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The center-focus problem

11(p) @ﬂ II(p)
P Z

How to distinguish if a monodromic point
is a repellor, a center, or an attractor?

N
N
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The center-focus problem for nondegenerate singular points

For differential systems , X = (P, Q), an elementary singular point is of
center-focus type if trDX(xp) = 0 and detDX(xp) > 0. Then, after a
change of variables and time, the system writes as:

x=-y+ > peextyt,
k+0=m

y =X+ Z qk,kayea
k+4=m
and, in complex coordinates (z = x + iy and 2/ = x' + iy’),

Z=iz+ g Ik, zkff,
k+f0=m

with m > 2.
Here pi.e, ke (resp. ri) are real (resp. complex) parameters.
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The Lyapunov constants

Definition
If Vk #0 and

N(p) — p = Vkp" + 0(p™)

for p > 0 close to zero, then Vi is called the K-th Lyapunov constant.

o Vo = 0, consequently the first nonvanishing coefficient of the
displacement map corresponds to an odd exponent of p.

We will use indistinctly Voky1 or Lk.
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The related problems via Lyapunov constants

o M(p) = p? N(p) > p? N(p) < p?
@ V511 gets the stability of the origin.

@ The characterization of centers is equivalent to solve the system
{V3=0,Vs =0,...,Voxs1 =0,...}.

@ Maximum order of a weak focus: Highest K in a fixed (perturbation)
family such that Vo1 # 07

@ A limit cycle is a isolated solution of M(p) = p.

@ Local cyclicity: Number of limit cycles bifurcating from p = 0.
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In polar coordinates: The Andronov’s method

y=x+ Ya(x,y) + Ya(x,y) + Ya(x,y) + -,
where Xj(x, y) and Yj(x,y) are homogeneous polynomials of degree j
depending on the original parameters py ¢ and gy .
In polar coordinates, x = rcosf,y = rsinf, we can write the above
system as

{X: 7y+X2(X,y)+X3(X7Y)+X4(X7y)+"' )

d
FZZF2P2(9)+F3P3(9)+"',
do )
E:1+er(0)+r Q(0)+ -,

where
P;(0) = cos 6 Xj(cos 8,sin§) + sin 6 Yj(cos b, sin §),
Qj(#) = cos B Yj(cosb,sin @) — sin§ Xj(cos b, sinb),

homogeneous trigonometric polynomials of degreej + 1.
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The Andronov’'s method

Let r(0, p) be the solution of the initial value problem

that, in series in p, writes as
r(0,p) = p+ ua(0) p* + u3(0) p> + - -

From r(0, p) = p, it is clear that ux(0) = 0 for all k.

Consequently, the return map can be computed evaluating r(6, p) at
0 = 2.

Joan Torregrosa (UAB) Limit cycles in planar polynomial systems Kassel



The Andronov’'s method

1x(2r) = Ry(2r) = /O " Ra(t) dip = /0 " Pa() dp =0,

because P,(f) is a homogeneous polynomial of degree 3 in siné and cos6.
N 2 . 2w
us(2m) = (Relem))” + Ratzm) = [ Ro(w) .
0

. 2
In this case (R2(27r)) =0.
Finally

27
Vs = /0 (Ps(p) — Pa(th) Qa()) .

In general, as P3 has degree 4 and P, @, has degree 6, the above integral
is non zero.
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In Cartesian coordinates: The Poincaré-Lyapunov Method

The differential equation, in complex coordinates writes, as
=iz+ Z2(z,2) = iz+ Z2(z,2) + Z3(z,2) + - - - .
The keypoint of this method is the study of the existence of a “Lyapunov
function” of the form
F=FR+FR+F+---,

where Fj are homogeneous polynomials of degree k, starting with terms of
degree two because the linear term corresponds to 2/ = iz.

If F is nonzero then we will have a “Lyapunov function” in a neighborhood
of the origin.

