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The objectives

It is well known the classical result that if a 2—dimensional
differential system

— =X =Xi(x, ) =X, = =X = Xo(X1, X2) = X,

has an integrating factor J = J(x1, x2), then doing the change in
the independent variable t — 7 given by

dr = Jdt,
this differential can be written as
dX1_X1,: 18/‘/_ ng_X,:'laH

sl S X e o

ar J 0xo 1 ar J 0xq 2
for a convenient function H = H(x4, x2), being H a first integral
of the system.
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The objectives

The two main objectives of this talk are:
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The objectives

The two main objectives of this talk are:

1) The extension of the previous classical result for
2—dimensional differential systems to complete integrable
N—dimensional differential systems in different directions, using
as the main tool the Nambu bracket.
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The objectives

The two main objectives of this talk are:

1) The extension of the previous classical result for
2—dimensional differential systems to complete integrable
N—dimensional differential systems in different directions, using
as the main tool the Nambu bracket.

2) These new results on the complete integrable systems in
dimension N using the Nambu bracket allows to do some
interesting applications.
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Preliminary results on completely integrable vector fields

In the rest of this talk we will work with the N—dimensional
differential system

X = Xj(xq,...,xn), for j=1,... N,

or with its associated vector field
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Preliminary results on completely integrable vector fields

Let V C U be an open subset. Here a first integral of a vector
field X defined in U is a C' non—locally constant function

H : V — R such that it is constant on the solutions

(x1(t), ..., xn(t)) of the vector field X’ contained in V,
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Preliminary results on completely integrable vector fields

Let V C U be an open subset. Here a first integral of a vector
field X defined in U is a C' non—locally constant function

H : V — R such that it is constant on the solutions

(x1(t), ..., xn(t)) of the vector field X’ contained in V,

. OH oOH OH
H=—Xi+—Xo+...+ — Xy = in V.
8X1 1 0x2 2+ * aXN N 0 in
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Preliminary results on completely integrable vector fields

For an N—dimensional differential systems the existence of
N — 1 independent first integrals Hy, ..., Hy_1 means that the
system is completely integrable,
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Preliminary results on completely integrable vector fields

For an N—dimensional differential systems the existence of
N — 1 independent first integrals Hy, ..., Hy_1 means that the
system is completely integrable,

i.e. the orbits of the vector field X are contained in the curves
{H1 :h1}ﬂ{H2:h2}ﬂ...ﬂ{HN_1 :hN_1}

where hy, ho... hy_q vary in R.
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Preliminary results on completely integrable vector fields

IfH :V, — Rforr=1,..., K are K first integrals of the
vector field X', we say that they are independent in

V:=Vin Von...n Vg, if their gradients are independent in all
the points of V except perhaps in a zero Lebesgue measure
set.
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Preliminary results on completely integrable vector fields

Let J = J(x1, ..., xy) be a non—negative function
non—identically zero on an open subset V of U, being U the
domain of definition of the vector field X.
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Preliminary results on completely integrable vector fields

Let J = J(x1, ..., xy) be a non—negative function
non—identically zero on an open subset V of U, being U the
domain of definition of the vector field X.

Then J is a Jacobi multiplier of the vector field X if
/Jx1,..., )axq .. de:/ J(X1, ..., Xn)dXq ... dXp,
()

being 2 any open subset of V, ¢; is the flow defined by X', and
©t(Q2) is the image of the domain Q under the flow ;.
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:

THEOREM. Let J be a non-negative C' function
non—identically zero defined on an open subset V of U, being
U the domain of definition of the vector field X.
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:

THEOREM. Let J be a non-negative C' function
non—identically zero defined on an open subset V of U, being
U the domain of definition of the vector field X. Then J is a
Jacobi multiplier of X if and only if the divergence of the vector
field JX is zero,
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:

THEOREM. Let J be a non-negative C' function
non—identically zero defined on an open subset V of U, being
U the domain of definition of the vector field X. Then J is a
Jacobi multiplier of X" if and only if the divergence of the vector
field JX is zero, i.e.

oIX) |, OXw)

div(JX) = ox, +... DX

= 0.
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:

THEOREM. Let J be a non-negative C' function

non—identically zero defined on an open subset V of U, being

U the domain of definition of the vector field X. Then J is a

Jacobi multiplier of X" if and only if the divergence of the vector

field JX is zero, i.e.

o(JX1) O(JIXn)
0Xq e OXN

div(JX) = =0.

