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setting the problem




THE UNPERTURBED SYSTEM

Consider the following n—dimensional system

X (x,2), if z>0

Z = O o 1
o(x,2) { X7 (x,z), if z<0, (1)
where (x,z) € D C R x R, X5° = (X373, X35, ..., X;,), and

Y = {z = 0} is the switching hyperplane.



THE UNPERTURBED SYSTEM

Consider the following n—dimensional system

X (x,2), if z>0
Zo(x,2) = q 0\ 1
o(x2) { X7 (x,z), if z<0, (1)

where (x,z) € D C R x R, X5° = (X373, X35, ..., X;,), and
Y = {z = 0} is the switching hyperplane.
HYPOTHESIS (H): There exists an invariant hyperplane Q C R”

transversal to ¥ containing a period annulus A fulfilled by crossing
periodic solutions of (1).



THE UNPERTURBED SYSTEM

Consider the following n—dimensional system
X (x,z), if z>0
Z = 0 M= 1
o(x,2) { Xy (x.2), if z<0, M)
where (x,z) € D C R x R, X5° = (X373, X35, ..., X;,), and
Y = {z = 0} is the switching hyperplane.
HYPOTHESIS (H): There exists an invariant hyperplane Q C R”

transversal to ¥ containing a period annulus A fulfilled by crossing
periodic solutions of (1).




THE PERTURBED SYSTEM

Consider the perturbation of system (1)

+ R + .
Z(x,y,2:€) = Z_(x,y,z, g) = Xoi(x,y, z)+ eXli(x,y,z) 1.f z>0,
Z=(x,y,z;e) = X, (x,y,2) +eX{ (x,y,2) if z<0,
(2)
where (x,z) = (x,y,z) € D CR x R"2 x R.



THE PERTURBED SYSTEM

Consider the perturbation of system (1)

ZH(x,y,z;€) = X4 (x,y,2) +eX{T(x,y,2) if z>0,
Z=(x,¥,z;e) = X5 (x,y,2) +eX{ (x,y,2z) if z<0,
(2)

Z(X,y72:6)={

where (x,z) = (x,y,z) € D CR x R"2 x R.

HYPOTHESIS (H): The hyperplane Q = {x = 0} has a period
annulus A = {(y,z) € Q: rp <|(y,z)| < n} surrounding the origin
and fulfilled by crossing periodic solutions of the unperturbed
system (x,y,2)" = Z(x,y, z; 0).



THE PERTURBED SYSTEM

Consider the perturbation of system (1)

ZH(x,y,z;€) = X4 (x,y,2) +eX{T(x,y,2) if z>0,
Z=(x,¥,z;e) = X5 (x,y,2) +eX{ (x,y,2z) if z<0,
(2)

Z(X,y72:6)={

where (x,z) = (x,y,z) € D CR x R"2 x R.

HYPOTHESIS (H): The hyperplane Q = {x = 0} has a period
annulus A = {(y,z) € Q: rp <|(y,z)| < n} surrounding the origin
and fulfilled by crossing periodic solutions of the unperturbed
system (x,y,2)" = Z(x,y, z;0).

NOTATION:

ot (t,x,y,z;€) = ((pli(nx,y,z; £), <p2i(t,x, ¥,Z€),. .., 05 (¢, x,Y,2; 5))
is the solutions of the systems (x,y,2)” = Z*(x,y, z; €) such that
¢*(0,x,y,z;€) = (x,Y, 2).
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the melnikov—like function




THE MELNIKOV-LIKE FUNCTION

From hypotheses we find a neighbourhood U C R" of A such that, for
le| # 0 small enough, there exists a time t*(x,y;e) < 0 such that an
orbit of (2) starting in (x,y,0) € UNX returns to X, that is

P (t(x,y:€),x,y,0;¢) = 0.
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THE MELNIKOV-LIKE FUNCTION

From hypotheses we find a neighbourhood U C R" of A such that, for
le| # 0 small enough, there exists a time t*(x,y;e) < 0 such that an
orbit of (2) starting in (x,y,0) € UNX returns to X, that is

P (t(x,y:€),x,y,0;¢) = 0.

