = sgn (1h),
G = ged (s1, S, S3) .

‘ The Algorithm |

To find all QH systems of degree n, our algorithm follows
the following sequence:

1. Find all possible seeds for systems of degree n (Th 1).
2. Build the system corresponding to each seed (Th 2).

3. Use w,;, (unique identifier) to avoid repetition of systems
that are born from two different seeds.

The algorithm is provided in pseudocode and consists of a
main body plus four functions.

OTQ > 0,

(k+1)ik+6)
N «— e

T «— % +2n% + %n

Aux < empty matrix of 4 columns

create ordered list of bricks {B;}_,, where B; =[x}, x}; k']

fori < 1to N do

for j< N+1toT do

if ARECOMPAT(B;, B;) then

forp<—i+1toj—1do

if ARECOMPAT(B;, Bp) and ARECOMPAT(Bp, B ;) then
if ARESEED(B;, Bj, B ) then

0 =1 & U b Wk e

p—
-0 B

Wy, < CALCULATEWM(B;, B, B))
if wy,, is not a row of Aux then
add wy,;, as a new row of Aux
forq< 1toT do

if 1SBRICKINSYSTEM(W;;;, Bg) then
L | add By to system S

o
=2 B SR FL I

(=1
~]

output system S

Figure 4: Main body of the Algorithm.
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