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setting the problem



THE UNPERTURBED SYSTEM

Consider the following n–dimensional system

Z0(x, z) =

{
X+

0 (x, z), if z > 0

X−0 (x, z), if z < 0,
(1)

where (x, z) ∈ D ⊂ Rn−1 × R, X±0 = (X±0,1,X
±
0,2, . . . ,X

±
0,n), and

Σ = {z = 0} is the switching hyperplane.

HYPOTHESIS (H): There exists an invariant hyperplane Ω ⊂ Rn

transversal to Σ containing a period annulus A fulfilled by crossing

periodic solutions of (1).
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THE PERTURBED SYSTEM

Consider the perturbation of system (1)

Z (x , y, z ; ε) =

{
Z+(x , y, z ; ε) = X+

0 (x , y, z) + εX+
1 (x , y, z) if z > 0,

Z−(x , y, z ; ε) = X−0 (x , y, z) + εX−1 (x , y, z) if z < 0,

(2)

where (x, z) = (x , y, z) ∈ D ⊂ R× Rn−2 × R.

HYPOTHESIS (H): The hyperplane Ω = {x = 0} has a period

annulus A = {(y , z) ∈ Ω : r0 ≤ |(y, z)| ≤ r1} surrounding the origin

and fulfilled by crossing periodic solutions of the unperturbed

system (ẋ , ẏ , ż)T = Z (x , y , z ; 0).

NOTATION:

ϕ±(t, x , y, z ; ε) =
(
ϕ±1 (t, x , y, z ; ε), ϕ±2 (t, x , y, z ; ε), . . . , ϕ±n (t, x , y, z ; ε)

)
is the solutions of the systems (ẋ , ẏ, ż)T = Z±(x , y, z ; ε) such that

ϕ±(0, x , y, z ; ε) = (x , y, z).
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the melnikov–like function



THE MELNIKOV–LIKE FUNCTION

From hypotheses we find a neighbourhood U ⊂ Rn of A such that, for

|ε| 6= 0 small enough, there exists a time t±(x , y; ε) ≶ 0 such that an

orbit of (2) starting in (x , y, 0) ∈ U ∩ Σ returns to Σ, that is

ϕ±n (t±(x , y; ε), x , y, 0; ε) = 0.

Σ

Ω

A

U ∩ Σ

We may write

ϕ±i (t, x , y, z ; ε) = ψ±0,i (t, x , y, z) + εψ±1,i (t, x , y, z) +O(ε2), i = 1, 2, . . . , n,

t±(x , y; ε) = τ±0 (x , y) + ετ±1 (x , y) +O(ε2).

ψ±0 (t, x , y, z): solutions of (ẋ , ẏ, ż)T = Z±(x , y, z ; 0).



THE MELNIKOV–LIKE FUNCTION

From hypotheses we find a neighbourhood U ⊂ Rn of A such that, for

|ε| 6= 0 small enough, there exists a time t±(x , y; ε) ≶ 0 such that an

orbit of (2) starting in (x , y, 0) ∈ U ∩ Σ returns to Σ, that is

ϕ±n (t±(x , y; ε), x , y, 0; ε) = 0.

Σ

Ω

A

U ∩ Σ

We may write

ϕ±i (t, x , y, z ; ε) = ψ±0,i (t, x , y, z) + εψ±1,i (t, x , y, z) +O(ε2), i = 1, 2, . . . , n,

t±(x , y; ε) = τ±0 (x , y) + ετ±1 (x , y) +O(ε2).

ψ±0 (t, x , y, z): solutions of (ẋ , ẏ, ż)T = Z±(x , y, z ; 0).
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THE MELNIKOV–LIKE FUNCTION

Proposition: Let p = (x , y, z) ∈ R×Rn−2 ×R. Denote σ±j (y) =

τ±j (0, y), j = 0, 1, and Y±(t, p0) = Dpψ
±
0 (t, p0) the derivative

of ψ±0 (t, p) with respect to the initial condition p evaluated at

p0 = (x0, y0, z0). Then the following equalities hold:

ψ±1 (t, p) = Y±(t, p)

∫ t

0

Y±(s, p)−1X±1
(
ψ±0 (s, p)

)
ds,

σ±1 (y) = τ±(0, y) = −
ψ±1,n(σ±0 (y), 0, y, 0)

X±0,n
(
ψ±0 (σ±0 (y), 0, y, 0)

) .



