Integrability and Center problem for
perturbation of quasi-homogeneous centers.

A. Algaba, M. Diaz, C. Garcia, J. Gine

AQTDE
Castro Urdiales, June, 17th 2019

A. Algaba, M. Diaz, C. Garcia, J. Gine Integrability and Center problem for perturbation of quasi-homoge



Outline

Introduction and Motivation
Previous Concepts

Centers Conditions

Integrating factor of Abel's Equation
Applications

Conclusions

A. Algaba, M. Diaz, C. Garcia, J. Gine Integrability and Center problem for perturbation of quasi-homoge



Introduction and Motivation

We consider an autonomous system of the form,
x = F(x)=(P(x),Q(x))", x € R,

where F is an analytic planar vector field defined in a
neighborhood of the origin &/ ¢ C? having an equilibrium point
at the origin, i.e., F(0) = 0 and P, Q analytic in /. An
equilibrium point is monodromic if there is no orbit tending to it.
After we know the equilibrium point is monodromic, the
question is, when the equilibrium point is a center? The
integrability problem is very interesting as well, and both
problems are related.
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Quasi-homogeneous Vector Fields

o Letfc fP () he g quasi-homogeneous polynomial of
type t and degree k < f(el x,ely) = ekf(x, y).

o LetFe Q:(:(“’tz) be a quasi-homogeneous vector field of
type tand degree k < F = (P, Q), where P € P} _ and

Qe P,
Any system can be written as the sum of quasi-homogeneous
terms of type t:
x=F(Xx)=F(x)+Fr1(X)+---,
where Fy € Q}( for all k € N. We are going to consider the
conservative-dissipative decomposition:

Fr = X, + Do,

r+|t|
where Do = (i, by)", hr g = 1 (Do A Fr) and
Ly = ,+|t|le(Fr)
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Sufficient Condition of Monodromy

Our goal is to know when a equilibrium point of x = F/(x) + - -

is a center, but first we should know if it is monodromic. We will
focus in the generic cases because when this does not happen,
it is a degenerate case.

Letbe F, = X,

+ Do € Q}. If hyy(x, y) # O for all
(x,y) e\ {(0,0)} whereU is a neighborhood of the origin
then the origin of system x = F.(X) + - - - is monodromic.

r+|t|

X =F(x)=F () +Fra(x)+--, 1)
where h,y(x,y) # 0 forall (x,y) € U\ {(0,0)}.
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Necessary condition of center

Let be

X=F(X)=F/(x) +Frq1(x)+--,
where h,(x,y) # 0 forall (x,y) € U\ {(0,0)}.

If the origin of (2) is a center, then the origin of system
x = F,(x) is also a center.

From now on we assume these systems
x=Fx)=FX)+F_1(X)+---,

where x = F,(x) has a center at the origin.
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An ilustrative example

F, has a center at the origin is a necessary condition but it is
not sufficient:

. —4y3 — 2x?
x = Fx)= ( 2x}}//2 +6x5y >

F(x) = F2(x) + F4(x) where

Fa = (—4y% — 2x%y,2xy?)T € Q0" and F, = (0,6x%)T € o{""
The origin of system is monodromlc and a center also because
F = Xy, with H(x, y) = y* + x2y? + x®, H(x, y) > 0 for all
(x,y) €U\ {(0,0)} and F is hamiltonian.

On the other hand, Fx(x) = X, with h(x, y) = y?(y? + x?) and it
is not true that h(x, y) # 0 for all (x,y) e U \ {(0,0)}.
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Center conditions

Choosing the change to generalized polar coordinates.

x = phCs(d),

y = p®Sn(b),
where (Cs(6), Sn(0)) are the periodic solutions of period T > 0,
of the initial value problem (x, y)™ = F,(x, y), x(0) = 1,
y(0) = 0. System x = F, + - - - with a reparemetrization in time
dt = J-dr could be written as

Using power series of p, we obtain the generalized Abel’s
equation.

& = > 900,
i—2
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Center conditions

@ = > g (3)
j=2

(3) converges if |p| < 1. Let p(0, po) = >_>1 @n(0)pg be the
solution of (3) when p(0, pg) = po. With this, the Poincaré Map is

P(po) = p(T,p0) = po + > _ an(T)pg-
n>2

The origin of x = F, + - -- is a center if, and only if, ap(T) = 0
for alln > 2.

A. Algaba, M. Diaz, C. Garcia, J. Gine Integrability and Center problem for perturbation of quasi-homoge



Integrating factor of Abel's Equation

Proposition

There exists a single formal serie ®(p,0) = .72, ®i(0)p', such
that % is an integrating factor of Abel’s Equation with
®(p,0) =0. ®;(0), i > 1, verifies:

0
d4(0) = —2/ g2(8)ds, andif i > 2,
0
i
Oi0) = —(i+1)gis1(0) + Y _(i+1—2);(6)gir1-(6),
=
,(0) = O. :
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Integrating factor of Abel's Equation

Let % be the integrating factor of Abel’s Equation then the

inverse of Poincaré Map is

Pl o)=p+>_[D D ooy |+

n=1 =1 i 21,...,721

[

Theorem

If the origin of x = F, + - - - is a center then ®,(T) = 0 for all
k>1.

| \

N,
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Improvement of focal constant calculates

Proposition

We suppose that we can write system x=F, + <. as:
x = F(x) + F(x), where the origin of system x = F(x) is a
center.