E.T. Whittaker, A treatise on the Analytic Dynamics of Particles
and Rigid Bodies, Dover, New York, 1944,
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Preliminary results on completely integrable vector fields

Whittaker’s result helps to detect a Jacobi multiplier:

THEOREM. Let J be a non-negative C' function

non—identically zero defined on an open subset V of U, being

U the domain of definition of the vector field X. Then J is a

Jacobi multiplier of X" if and only if the divergence of the vector

field JX is zero, i.e.

A(JX1) A(JIXn)
0Xq e OXN

div(JX) = =0.

E.T. Whittaker, A treatise on the Analytic Dynamics of Particles
and Rigid Bodies, Dover, New York, 1944,

Note that if N = 2 then the definition of Jacobi multiplier
coincides with the definition of integrating factor.
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Preliminary results on completely integrable vector fields

JACOBI'S THEOREM. Assume that the N—dimensional vector
field X has a Jacobi multiplier J and N — 2 independent first
integrals Hy, Ho, ..., Hy_o.
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Preliminary results on completely integrable vector fields

JACOBI'S THEOREM. Assume that the N—dimensional vector
field X has a Jacobi multiplier J and N — 2 independent first
integrals Hy, Ho, ..., Hy_o. Then X admits an additional first
integral independent of the previous ones given by

HN,~| = /g <)~(2dX1 — 5(1 ng) s

where ~ denotes quantities expressed in the variables
(X1, X2, hy, ..., hy_2) with H; = hjforj=1,...,N —2 and
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Preliminary results on completely integrable vector fields

8X3 aX4 o aXN

A= 0X3 OXy o OXy
éHN—2 a.HN—2 - aH;\/—z

6x3 OXy o OXn

Then X is completely integrable.
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Preliminary results on completely integrable vector fields

The previous theorem goes back to Jacobi, for a proof see for
instance Theorem 2.7 of the book:

A. Goriely, Integrability and nonintegrability of dynamical

systems, Advances Series in Nonlinear Dynamics 19, World
Scientific Publishing Co., Inc., River Edge, NJ, 2001.
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Nambu vector field and Nambu bracket

For the C' real functions Hjforj=1,...,N —1 defined in some
open set U of R the Nambu vector field is the N—dimensional
vector field
OH;, OH;
X1 Oxp
OH» OH>
X1 Oxp
{H1,H2,...,HN,1,*}: : :
OHn—1  OHpn_1
0X4 O0Xo
0 0
X1 Ox

OH;
XN
OHy
XN

OHNn-1
8XN
0
XN
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Nambu vector field and Nambu bracket

For the C' real functions Hiforj=1,...,N—1and F defined in
some open set U of R" the Nambu bracket is the function

{H1,H2,---,HN71,F}.
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Nambu vector field and Nambu bracket

For the C' real functions Hiforj=1,...,N—1and F defined in
some open set U of R" the Nambu bracket is the function

{H1,H2,---,HN71,F}.

The Nambu vector field and the Nambu bracked appeared in
Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D 7
(1973), 2405-2412.
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Nambu vector field and Nambu bracket

For the C' real functions Hiforj=1,...,N—1and F defined in
some open set U of R" the Nambu bracket is the function

{H1,H2,---,HN71,F}.

The Nambu vector field and the Nambu bracked appeared in
Y. Nambu, Generalized Hamiltonian dynamics, Phys. Rev. D 7
(1973), 2405-2412.

Many properties and applications of the Nambu vector field can
be found in the book:

J. Llibre and R. Ramirez, Inverse problems in ordinary
differential equations and applications, Progress in Math. 313,
Birkh&user, 2016.