THE MELNIKOV–LIKE FUNCTION

Σ

Ω
A

U ∩ Σ
V

V = {ν ∈ Rn−2 : pν = (0, ν, 0) ∈ U}.

M : V → Rn−2

M(ν) = Λ(ν)− λ1(ν)

ω1(ν)
Ω(ν),

λi (ν) = X+
0,i (ψ

+
0 (σ+

0 (ν), pν))σ+
1 (ν)− X−0,i (ψ

−
0 (σ−0 (ν), pν))σ−1 (ν)

+ψ+
1,i (σ

+
0 (ν), pν)− ψ−1,i (σ

−
0 (ν), pν),

ωi (ν) =
∂ψ+

0,i

∂x
(σ+

0 (ν), pν)−
X+

0,i

(
ψ+

0 (σ+
0 (ν), pν)

)
X+

0,n(ψ+
0 (σ+

0 (ν), pν))

∂ψ+
0,n

∂x
(σ+

0 (ν), pν)

−
∂ψ−0,i
∂x

(σ−0 (ν), pν) +
X−0,i
(
ψ−0 (σ+

0 (ν), pν)
)

X−0,n(ψ−0 (σ−0 (ν), pν))

∂ψ−0,n
∂x

(σ−0 (ν), pν),

for i = 1, 2, . . . , n − 1, and

Λ(ν) =
(
λ2(ν), λ3(ν), . . . , λn−1(ν)

)
,

Ω(ν) =
(
ω2(ν), ω3(ν), . . . , ωn−1(ν)

)
.
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THE MELNIKOV–LIKE FUNCTION

Here JM(ν) denote the determinant of the Jacobian matrix of M
evaluated at ν.

Theorem: In addition to hypothesis (H) we assume that ω1(ν) 6= 0

for every ν ∈ V. Then for each ν∗ ∈ V such that M(ν∗) = 0 and

JM(ν∗) 6= 0, there exists a unique crossing periodic solution φ(t, ε)

of system (2) such that φ(0, ε) → (0, ν∗, 0) ∈ A when ε → 0.

Moreover if M(ν) 6= 0 for every ν ∈ V then there are no crossing

periodic solutions bifurcating from A for |ε| 6= 0 sufficiently small.



sketch of the proof



LYAPUNOV–SCHMIDT REDUCTION

Lemma: Assume that k ≤ d are positive integers and denote by

ξ : Rk ×Rd−k → Rk and ξ⊥ : Rk ×Rd−k → Rd−k the projections

onto the first k coordinates and onto the last d − k coordinates,

respectively. Let D and V be open bounded subsets of Rd and

Rk , respectively. Let g0, g1 and β : V → Rd−k be C2 functions,

consider g : D × (−ε0, ε0)→ Rd as

g(ζ, ε) = g0(ζ) + εg1(ζ) +O(ε2),

and take Z = {ζν = (ν, β(ν)) : ν ∈ V } ⊂ D. We denote by

Γν the upper right corner k × (d − k) matrix of D g0(ζν), and by

∆ν the lower right corner (d − k) × (d − k) matrix of D g0(ζν).

Assume that for each ζν ∈ Z, det(∆ν) 6= 0 and g0(ζν) = 0. We

define the bifurcation function f1 : V → Rk as

f1(ν) = −Γν∆−1
ν ξ⊥g1(ζν) + ξg1(ζν)

If there exists ν∗ ∈ V such that f1(ν∗) = 0 and Jf1 (ν∗) 6= 0, then

there exists νε such that g(ζνε , ε) = 0 and ζνε → ζν∗ when ε→ 0.



CLOSING MAP

For (x , y) ∈ R× Rn−2 such that (x , y, 0) ∈ U define

δ(x , y; ε) =
(
δ1(x , y; ε), δ2(x , y; ε), . . . , δn−1(x , y; ε)

)
as

δi (x , y; ε) = ϕ+
i (t+(x , y; ε), x , y, 0; ε)− ϕ−i (t−(x , y; ε), x , y, 0; ε).

i = 1, 2, . . . , n − 1.
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CLOSING MAP

δ(xε, yε, ε) = 0 for some (xε, yε, 0) ∈ U if and only if the solution

of system (2) passing through (xε, yε, 0) is periodic.