F=F.2tF2=F (iz+2(2,2))+Fz (-iz+2(2,2)) = ) _ Vasra (22) .
k>1

Note that x? + y? = zz. We have used the same name for the Lyapunov
constants than in the previous method. But they are not exactly the same.
They coincide modulus a multiplicative constant.
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The Poincaré—Lyapunov Method

When all Vj are zero, F = 0, then F is a first integral and the origin is a
center.

Otherwise, when some (the first) Vox1 is different from zero the origin
will be stable (Vo441 < 0) or unstable (Vox41 > 0).

In this case (z/ = iz + - --) when the system has a center, the first integral
converges in a neighborhood of the origin.

The terms Fj can be found recursively.

(Foz+Faz+ Faz+--) (iz+ 2o+ Z3+ 24+ )+
+(Fz+Fsz+Faz+-) (miZ+ 2+ B3+ 24+ ) =
= V3(22)* 4 Vi (22)° + Vo (22)* + - .
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The Poincaré—Lyapunov Method

When p is odd, Vg_l = 0, and the system writes:

—p 0 0 ... 0 0 ...0 hp,o %o

0 —p+2 0 0 hp—11 @1
0 0 1 0 0 || hoot per | | dpus |

2 0 2 2

8 0 0 8 p—g o\ Pros || G

o P ho’p ¢P

where the components ¢; are the coefficients of —iZi;; ®p—k+1,k and all

are known in this step p. The system is well defined because the }
b;

determinant is non zero. Then h,_; ; is uniquely determined h,_; ; = —p
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The Poincaré—Lyapunov Method

When p is even, then

—p 0 o0 0 0 O
0 —p+2 O
0 0 -2 0
0 00 O
0 0 2 0
0 0
0 00O 0

q'ggfl

Pp

where the components <;~5j are the coefficients of fiZ’;;é Gp—k+1,k in the

equation of degree p, that are known. As in the odd case, the coefficients

hp—jj for j # 5 can be determined.
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The Lyapunov constants using “words”

Let R € P be a polynomial of degree n. For all integer number k > 2, we
define the operators Fj and Hy as

g : Pl — Pl
R=3 rnez*z* — 3 ﬁrkgzkie,
k£e k¢
F: P — P1
R — —Im(g(%E2)),
Fx: P — P
R +— F(RR),
He: P — R
R +— ﬂw/ Im (RxRdZ),
(2p) H=p

Po is the subset formed by the polynomials vanishing at zero; P; C Py is
the subset of all polynomials without monomials of the form zKzk;

P> C Pg is the subset of all polynomials without monomials of the form
k+1sk
R
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The Lyapunov constants using “words”

The first Lyapunov constants expressed as words are:

Vs = Hs(l)

Vs = Hs(1)
+Ha(F2(1)) + Hz(F3(1)) + Ha(Fa(1))
+H3(F2(F2(1))) + Ha(F3(F2(1))) + Ha(F2(F3(1)))
+Ha(F2(F2(F2(1))))-

+ Ha(F2(1)),

Notice that the expression of F, obtained in the computation of V3 is used
in several places to compute Vs.
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Homogeneous nonlinearities using “words”

Then “nonvanishing” Lyapunov constants are
e n=246,....

Hn(Fn(1)),

/-2— n(Fn(Fa(Fa(1)))),
Ho(Fn(Fa(FalFa(Fn(1)))))),
Hn(Fa(Fa(Fa(Fa(Fa(Fa(Fa(1))))))))-

Fn
]:

e n=3,5,7,....
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The first two Lyapunov constants

We can clarify the meaning of the above properties with the explicit
expressions of the first two Lyapunov constants in the variables ry 4 :

V3 =27 (Re(r,1) + Im(—ror1)),
2
Vs :gﬂ(Re(Vm) +1Im(Vs2) + Re(Vs3) + Im(V5.4)),

where
V.1 =3r32,
V52 = — 4rparao — 6r31ri1 — 3r3pr12 — ro2r13 — 372211 — 3131720,
2 _ _
V53 = —6r30r1; — 3r3orii1r20 — 2r30ro2r20 + 53002711