Universitat Autonoma de Barcelona www.gsd.u



Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 1. Forj=1,...,N—1let Hbe N — 1 independent
C? functions.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 1. Forj=1,...,N—1let Hbe N — 1 independent
C? functions. An N—dimensional differential system

xi = Xj(xy,...,xny) = Xjforj=1,..., Nis completely integrable
with the first integrals H; for j = 1,...,N — 1 if and only if
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 1. Forj=1,...,N—1let Hbe N — 1 independent
C? functions. An N—dimensional differential system

xi = Xj(xy,...,xny) = Xjforj=1,..., Nis completely integrable
with the first integrals H; for j = 1,..., N — 1 if and only if it can

be written as

= (ot Ho b = X for =1,

where J = J(x1, X2, ..., Xn) is @ Jacobi multiplier and
Hi Hp, ... Hy_1, *} is the Nambu vector field.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 1 generalizes the classical result that if a
2—dimensional differential system

x1 = Xq(x1, X2), Xo = Xo(X1, X2),
has an integrating factor J, then it can be written as

5 — 1O o — 1O

to N—dimensional differential systems, because

OH. OH
(9X1 {H1,X1} and a L —{H1,X2}

where {Hy, x;} and {Hy, xo}, are Nambu brackets.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

COROLLARY. Assume that an N—dimensional vector field X
has N — 2 independent first integrals Hy, Ho,...,Hy_o and a
Jacobi multiplier J,
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

COROLLARY. Assume that an N—dimensional vector field X
has N — 2 independent first integrals Hy, Ho,...,Hy_o and a
Jacobi multiplier J, then another independent first integral Hy_ 1
can be obtained as a solution of the first order partial
differential system

{Hh,Ho, oo Ha Hetxgf = JX;, for j=1,...N,

where {Hi, Ho, ..., Hn_2, Hy_1, *} is the Nambu vector field.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

COROLLARY. Assume that an N—dimensional vector field X
has N — 2 independent first integrals Hy, Ho,...,Hy_o and a
Jacobi multiplier J, then another independent first integral Hy_ 1
can be obtained as a solution of the first order partial
differential system

{Hh,Ho, oo Ha Hetxgf = JX;, for j=1,...N,

where {Hi, Ho, ..., Hn_2, Hy_1, *} is the Nambu vector field.

The COROLLARY provides a different way to compute the
additional independent first integral Hy_1 found by Jacaobi.

Universitat Autonoma de Barcelona www.gsd.u



Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 2. X is completely integrable if and only if X has
N — r first integrals Hy, ..., Hy_,, and r — 1 Jacobi multipliers
JN—r+1 ,...,dy_1 such that H, = Jn/JN,1 for
n=N-r+1,...,N—2are non locally constant, and the
functions Hy, ..., Hy_o are independent.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 2. X is completely integrable if and only if X has
N — r first integrals Hy, ..., Hy_,, and r — 1 Jacobi multipliers
JN—r+1 ,...,dy_1 such that H, = Jn/JN,1 for
n=N-r+1,...,N—2are non locally constant, and the
functions Hy, ..., Hy_o are independent.

For r = 1 the THEOREM 2 is the definition that X completely
integrable.
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Main results: THEOREM 1, its COROLLARY and THEOREM 2

THEOREM 2. X is completely integrable if and only if X has
N — r first integrals Hy, ..., Hy_,, and r — 1 Jacobi multipliers
JN—r+1 ,...,dy_1 such that H, = Jn/JN,1 for
n=N-r+1,...,N—2are non locally constant, and the
functions Hy, ..., Hy_o are independent.

For r = 1 the THEOREM 2 is the definition that X completely
integrable.

For r = 2 the THEOREM 2 is the Jacobi Theorem.
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Proof of THEOREM 1

We recall the statement of THEOREM 1.

Universitat Autonoma de Barcelona www.gsd.u



Proof of THEOREM 1

We recall the statement of THEOREM 1.

THEOREM 1. Forj=1,...,N —1let H;be N — 1 independent
C? functions. An N—dimensional differential system

xi = Xj(xy,...,xy) = Xjforj=1,..., Nis completely integrable
with the first integrals H; for j = 1,...,N — 1 if and only if it can

be written as

. 1 ,
Xj:j{H17H27"'7HN—17Xj}:)(j7 for j:17"'aN7

where J = J(x1, X2, ..., Xn) is @ Jacobi multiplier and
{H1 Ho, ... Hy_1, *} is the Nambu vector field.
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Proof of THEOREM 1

We recall the definition of the Nambu vector field:

8X1 8X2 o 8XN
0X4 0Xo o OXN
{H17H27---7HN—17*}: : : :
OHn_1  OHn_1 OHN_ 1
0X4 OXo o OXN
2 2 9
0Xq 0Xo OXn
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Proof of THEOREM 1