Σ

Ω

A

(x , y, 0)

δ = 0

Note that δi (x , y; ε) = δ0
i (x , y) + εδ1

i (x , y) +O(ε2), where

δ0
i (x , y) = ψ+

0,i (τ
+
0 (x , y), x , y, 0)− ψ−0,i (τ

−
0 (x , y), x , y, 0),

δ1
i (x , y) = X+

0,i (ψ
+
0 (τ+

0 (x , y), x , y, 0))τ+
1 (x , y) + ψ+

1,i (τ
+
0 (x , y), x , y, 0)

−X−0,i (ψ
−
0 (τ−0 (x , y), x , y, 0))τ−1 (x , y)− ψ−1,i (τ

−
0 (x , y), x , y, 0).
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APPLYING THE LEMMA

Σ

Ω
A

D
Z

d = n − 1, k = n − 2,

D = {(a, b) ∈ Rn−2×R : (b, a, 0) ∈ U},
V = {ν ∈ V ⊂ Rn−2 :

r0 < |ν − ν∗| < r1}, β = 0, ζν = (ν, 0);

β = 0

Z = {ζν = (ν, β(ν)) = (ν, 0) : ν ∈ V }.

g0(a, b) =
(
δ0(b, a), δ0

1(b, a)
)
, g1(a, b) =

(
δ1(b, a), δ1

1(b, a)
)
, with

δj = (δj2, δ
j
3, . . . , δ

j
n−1) for j = 0, 1;

g1(ζν) =
(
Λ(ν), λ1(ν)

)
g0(ζν) = g0(ν, 0) =

(
δ0(0, ν), δ0

1(0, ν)
)

= (0, 0).

Indeed the solution of the unperturbed system (2) passing through

(0, ν, 0) ∈ A is periodic, that is
(
δ0

1(0, ν), δ0(0, ν)
)

= δ(0, ν, 0) = (0, 0).
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APPLYING THE LEMMA
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Ω
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APPLYING THE LEMMA

Moreover

Dg0(ν, 0) =


∂δ0

∂y
(0, ν)

∂δ0

∂x
(0, ν)

∂δ0
1

∂y
(0, ν)

∂δ0
1

∂x
(0, ν)

 =

(
∗ Γν

∗ ∆ν

)
=

(
∗ Ω(ν)

∗ ω1(ν)

)

Indeed

∂δ0
i

∂x
(0, ν) = X+

0,i

(
ψ+

0 (σ+
0 (ν), pν)

)τ+
0

∂x
(0, ν)− X−0,i

(
ψ−0 (σ+

0 (ν), pν)
)τ−0
∂x

(0, ν)

+
∂ψ+

0,i

∂x
(σ+

0 (ν), pν)−
∂ψ−0,i
∂x

(σ−0 (ν), pν).

Computing (∂/∂ε)
(
ϕ±n (t±(x , y ; ε), x , y , 0; ε)

)
= 0 for ε = 0 we get

∂τ±0
∂x

(0, ν) = −

∂ψ±0,n
∂x

(τ±0 (0, ν), pν)

X±0,n(ψ±0 (τ±0 (0, ν), pν))
.



APPLYING THE LEMMA
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APPLYING THE LEMMA

Therefore
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Ω(ν) + Λ(ν) =M(ν).

Since ω1(ν) 6= 0, the proof follows by applying the Lemma.
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piecewise linear vector fields



CENTER–CENTER(
x ,−z − sign(z), x + y

)


ẋ = x + ε
(
α+

0 + α+
2 y + α+

3 z
)

ẏ = −z − 1 + εβ+
2 y

ż = x + y + ε
(
κ+

0 + κ+
3 z
) if z > 0,

ẋ = x + ε
(
α−0 + α−2 y + α−3 z

)
ẏ = −z + 1 + ε

(
β−0 + β−2 y + β−3 z

)
ż = x + y + ε

(
κ−0 + κ−2 y + κ−3 z

) if z < 0.

