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ABSTRACT

The planar differential system & = P(x,y), ¥ = Q(x,y), with P,Q € C|[z,y] is called quasi-homogeneous if there exist s,, s2, d € N such that for an arbitrary oo € R, it is verified
that P(a®'x, a®?y) = a**~1T4P(z,y) and Q(a’*z, a®?y) = a2~ 172Q(x,y). The quasi-homogeneous systems have important properties (for example, all of them are integrable)
and they have been studied from many different points of view (integrability, centers, normal forms, limit cycles). But until recently there was not an algorithm for constructing all the
quasi-homogeneous polynomial differential systems of a given degree which was obtained in [1] that we recall here. Using this algorithm the same authors obtained the classification
of the quasi-homogeneous planar systems of degree 2 and 3, and later other authors solve the case of degrees 4 (see [3]) and 5 (see [4]). In our work we obtain the exact number
of different forms of quasi-homogeneus but nonhomogeneous planar differential systems of an arbitrary degree n, proving a nice relation between this number and the Euler’s totient

function whose definition and properties can be seen in [2].

1. BASIC DEFINITIONS

A polynomial differential system

T = P(ZIJ,y), Yy = Q(may)v
of degree n = max{deg(P), deg(Q)} is called quasi—-homogeneous (in short, QH-system) if
there exist s1, s2, d € N such that for arbitrary a« € RT = {a € R, a > 0}, it is verified that

P(a®tx,a®?y) = a31_1+dP(w, Y),

Q(c® z, a®?y) = a®*~1TQ(x, y).

We call the vector w = (s1, s2,d) weight vector of the system, where s; and s5 are weight
exponents of the system, and d weight degree with respect to s; and ss.

We say that the weight vector w,,, = (s8], 85, d*) is the minimun weight vector of the system
if any weight vector w = (s1, s2, d) verifies s7 < s1, s5 < s2 and d* < d.

2. FIRST RESULTS ABOUT QH-SYSTEMS

We consider a vector field X = (P, Q) associated to a QH-system of degree n and let w =
(81,82, d) be a weight vector of X. We have proved that:

o If s; = s3, then X is a homogeneous system and w,,, = (1,1, n).

o If sy #~ sg, thereis p € {0,...,n} such that the homogeneous part of highest degree of
X Is
X5 = (apn—px’y" ", bp—1,m—pr1xP Yy TP
and the following equation holds:
eg[O] =(p—1)s1+(n—p)sa+1—d =0.
Moreover, if the homogeneous part of X of degree m — t is nonzero, then there is k €
{1,...,mn —t — p+ 1} such that
pPtk
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and the next equation is verified:
efn[k] =(p+k—1)si;+(n—t—p—k)so+1—d=0.

Since the homogeneous systems are well known, in order to obtain all the QH-systems of a fixed
degree, we need to obtain all the quasi-homogeneous but nonhomogeneous systems (hereafter,
QHNH-systems) and hence we consider only the case s; # s3. Moreover, through an adequate
change of variables, we can restrict our study to the case s; > ss.

3. PROPERTIES OF THE QHNH-SYSTEMS

Let w = (s1,82,d) be a weight vector of a QHNH-system.

Case 1: d=1. We have proved that the general expression of the n-degree system in this case is

[ _ n [} _
= a1 0T+ aony 5 Y = bo1y.

Furthermore it is verified that w,,, = (n,1,1).

Case 2: d>1. If X is a vector field associated to a QHNH-system of degree n, then there exist
p, t, k such that ngg’ft % 0. Therefore eg[O] and e;[k] holds and, by solving this linear

system, it can be obtained that
s1=(t+k)(d—1)/D, s =k(d—1)/D,
where D = (p — 1)t + (n — 1)k.
Also, the minimum weight vector of X is
Wm = ((t+ k)/s,k/s, 1

where s is the greatest common divisor of ¢t and k.

D/s),

In order that X to have other nonzero homogeneous part we must consider other equation egk [k*].
We have proved that this third equation is compatible with the two previous equations if and only
if

kt* = k™t.

REFERENCES

[1] B. Garcia, J. Llibre and J.S. Pérez del Rio, Planar quasi-homogeneous polynomial differential

systems and their integrability, J. Differ. Equ. 255, 3185-3204 (2013).

[2] G. H. Hardy, E. M. Wright, An introduction to the theory of numbers (Sixth ed.), Oxford

University Press (2008).

4. THE ALGORITHM

This algorithm allow us to obtain all the QHNH-systems of a fixed degree n that satisfty d > 1 for
all its weight vectors. We remark that, taking into account the above results, each QHNH-system is
associated to a linear system formed by those equations that correspond to nonzero homogeneous
parts of the system.

o Step 1. We choose p € {0,...,n} such that XP is the homogeneous part of degree n
of the vector field X . Therefore, the associated equation is eg [0].

e Step 2. We choose avaluet € {1,...,n—p}andavaluek € {1,...,n—t—p+ 1}

such that the homogeneous part X,ﬁ’f’t is also nonzero and hence the equation e;[k] holds.
These values allow us to obtain the minimum weight vector w,,,, and also provide the weight
exponents s; and sp as a function of d (see Section 3).

e Step 3. In order to determine all the homogeneous parts that can be added to XP and Xﬁ’ft,
we establish, for each t* € {1,...,n—p} with t #£ t*, the value k4~ € {1,...,n—t* —
p + 1}, (if it exists), such that the equation egk [k¢«| satisfies the compatibility condition

with the equations e?[0] and e [k].

e Step 4. We obtain the QHNH-vector field of degree n formed by all the homogeneous parts
of the above steps, namely

X =XP+ X0 + >
t*e{1,....n—p}I\{t} and k.xt=~kt*

D,k
X, 1,

where the explicit expression of each homogeneous part is defined in Section 2.

e Step 5. We go back to Step 2 and consider other choices of t and k. As soon as that is
not possible, we change in Step 1 the value of p and repeat the whole process.

5. COUNTING OF QHNH-SYSTEMS

Let ¢ (n) the number of QHNH-systems of degree n. Then ¢(1) = 0, ¢c(2) = 3, c(3) = 8
and for n > 4 we have the recursive form
c(n) =2c(n—1)—c(n—2)4+¢(n+1)

that can be written in analitic form as
n k+1

c(n)=5n—-T+ > > ¢

k=4 3=5

where ¢ is the Euler “s totient function (see [4]) defined by:
o(n)=|{reN:1<r<n, ged(nr) =1}

The proof of this result takes into account the following aspects:
i) In [1] it has been proved that ¢ (1) =0, ¢(2) = 3 and c(3) = 8.
ii) We demonstrated that

c(n)zl—I—Zm(a),

where m(a) is the cardinal of the quotient set of
E(a) ={(t,k) e ZT x 2~
with the equivalence relation defined by
(t,k) = (r,s) <= ts = kr.

: 2<t+k<a+1}

i) | {(t,k) €EZT XZT : t+k=a+1, ged(n,r) =1}| = ¢ (a+1) and
m(a) =m(a—1)+pp(a+1) =c(a) —c(a—1).

According into the above result, with a = n and a = n — 1 we obtain the recursive form for
c (n). Finally, if we sum both terms of the recursive form we get the analitic form.
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