+ 3r12r0T11 + 2r12rg2T20 + 3r12To2r11 — 30172020
— 2411011 — 211720711 — 15m1 71111 + ro3ro2T11 + 2030220,
2 2 _ 3 _ 2 2 2
V574 :24r11r20 = 2r02r11 + 3Or20r11r20 -+ 15r11r11r20 + 3r02r11r20

_ 2 _
— 2r11r02r50 — 4r11T02r020.
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Order of a weak focus

Order of a weak focus

The order of a weak focus is the smallest value of K such that

N(p) — p = Vo119 + O(p**F2).

Maximum order problem

For a given family of polynomial vector fields, which is the highest value
for the order of a weak focus?
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Known higher order weak foci

General n

e n? — 1 for n even [QiuYan2010,LIiRab2012]
e (n?> —1)/2 for n odd [QiuYan2010,LIiRab2012]

v

Concrete n

3 for n = 2 [Baul952]

11 for n = 3 [Z0l1995,Chr2006]

21 for n = 4 [Gin2012]

33 for n =5 [Gin2012]

n>+n—2forn=6,8,...,18,20,...,32 [QiuYan2010,LiaTor2015]

v

The systems providing the best lower bound for the order of a weak-focus
are nonexplicit. They are “perturbing” results from centers.
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For even “low” degrees

We extend the work of QiuYan2010 up to degree 32, using the “words”
algorithm for homogeneous nonlinearities.

Proposition (LiaTor2015)
For n (even) € {20,22,...,32} consider the system of degree n

Z=iz—

n 5 T T e

Then there exists a number C,, such that the above system has a weak
focus at the origin of order n> + n — 2.
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Highest order weak foci for odd degree

Theorem (LiaTor2015)

For n < 100, the origin of equation

is a weak focus of order (n — 1).
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Highest order weak foci for odd degree

Theorem (LiaTor2015)

For n < 100, the origin of equation

Z =iz zml

is a weak focus of order (n — 1)2.

@ With the classical algorithm solving linear equations recursively we
can comput, only, up to n = 12.

@ We can adapt de algorithm to prove up to n = 100. The necessary
memory to prove the case n = 100 is around 384Gb or RAM.

Joan Torregrosa (UAB)

Limit cycles in planar polynomial systems

Kassel 21 /34



The adapted algorithm (with GP-Pari)

firstliapunov(N)=

{
local(last,H,L);
last=2%(N-1) "2+2; H=matrix(last+1,last+1); L=vector(last+1);

H[N+1,11=1; H[1,N+1]=1; H[N+1,2]=1; H[2,N+1]=1;
for(i=3,last,
for(j=0,floor((i+1)/2),
if (j-N+1>=0,
H[i-j+1,j+1]1=H[i-j+1, j+1]+H[i-j+1+1, J-N+1+1]* (i-j+1) / (i-2%+N) /T+H[i-j+1, j+1-N+1]1* (j+1-N) / (i-2%j+N-1) /I;
D8
if (i-j-N+1>=0,
if (i-2%j-N 1=0,
H{i-j+1, j+1]1=Hli-j+1, j+1]+H[i-j-N+1+1, j+1+1]* (G+1) / (i-2%j-N) /I;
)5
if (i-2%j-N+1 1=0,

Hli-j+1,j+1]=H[i-j+1, j+1]+H[E-j-N+1+1, j+11% (i-j-N+1) / (i-2%j-N+1) /T;

);
D8
if (i-2%j==0,

L[j+1]1=H[i-j+1,j+1];
if (L[j+1]!=0,
print ("N=",N,", j=",j); print(L[j+11);
D8
);

s

for(j=floor((i+1)/2)+1,i,H[i-j+1,j+1]=conj(H[j+1,i-j+11););

)3
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Order of a weak focus and its cyclicity

Cyclicity of a weak-focus

For a given family of polynomial vector fields, which is the maximum
number of limit cycles that bifurcate from an elementary weak focus?