ψ+
0 (t, 0, ν, 0) =

(
0, ν cos t − sin t, ν sin t + cos t − 1

)
,

ψ−0 (t, 0, ν, 0) =
(

0, ν cos t + sin t, ν sin t − cos t + 1
)
,

σ±0 (t, 0, ν, 0) = ±2 arctan ν



CENTER–CENTER(
x ,−z − sign(z), x + y

)


ẋ = x + ε
(
α+

0 + α+
2 y + α+

3 z
)

ẏ = −z − 1 + εβ+
2 y

ż = x + y + ε
(
κ+

0 + κ+
3 z
) if z > 0,

ẋ = x + ε
(
α−0 + α−2 y + α−3 z

)
ẏ = −z + 1 + ε

(
β−0 + β−2 y + β−3 z

)
ż = x + y + ε

(
κ−0 + κ−2 y + κ−3 z

) if z < 0.

ψ+
0 (t, 0, ν, 0) =

(
0, ν cos t − sin t, ν sin t + cos t − 1

)
,

ψ−0 (t, 0, ν, 0) =
(

0, ν cos t + sin t, ν sin t − cos t + 1
)
,

σ±0 (t, 0, ν, 0) = ±2 arctan ν



ω1(ν)= 2 sinh(2 arctan ν),

ω2(ν)= 1
ν + e−2 arctan ν(ν−1)

2ν − e2 arctan ν(1+ν)
2ν ,

λ1(ν)=
(
2α+

0 + (α+
2 + α+

3 )(ν − 1)
)
e2 arctan ν

2

+
(
2α−0 + (α−2 + α−3 )(1 + ν)

)
e−2 arctan ν

2

+ 1
2

(
− 2α−0 − α

−
0 − α

−
3 − 2α+

0 + α+
2 + α+

3 +(α−2 +α−3 +α+
2 +α+

3 )ν),

λ2(ν)=−
(

2α+
0 +(α+

2 +α+
3 )(−1+ν)

)
(1+ν)

4ν e2 arctan ν

− (1+ν)
(

2α−0 +(α−2 +α−3 )(1+ν)
)

4ν e−2 arctan ν

+ 1
2ν

(
− α−2 + α−3 − α

+
2 + α+

3 − 2(β−2 + β+
2 + κ−3 + κ+

3 )

+2(α−2 + α−3 + 2β−3 − 2κ−2 )ν

+(α−2 − α
−
3 − α

+
2 + α+

3 + 2(β−2 − β
+
2 + κ−3 − κ

+
3 ))ν2

)
arctan ν

+ P(ν)
4(ν+ν3) ,

where P(ν) is a polynomial of degree 4.



Now expanding the function M(ν) in power series of ν we get

M(ν) =
8∑

i=0

Ciν
i +O(ν9).

The parameters Ci , i = 0, . . . 8, are linear combinations of the parameters

α±i , β−i , κ−i , i = 1, 2, 3, β+
2 , κ+

0 , and κ+
3 . Moreover they are linearly

independent.

Proposition: There exist parameters α±i , β−i , κ−i , i = 1, 2, 3, β+
2 ,

κ+
0 , and κ+

3 such that the system admits, for |ε| 6= 0 small enough,

at least 8 limit cycles converging, when ε goes to 0, to some of

the periodic orbits contained in {x = 0}.
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the periodic orbits contained in {x = 0}.



SADDLE–SADDLE(
x , z − sign(z), x + y

)


ẋ = x + ε
(
α+

0 + α+
2 y + α+

3 z
)

ẏ = z − 1 + εβ+
2 y

ż = x + y + ε
(
κ+

0 + κ+
3 z
) if z > 0,

ẋ = x + ε
(
α−0 + α−2 y + α−3 z

)
ẏ = z + 1 + ε

(
β−0 + β−2 y + β−3 z

)
ż = x + y + ε

(
κ−0 + κ−2 y + κ−3 z

) if z < 0.

Proposition: There exist parameters α±i , β−i , κ−i , i = 1, 2, 3, β+
2 ,

κ+
0 , and κ+

3 such that the system admits, for |ε| 6= 0 small enough,

at least 8 limit cycles converging, when ε goes to 0, to some of

the periodic orbits contained in {x = 0}.



SADDLE–SADDLE(
x , z − sign(z), x + y

)


ẋ = x + ε
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α+

0 + α+
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3 z
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ẏ = z − 1 + εβ+
2 y
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(
β−0 + β−2 y + β−3 z

)
ż = x + y + ε

(
κ−0 + κ−2 y + κ−3 z

) if z < 0.