We may write
oE(t,x,y,2;€) = ngfi(t,x, y,z)+ s¢fi(t,x,y,z) +0(?), i=12,...
t£(x,y:1€) = 757 (x.y) + 77 (x,¥) + O(?).

Y (t, x,y, 2): solutions of (x,y,2)T = Z*¥(x,y, z,0).



THE MELNIKOV-LIKE FUNCTION

Proposition: Let p = (x,y,z) € R x R"2 x R. Denote aji(y) =
7'J-i(0,y), j = 0,1, and Y*(t, py) = pz/JOi(t,po) the derivative
of 1T (t, p) with respect to the initial condition p evaluated at

po = (X0, Y0, 20). Then the following equalities hold:

st (ep) = V4(ep) [ YA (s, p)IXE (4, p) o,

o w%n(oét(y)achyvo)
Xorn (Y5 (05 (y),0,y,0))

oE(y) = T5(0.y) =




THE MELNIKOV-LIKE FUNCTION

V={veR"2:p,=(0,1,0) € U}. Q

P o




THE MELNIKOV-LIKE FUNCTION

V={veR"2: p,=(0,v,0) € U}.

M:Y > R™2
M(v) = ANv) -

)\1(1/

w1 (v

)
)

Q(v),

A




THE MELNIKOV-LIKE FUNCTION

V={veR"?:p,=(0,0) € U}. Q RN

M:Vosr2 | //qu
M) =10) - 2w |4 N

N/
N(v) = X0 (08 (), p))od (v) — X (s (o5 (v), P))oy (v)
(05 (), po) — Y05 (), po),
i) = aéff*" (03 (). p) — i:(( i ((Zf; (()) ‘;)))) 3§f"(ao+(y) )
) ) BT

fori=1,2,..., n—1, and



THE MELNIKOV-LIKE FUNCTION

Here Jyq(v) denote the determinant of the Jacobian matrix of M
evaluated at v.

7~

Theorem: In addition to hypothesis (H) we assume that wy(v) # 0
for every v € V. Then for each v* € V such that M(v*) = 0 and
Jm(v*) # 0, there exists a unique crossing periodic solution ¢(t, )
of system (2) such that ¢(0,e) — (0,v*,0) € A when ¢ — 0.
Moreover if M(v) # 0 for every v € V then there are no crossing
periodic solutions bifurcating from A for |e| # 0 sufficiently small.




sketch of the proof




LYAPUNOV-SCHMIDT REDUCTION

Lemma: Assume that k < d are positive integers and denote by
€ :RF xRk — Rk and ¢+ : RK x R~k — R4~k the projections
onto the first k coordinates and onto the last d — k coordinates,
respectively. Let D and V be open bounded subsets of R? and
R, respectively. Let go,g1 and 3 : V — RI=k pe C? functions,
consider g : D x (—¢&g,20) — RY as
g(¢, ) = go(¢) +eg1(C) + O(?),

and take Z = {¢, = (1,B(v)) : v € V} C D. We denote by
I, the upper right corner k x (d — k) matrix of D go((,), and by
A, the lower right corner (d — k) x (d — k) matrix of D go(¢,).
Assume that for each ¢, € Z, det(A,) # 0 and go(¢,) = 0. We
define the bifurcation function f; : V — R¥ as

fl(l/) = _rqujlngl(Cu) + ggl(Cu)

If there exists v* € V such that fi(v*) = 0 and Jg (v*) # 0, then
there exists v, such that g((,.,) =0 and ,. — (.~ whene — 0.




CLOSING MAP

For (x,y) € R x R"2 such that (x,y,0) € U define

6(x,y:€) = (61(x,y;€), ba(x,¥;€), ..., 0n1(x,y;€)) as
Si(x,y;€) = of (t7(x,y;€), x,y,0;€) — ;i (t~(x,¥;€), x,¥,0; €).

i=12...,n—1.