Problem

| \

Fixed the degree or the family, does the number of limit cycles coincide
with the order of the weak focus?

For a general system, the number of limit cycles that bifurcate from a
weak focus of order K (Vaki1 # 0) is K.
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Simple systems with weak-foci of high order (n? + n — 2)

Proposition
The system of degree 4

52278
I o4 =3, -] =4
zZ =iz—2z2"4+zz2>+i 207232

has a weak-focus at the origin of order 18. Moreover there exist
polynomial perturbations of degree 4 such that from the origin bifurcate
18 limit cycles.

The linear parts of the first 17 Lyapunov constants, with the restriction
trace=0, are linearly independent. Consequently there are 17 limit cycles
emerging from the origin with the assumption trace=0. The proof follows
adding the trace and bifurcating the last one. Ol

24 / 34
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Simple systems with weak-foci of high order (n? + n — 2)

Proposition
The system of degree 6

963010778697180 56
958721342366881

3
z/:iz—2z6+225+i\/

has a weak-focus at the origin of order 40. Moreover there exist
polynomial perturbations of degree 4 such that from the origin bifurcate
39 limit cycles.

The linear parts of the first 37 Lyapunov constants, with the restriction
trace=0, are linearly independent. Consequently there are 37 limit cycles
emerging from the origin with the assumption trace=0. With the terms of
degree two and the trace we can add 2 extra limit cycles. Ol

25 / 34
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Simple systems with weak-foci of high order (n? + n — 2)

Which are the number of limit cycles using higher order terms?

n | order | cyclicity up to order 1
41 18 18
6| 40 37
8| 70 63

Kassel
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The cyclicity of holomorphic centers

Theorem
The cyclicity of the holomorphic center

n—1 n

r=iz+ 22423+ 42142

isn?+n—2 for4 < n<13 and at least 9 and no more than 10 for n = 3,

under general polynomial perturbations of degree n.

v

The proof follows computing the first Lyapunov quantities up to order one

in the perturbed parameters.

Kassel
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Linear term of Lyapunov constants: Parallelization

Theorem (LiaTor2015)

Let p(z,Zz) be a polynomial starting with terms of degree 2. Let
Qi(z,z,\) be analytic functions such that Q;(0,0,\) = 0 and
Qi(z,2z,0) =0, fori=1,...,s. Let a1,...,as be any s fixed constants.
Suppose that VkQ" are the k-Lyapunov constants of equations
z=iz+p(z,z) + Qi(z,z,\), A€ C", fori=1,...,s.

Then the linear part of a; VkQl J ook g Vst is the linear part of the
k-Lyapunov constant of equation

z=iz+p(z,2) +a1Qi(z,2,\) + - - - + asQs(2, 2, \),

with respect to the parameters ).
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Computing in parallel for holomorphic center with order 1

Computation time for the perturbation of the holomorphic family:

n 4 5 6 7 8 9 10 11 12 113
1.7m | 12.2m | 1.2h | 5.8h | 1.4d |4.9d | 1.8w | 1.1M | 3.3M | 1y
P64 | 7s | 0.5bm | 2m | 8m [1.1h |3.1h | 6.3h | 0.9d | 2.5d | 8d
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Computing in parallel allow us to get new results for M(n)

Best lower bounds for M(n)
The number of small amplitude limit cycles bifurcating from an elementary
center or an elementary focus in the class of polynomial vector fields of

degree n is
@ M(n) > n?+3n—7 for n=2,3,4.
[Baul952,7011995,Chr2006,BouSad2008,Gin2012]
e M(n)>n?+n—2forn=5,6,...,13.
[LiaTor2015] )
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