Proposition: There exist parameters α±i , β−i , κ−i , i = 1, 2, 3, β+
2 ,

κ+
0 , and κ+

3 such that the system admits, for |ε| 6= 0 small enough,

at least 8 limit cycles converging, when ε goes to 0, to some of

the periodic orbits contained in {x = 0}.



FOCUS–FOCUS (
x ,−z + sign(z)y , x + y

)



ẋ = x + ε
(
α+

0 + α+
1 x + α+

2 y + α+
3 z
)

ẏ = −z + y + ε
(
β+

0 + β+
1 x + β+

2 y + β+
3 z)

ż = x + y + ε
(
κ+

0 + κ+
1 x + κ+

2 y + κ+
3 z
) if z > 0,

ẋ = x + ε
(
α−0 + α−1 x + α−2 y + α−3 z

)
ẏ = −z − y + ε

(
β−0 + β−1 x + β−2 y + β−3 z

)
ż = x + y + ε

(
κ−0 + κ−1 x + κ−2 y + κ−3 z

) if z < 0.



ψ+
0 (t, 0, ν, 0) =

(
0, νe

t
2

(√
3

3 sin
(√

3t
2

)
+ cos

(√
3t
2

))
, 2νe

t
2√

3
sin
(√

3t
2

))
,

ψ−0 (t, 0, ν, 0) =
(

0, νe−
t
2

(
cos
(√

3t
2

)
−
√

3
3 sin

(√
3t
2

))
, 2νe−

t
2√

3
sin
(√

3t
2

))
,

σ±0 (t, 0, ν, 0) = ± 2π√
3
.

M(ν) =
1 + e

π√
3

2
A +

(
e
π√

3

3
√

3
B

)
ν

A = α−0

(
3 + 4e

− 2π√
3

(
e
π√

3 − 1
)
− 2 sech

(
π√

3

))
+α+

0 − 2α+
0 sech

(
π√

3

)
− 3(β−0 + β+

0 + 2κ−0 ) and

B =
2(α−2 +α−3 +3(α+

2 +α+
3 ))

√
3

(
e
π√

3−1

) +

(
tanh

(
π√

3

)
−1

)
(α−2 +α−3 +3(α+

2 +α+
3 ))

√
3

− 2e−
√

3π(α−2 +α−3 )√
3

+ 2πα−2 − πα
−
3 + 2

√
3α+

2 − 2πα+
2 + 2

√
3α+

3 − πα
+
3

+3πβ−3 − 2πβ+
2 − πβ

+
3 − 3πκ−2 + 3πκ−3 + πκ+

2 − πκ
+
3 .



ψ+
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0, νe

t
2
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3

3 sin
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3
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(√

3t
2

)
−
√
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π√
3
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A +

(
e
π√

3
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√

3
B

)
ν
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3 + 4e

− 2π√
3

(
e
π√

3 − 1
)
− 2 sech

(
π√

3

))
+α+

0 − 2α+
0 sech

(
π√

3

)
− 3(β−0 + β+

0 + 2κ−0 ) and

B =
2(α−2 +α−3 +3(α+

2 +α+
3 ))

√
3

(
e
π√

3−1

) +

(
tanh

(
π√

3

)
−1

)
(α−2 +α−3 +3(α+

2 +α+
3 ))

√
3

− 2e−
√

3π(α−2 +α−3 )√
3

+ 2πα−2 − πα
−
3 + 2

√
3α+

2 − 2πα+
2 + 2

√
3α+

3 − πα
+
3

+3πβ−3 − 2πβ+
2 − πβ

+
3 − 3πκ−2 + 3πκ−3 + πκ+

2 − πκ
+
3 .



FOCUS–FOCUS

Proposition: If B 6= 0 then, for |ε| 6= 0 small enough, there is a

unique crossing periodic solution φ(t, ε) bifurcating from periodic

orbits contained in {x = 0}, such that

φ(0, ε)→

0 , −

√
3
(

1 + e
π√

3

)
A

2B
, 0

 , when ε→ 0,

Moreover if A 6= 0 and B = 0 then there are no crossing periodic

solutions bifurcating from periodic orbits contained in {x = 0}.
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