CLOSING MAP

For (x,y) € R x R"2 such that (x,y,0) € U define

6(x,y:€) = (61(x,y;€), ba(x,¥;€), ..., 0n1(x,y;€)) as
Si(x,y;€) = of (t7(x,y;€), x,y,0;€) — ;i (t~(x,¥;€), x,¥,0; €).

i=12...,n—1.




CLOSING MAP

d(Xe,Ye, &) = 0 for some (x.,Y¥e,0) € U if and only if the solution
of system (2) passing through (x.,y,0) is periodic.




CLOSING MAP

d(Xe,Ye, &) = 0 for some (x.,Y¥e,0) € U if and only if the solution
of system (2) passing through (x.,y,0) is periodic.




CLOSING MAP

d(Xe,Ye, &) = 0 for some (x.,Y¥e,0) € U if and only if the solution
of system (2) passing through (x.,y,0) is periodic.

RTIR
/ 9

0=0

Note that 0;(x,y; ) = 8%(x,y) + &0} (x,y) + O(?), where
610(X7y) = /(b(—)ti(Ta_(Xa y),X, Y7 0) - w(;i(T(;(Xa y)aXa ya 0)7

51 (xy) = X (g (16 (x,¥), %, ¥, 0))71 (%, ¥) + ¢7 (75 (x, ¥), %, ¥, 0)
_X0_7[(¢0_(7-0_(X7 Y)aX7 Y, 0))7'1_(X, Y) - 1/}1_71'(7—0_()(7 y)7Xa Y, O)



APPLYING THE LEMMA

d=n—-1k=n-2,
D ={(a,b) e R"2xR: (b,a,0) € U},
V={reVcR2:
n<lyv—v*<n} =0 ¢ =(v0); /{




APPLYING THE LEMMA

d=n—-1k=n-2,

D ={(a,b) e R"2xR: (b,a,0) € U},

V={veVcR2:

n < |V*I/*‘ <r1}, B8=0, CV:(VaO); /f

B8=0

Z={¢ =@p¥) = (»0):

v eV}




APPLYING THE LEMMA

d=n—-1k=n-2,

D ={(a,b) e R"2xR: (b,a,0) € U},
V={veVcR2:

n<lyv—v*<n} =0 ¢ =(v0); /{




APPLYING THE LEMMA

d=n—-1k=n-2, Q
D = {(a,b) € R"2xR : (b,a,0) € U}, AN

vepevew=z. L //@DZ
r < |v —eu*\c< n}, 6=0,¢ = (v0); /{ \\\—/
- ~—_

Z={¢, = B8w)=(0): veV}
go(a, b) = (6°(b,a),6%(b,a)), gi(a, b) = (6" (b, a), 5}(b,a)), with

& :(5£,5£,...,5{1_1) for j=0,1,

g1(¢) = (Mv), M (v))
gO(CV) = gO(”? 0) = ((—50(07 V)’ 5?(0’ V)) = (O’ 0)'




APPLYING THE LEMMA

d=n—-1k=n-2, Q
D = {(a,b) € R"2xR : (b,a,0) € U}, AN

veever2: L //@Dg
r0<|u—€z/*\c< n}, B=0,¢ = (v0); /f \\

g1(¢) = (Mv), M (v))
gO(CV) = gO(”? 0) = ((—50(07 V)’ 5?(0’ V)) = (O’ 0)'

Indeed the solution of the unperturbed system (2) passing through
(0,2,0) € A is periodic, that is (63(0,),°(0,v)) = §(0,v,0) = (0,0).



APPLYING THE LEMMA

Moreover
0 0

2 0.0) L(0.)
Deo(v,0) = Oy Ox _
oL 050 050

a(OaV) E(O’V)
Indeed
05?