System Abel’s Eq. iif

X=F+F|p=> gi0) |1-¢

I
x=F |p=> a(0)'|1-9
i

Letbe §; = gi — g, i > 2 and ®;(#) = ®;(0) — ®;(0), i > 0. Then

®p(T) = &p(T) VN> 1.
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Improvement of focal constant calculates

Corollary

Case k-jet of F center We suppose thatx = F = Y/ F,;,
k > 1, is a center, where F are the k-first terms from system
x=F,+ ... ®;(0) are defined as

~

®;(0)=0, if i<k-2,
§ i1
&1(0) = —(F+ 1)1 (0) + D (1 + 1 = 2))$(0)gir1—i(6)+
=k
i—k _ :
> (i+1—2)®;(6)gis1-(0), if i>k—1,
j=1

®(0)=0, if i>k—1.,

A. Algaba, M. Diaz, C. Garcia, J. Gine Integrability and Center problem for perturbation of quasi-homoge



Aplications: Type t = (2, 3)

Already studied by [T. Liu, F. Li, Y. Liu, S.Li, J.Wang] in
Nonlinear Analysis: Real World Appl. (2019).

X — _yS T a50X5 + 822X2y2 (@)
vy, x° b1 x*y + bygxy?®
The Normal-Form of system (4) is
Y 3
X -y 1 2 3
+a10x2y2Dg + a11x*yDg + (a{ P h+ o xPy?)Dg - - -
where Do = (2x,3y)7, h= 3y* + §x°.
_ _,3
F(X) = < X}g > + af(32)xy2D0 + X59X4y2 + agx3yD0 + agzz)x3y2Do .
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= —Zag) fOT Cs*(s)ds,
0 < by = —Sasp,
0,

= —dayg Jy CA(s)Sn?(s

Ctg) = %3(5350 -+ b41),

)ds,

2 850(2az2 + 3b13)(5a2 — 3by3),

asg=0 then
= 0& < a»n=-3/2b
ap> = 3/5by3

0,

is Rx-reversible.
13 then is the hamiltonian case.

22,83, A, with A~ 1758365
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Aplications: Type t = (2, 3)

X _ _y3 + a50X5 + 322X2y2 (5)
y B x° baix*y + bygxy®

The origin of system (5) is a center if a only if one of the
following conditions holds,

a) by = asg = 0 (Rx-reversible).
b) bs1 + 5asg = 2a-, — 3by3 = 0 (Hamiltonian case).

The origin of system (5) is analytically integrable if, and only if,
the system is orbitally equivalent to X = (—y®, x°)7 + X a2,
i.e., if it is verified byy + 5asy = 2a00 — 3b13 = 0 (Hamiltonian
case).
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Aplications: Type t = (2,5)

X . _yS n 380X8 + 832X3y2 (6)
y) x? basx?y® + byyx’y )
The Normal-Form of system (6) is

X —y3 1 2
( I > = < X}E/J ) + Xﬁmxay + (0554))(2}/2 + 0454)X7> Do + Xﬁ15X6}’2+

1 2
a15x°yDg + (ozgs)Xs + age)x3y2)Do + Xg,,x7y2 + 17Xy Do+
a18x*y?Dg + X, x8y2 + 19X yDg + -,

where Do = (2x,5y)7, h= Jy* + {5x°.

= A (2),7 5
F(X) = 9 + X514x4y2 + Oy X Do + aq5X yDO

2
+a56)X3y2D0 + X xy2 T Xgioxy2 + a19X7yD0 T
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—2a{}) [T cs?(s)Sn(s)ds, ol}) = ag + bg),
0 < boz = —asy,

0,

— —4al) [T Cs¥(s)ds,

— 505 bo3(8agy + b71)(3ag0 — br1),

b7y = —8agg then is the hamiltonian case.

bos = 0 then is Rx-reversible.
0
b71 = 3ago

0,
aB,b3,A with A~ 1582.
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Aplications: Type t = (2,5)

X _ —y3 I agox® + azpx3y? (7)
y B x9 bo3x2y® + byx’y )

The origin of system (7) is a center if a only if one of the
following conditions holds,

a) aso = bog = 0 (Rx-reversible).
b) bos + az» = by1 + agg = 0 (Hamiltonian case).

The origin of system (7) is analytically integrable if, and only if,
the system is orbitally equivalent to

X = (_y37 Xg)T + Xﬂmxsy + )(515X6,V2 + X517X7y2 + X519X8y2’ .e. ifit
is verified bog + as» = b7y + agg = 0 (Hamiltonian case).
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Conclusions

The use of the following techniques applied successively
improve the calculations.

a) Normal Form.
b) Integrating factor.
c) The origin of a k-jet of x = F(x) is a center, (decomposition

x = F(x) + F(x)).
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Thank you for your attention
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