Since the N—dimensional vector field X’ is completely
integrable, there exist N — 1 independent first integrals
Hy, ..., Hy_1 such that

oH M oM
X(I‘I/) = X ox; + oo+ XNt XN + XNaXN =0,

forj=1,2,...,N—1, or equivalently
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Proof of THEOREM 1

Since the N—dimensional vector field X’ is completely
integrable, there exist N — 1 independent first integrals
Hy, ..., Hy_1 such that

OH; OH; OH;
) = 4 Xy L Xy——L =
X(I-I/) X1 0Xq + + AN OXN_1 + NaXN 07
forj=1,2,...,N—1, or equivalently
OH; OH,; OH;
Xi—L + ..+ Xy L= _Xy—2
! 0X4 * + AN OXN—1 NaXN7

forj=1,2,... N—1.
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Proof of THEOREM 1

Since the N—dimensional vector field X’ is completely
integrable, there exist N — 1 independent first integrals
Hy, ..., Hy_1 such that

oH M oM
X(I‘I/) = X ox; + oo+ XNt XN + XNaXN =0,

forj=1,2,...,N—1, or equivalently

OH; OH; OH;
Xi—L + ..+ Xy L= _Xy—2
! 0X4 * + AN OXN—1 NaXN7
forj=1,2,..., N —1. We solve this linear system in the
variables Xj, ..., Xy_1, and we obtain
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Proof of THEOREM 1

OH, OH, OH, OH, OH,
axi T X Oxn o Oxipr T Oxneq
Xn : : : : :

OHpn_1 OHn_1  OHn_1  OHn_1 OHpn_1

X — 0X4 o OXij_1 OXN 8x,~+1 o OXN—1
P = oH, o,
ax T OxXnq
OHN_1 OHn_4
0X4 o OXN—1

fori=1,....,N—1.
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Proof of THEOREM 1

Consequently
0 0 0
X = )(1a +X2872+ +XN8N /\{H1,H2,...,HN,1,*}.
where
A= Xn
LA oA
0X4 o OXN_1
3/'//-\/—1 - 8/'//-\/—1
8X1 o 8XN_1
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Proof of THEOREM 1

Consequently
0 0 0
X = )(1a +X2872+ +XN8N /\{H1,H2,...,HN,1,*}.
where
A= Xn
- OH; OH;
OXq OXN_1
3/'//-\/—1 - 8/'//-\/—1
0X4 o OXN—1

Now we prove that J = % is a Jacobi multiplier.
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Proof of THEOREM 1

Indeed from the properties of the Nambu vector field (see for
instance Proposition 1.2.1 of

J. Llibre and R. Ramirez, Inverse problems in ordinary
differential equations and applications, Progress in Math. 313,
Birkhauser, 2016.

we get that the divergence of the Nambu vector field is zero, i.e.

div({H,Ha, ..., Hy_1,%}) = 0.
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Proof of THEOREM 1

1
On the other hand, X/’\,’ ={Hi,Hs, ..., Hy_1, *} Therefore in
view of the previous equality we get that

X X X
| Cx 0F) A A
OZdIV{H1,...,HN,1,*}:dIV(X): ax; + % +.. .+ oy

1
So X is a Jacobi multiplier by Whittaker’s Theorem.
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Proof of THEOREM 1

The reciprocity follows trivially.
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Proof of THEOREM 1

The reciprocity follows trivially.

. 1
Since X = J{H1,H2,...,H,\,,1,>u<}, we have

1
X(I-I]) = j{H‘I’HZv"wHNf'IuI_’j} 207

forj=1,2,...,N—1.
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Proof of THEOREM 1

The reciprocity follows trivially.

. 1
Since X = J{H1,H2,...,H,\,,1,>x<}, we have

1
X(I-I]‘):j{H‘I’HZv"wHNf'IuI_’j} 207
forj=1,2,....N—1.

In short THEOREM 1 is proved.
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

We recall the statement of the COROLLARY:

COROLLARY. Assume that an N—dimensional vector field X
has N — 2 independent first integrals Hy, Ho,...,Hy_o and a
Jacobi multiplier J, then another independent first integral Hy_1

can be obtained as a solution of the first order partial
differential system

{(Hy, Ho, ... Hy_s, HN_1,x,-} —JX;, for j=1,....N,

where {Hy, Ha, ..., Hn_2, Hn_1, *} is the Nambu vector field.
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

We shall illustrated the applications of the COROLLARY in the
determination of the second first integral of the Jacobi Theorem
in the following three particular cases of 3—dimensional

Lotka—Volterra differential systems. We study the existence of a
second first integral H>
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

We shall illustrated the applications of the COROLLARY in the
determination of the second first integral of the Jacobi Theorem
in the following three particular cases of 3—dimensional
Lotka—Volterra differential systems. We study the existence of a
second first integral H>

(i) of the integrable asymmetric May—Leonard model,
(i) of the integrable symmetric May—Leonard model.