_+
B (O,I/) - X()Jf:(wg(aar(”)vpv))%(oa V) -




APPLYING THE LEMMA

Moreover
d6° d6°
pamoy— | 0 ) < ‘T, ) ( o) )
8o\V, V) = = =
Indeed
a7 + (ot (ot o = (= (ot To.
8X (07 V) - Xo,,-(wo (UO (V)v pu)) 5(05 V) - Xo,;(1/’o (UO (V)7 pu)) 8x (07 V)
+8wo+,,- g,

Ox (‘T(T(V)a pV) - 8X7 (0()_(V)5 pl/)
Computing (0/92) (¢ (t=(x,y; €),x,y,0;€)) = 0 for £ = 0 we get

W, 4
(0.0) = -0 0 O¥her)

X WE (15 (0,v), p))

Gir
Ox




APPLYING THE LEMMA

Therefore
8(50 &P&, X(;,LI (%r(ag(V)a pV)) 8¢0 n
3= B SR s ) ax (0P
Mg Xo.: (%5 (05 (v), P, 0)) iy,
0 0

= wi(v), fori=1,2,...,n.



APPLYING THE LEMMA

Therefore

95 T Xg (vg (o3 (v), po)) D,

0 0= B P s p) ox O 0HP
o X (g (03 (v), P, 0)) D5,

o5 () ) +
= wi(v), fori=1,2,...,n.

Now we compute the function f; of the Lemma:



APPLYING THE LEMMA

Therefore
860 awoﬁ X(;,LI (war(o-g(y)apu)) 8% n
a (0 V) aX (U(—)‘r(y)7pl’)_ Xo-t_n('lﬂg_(o—g_(y),py)) ax ( (—)‘r( ) pV)
Do _ X0 (%o (05 (¥) Py, 0)) D,

TX’(JO (V)v pz/) +

= wi(v), fori=1,2,..

., n.

Now we compute the function f; of the Lemma:

fl(’/) = I A_lflgl(CV) + ggl((u)

_ :12”39( )+ A(v) = M(v).




APPLYING THE LEMMA

Therefore
957 g, Xo (g (o0 (v), pv)) O,
9 0)= Ditopu),p) - OO Wi )

&PE, — Xoji(% @ (V’ 1,,0

TX’(JO (V)v pz/) +
= wi(v), fori=1,2,...,n.

Now we compute the function f; of the Lemma:

fl(’/) = T A_lflgl(CV)""Egl(Cu)
- :12”39( )+ AW) = M(v).

Since wy(v) # 0, the proof follows by applying the Lemma.



piecewise linear vector fields




if z>0,
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z) if z<O.

3

+ By + B3
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X:x+5(a§+a;y+a§z)
y=-z—1+¢eBSy if z>0,
z':x—l—y—l—s(na“—i—ffgfz)

x=x+e(ag +a5y+0;52)
y=—z+1+¢e(By +B5y+pB52z) if z<0.
z':x+y—|—6(/-€0_—|—/-i2_y—|—/€3_z)

z/JaL(t,O,u,O):(Owcost—sint,usint+cost—1),
(£,0,1,0) = (

o (t,0,2,0 O,Vcost+sint,1/sint7cost+1),



w1 (v)=2sinh(2 arctan v),

—2arctan v 2 arctan v/
1 e (v—1) e (14+v)
UJQ(V) v + 2v 2v ’

2 arctan v/
M(V)= (20 + (oF + o3 )(v — 1)) <
—2arctan v

+(205 + (05 + a3 )1 +v)) e

+3(—20p —ay —a3 —2af +af +af +(a; +oz +af +aoF)v),

(208 +(af +a)(~141)) (141)

- 2 arctan v
Aa(v)=— 4v €
- (1+u)(2a§+(a;+a;)(1+’/)) e—2arctanv
4v

+o(—05 +03 —af +of —2(8; +BF +r3 +x3)

+2(a; + a3 +2685 — 2k, )V

+(a; —o3 —af +af +2(8; — BF + k3 — K3))?) arctanv
P(v)

i)

where P(v) is a polynomial of degree 4.



Now expanding the function M(v) in power series of v we get
8 .
M(v) = Z Cv' +0().
i=0

The parameters C;, i =0, ...8, are linear combinations of the parameters
+ - - + .+ + :
o, Bk, i =1,2,3, B, Ky, and k3. Moreover they are linearly

independent.



Now expanding the function M(v) in power series of v we get

M(v) = Z Cv' 4+ 0(°).
i=0

The parameters C;, i =0, ...8, are linear combinations of the parameters
of, B, k7, i=1,2,3, B, k¢, and k. Moreover they are linearly
independent.

Proposition: There exist parameters a,i, B, ki, i1=1,2.3, By,
kg, and k3 such that the system admits, for |e| # 0 small enough,
at least 8 limit cycles converging, when € goes to 0, to some of
the periodic orbits contained in {x = 0}.




SADDLE-SADDLE

(x, z —sign(z), x + y)

N7 77771
\&\i\\\\\\\\\\\\v /{//( //// / /{/f/ /
iy N

}}}M R u{
7S\

X:x+8(a3+a§y+a§z)
y=z—-1+¢eBSy if z>0,
z=x+y+e(r§ +£3z2)
x=x+e(ag + a3y + a3 2)
y=z+1+¢(By +B;y+B;2) if z<O.
z':x+y+€(/@0_—|—/<a2_y+f-@3_z)



SADDLE-SADDLE

(x, z —sign(z), x+y)

kg, and k3 such that the system admits, for || # 0 small enough,
at least 8 limit cycles converging, when € goes to 0, to some of
the periodic orbits contained in {x = 0}.

\\\\\\\ //// /]

R

NN (3 =x+2(05 +afy +a32)

/ /?//////2‘2:}§~\\“\\i§\‘§\\‘\\ y=z—-1+¢eBSy if z>0,
L= \\\' z=x+y+e(kd +£72)

\\\\\\ - o s

AN \t\/j¢ 74 ///// - o N

\\\\\\\% /////////// X=x+te(og +ayy+a;2) |

}m/\ &(WHW y=z+1+e(By +B,y+B;2) if z<O.
AN G =y ol + 452
Proposition: There exist parameters a,.i, B, ki, i=1,2,3, B85,




FOCUS-FOCUS

(x, —z + sign(z )y,x+y)

/
o /«-«\

///
N

_

//{/ //// ”

x=x+e(af +ofx+aofy+a]z)
y==z+y+e(B + B x+ By +552)
z':x—f—y—i—e(na’—l—qu—l—fﬁ;y—l—m;’z)
)'(:x—l—e(ag—l—ozl_x—l—az_y—l—a;z)
y=—z=y+e(fy +Bx+By+552)
z=x+y+e(kg +KI X+ Ky +K32)

if z>0,

if z<0O.



¥g (t,0,1,0) = (071/e5 (% sin (%) + cos(

g (t,0,1,0) = <O7ye_5 (cos (@) _

o5 (1,0,1,0) = £2¢.




W)

_l—i—e%

evi
M(v) = 5 A+ 3\/§B v

A =ag (3-1-46_277% (e% = 1) — 2 sech (%))

+af — 2af sech (%) —3(8y + B3 +2k5) and
g _ 2ojtar+sairal)) | (Brh()-1)(es tos +3(05+ad))
S35 v
_2e7‘/§”(

\/(%;—s-a{) +2ma, —maz + 2\/?:0‘; = 27ra2+ + 2\@&; — ot

3
+3nf; —2nfy — 7By — 3mky +3nky + TRy — RS .



FOCUS-FOCUS

Proposition: If B # 0 then, for |e| # 0 small enough, there is a
unique crossing periodic solution ¢(t,e) bifurcating from periodic
orbits contained in {x = 0}, such that

\/§<1+e%)A

2B ,0], when ¢—0,

#(0,e) = [0, —

Moreover if A # 0 and B = 0 then there are no crossing periodic
solutions bifurcating from periodic orbits contained in {x = 0}.
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