(iii)y of some integrable cases for special Lotka—Volterra
systems studied by Aziz and Christhoper.

W. Aziz and C. Christopher, Local integrability and
linearizability of three—dimensional Lotka-Volterra systems,
Appl. Math. and Comput. 219 (2012), 4067—4081.
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

The class of asymmetric May—Leonard models
x= x(1-x—(2-bo)y—bi1z) = Xi(x,y, 2),
y= y(-y—(2-b3)z—box) = Xa(x,y, 2),
z= z(1-z—(2-b1)x—bay) = X3(x,y,2),
with by + b> + bs = 3 is completely integrable.
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

The class of asymmetric May—Leonard models
x= x(1-x—(2-bo)y—bi1z) = Xi(x,y, 2),
y= y(-y—(2-b3)z—box) = Xa(x,y, 2),
z= z(1-z—(2-b1)x—bay) = X3(x,y,2),
with by + b> + bs = 3 is completely integrable.

More precisely, this system has the first integral H; and the
Jacobi multiplier J:

b271 b371 1

V4 X

J= ,
y y Ixyz(x +y+z—1)|

and a second independent first integral Hs, which is
determined by using the COROLLARY,
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

i.e. Hs is determined solving for H, the partial differential
equation of the COROLLARY for N = 3:

OHy OH,  OHy OH,

oy 0z 0z 0oy = X
OHy OHy  OHy OHs

oz ox ox oz = M
H; OH. H; OH.
8182_8182:JX37

ox oy oy 0x

we get that H. is equal to

1 z 1-be X bs—1
s ( ( ) ) )
H, yIx+y+z— 1|1 yix+y+z—1[1-t
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Asymmetric May—Leonard model
Symmetric May-Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

Consider the symmetric May—Leonard model
x= x(1—-x—ay—bz),
/= y(1-y-bx—az),
z= z(1—-z—ax—by),

If a+ b = 2 this system has the first integral H; and the Jacobi
multiplier J, where

Xyz 1
Hy=-—————, and J= .
" xty+z)? (xyz(x +y +z—1)|
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Asymmetric May—Leonard model
Symmetric May-Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

Now using the COROLLARY a second independent first
integral is

1
Hp = —((b—1)|og]X+y+z—1\+/\<i ).

H
where A = A ( ) is a solution of the partial differential
equation

_(2,]_5_1)575”25_77_ )77(3/\ —(1+&+n),

where A = A(€,7), € = y/x, and n = z/x.
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

The Lotka—Volterra differential system

x = x(2+ ax),
y= y(—-1+dx+ hy + kz),
z= z(1+gx+ hy+kz),
has the first integral Hy = z(2 + ax)* "+ /(xy) and the Jacobi

2(g—2d)—a

multiplier J = x‘%y‘3(2 +ax)” =
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Asymmetric May—Leonard model
Symmetric May—Leonard model

A Lotka—Volterra system

Applications of the COROLLARY

Then it has the second first integral

at2d
Hy — (2 + ax) za (1

z
—+T(=,x > .
Vx y (y )
where the function T = T(; x) is a solution of the partial

differential equation

oT oT
(2+(g—d)X)n— 4+ x(2+ax)=— + (xd —1)T(n,x) = h+ kn,
on ox
V4
withnp = —.
Ty
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Asymmetric May—Leonard model
Symmetric May—Leonard model
A Lotka—Volterra system

Applications of the COROLLARY

The end

THANK YOU VERY MUCH FOR YOUR ATTENTION

Universitat Autonoma de elona www.gsd.u



	Main Talk
	Outline
	The objectives
	Preliminary results on completely integrable vector fields
	Nambu vector field and Nambu bracket
	Main results: THEOREM 1, its COROLLARY and THEOREM 2
	Proof of THEOREM 1
	Applications of the COROLLARY
	Asymmetric May–Leonard model
	Symmetric May–Leonard model
	A Lotka–Volterra system



