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Poincare hatfwmaps and closing equations in

Two “gprobte:ms": &_{
P~ (yo)

© Implicit (honlinear) dependance on the flight time. :
1

® The final expression is strongly conditioned by the
spectrum of the wmatrices of the system and many
different cases appear.

Main qoal of this worlk:
| To F‘resev&e an alkernabive way o
override both E?reviou_s

]
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l A brief review on Inverse Integrating Factors
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—  g(z,y)dr — f(z,y)dy =0

.= gy
1

Viz,y)
1f the ordinary differential equation

9@,y) . F(zy)
Viz,y) Vz,y)

is exact, then inverse inteqrating factor V( T y) satisfies the partial
differentiol equation

f(2,1) % (2, 9) + 9(2,9) 3¢ (=,9) = (ZL (@) + E(2.)) V(2,y)

Grarcia, Isaac A.; Grrau, Maite A survey on the inverse integrating fac&or. Qual. T kear:;; "Djm. Stjs&. 9 (2010), no, 1-2, 115-1&6,

with V(a:,y) =0

Inteqgrating factor in the form

dy = 0



http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=619823
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=696587
http://www.ams.org/mathscinet/search/journaldoc.html?cn=Qual_Theory_Dyn_Syst
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=287464

" A brief review on Inverse Inteqrating Factors |

y=g(z,y)

V(ZE, y) is_an inverse inteqrating factor of (1) if

F(z.9) 9 (2,9) + 9(2, 1) 3 (2,9) = (5L (@ 9) + 3 (2. )) V(2,p)

Ehat is
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A brief review on Inverse Integrating Factors
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¥ V(x,y) is an inverse integrating factor of (1), then

a change of variable with
ds = V(x,y)dt

transforms system (1) into the Halmiltonian system

i )
ds  V(x,y)
dy _ g(x,y)
ds V(x,y)



A bm@f review ol Inverse Im&egm&ma Factors |

dx g | f(x7y)

a::f(a?,y) ds =V(z,9)dt| G5 = Viz
(1) = : (( ’y)) is Hamilkonian
= 1 dy _ g9(z,y

V(2,y) is an inverse integrating factor of (1)

¢ The Halmintonian s:jsﬁems has no Limik Cjctes.

4 )
The limit cycle of system (1), 2 any, must be contained in zero set

of V, V™ ({0}) 4
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(1) V(x,y) is an inverse integraking factor de (1)

g(z,y)

4 )
The Limit cycle of system (1), i any, must be contained in zero set

of V, V-1((0})
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Roughly speaking
(- B

If po is a hyperbolic saddle point of (1), then V vanishes on the

four separatrices.
\_

J

&5 2
¥ (1) has a wonodromic graphic (homoclinic, heteroclinic

cycle, ), then V vanishes on this graphic.
\§

J

L.R. Berrone and H. Giacomini, On the vanishing set of inverse integrating factors, Qual. Th. Dyn. Systems 1 (Roo0), 211-230,

LA. Garcia and DS, Shafer, Integral tnvariants and Limit sets of planar vector fields, 3. Differential Equations 217 (2008), 363-376.
H. Giacomini, 3 Llibre and M. Viano, On the nonexistence, existence, and uniqueness of Limit cycles, Nonlinearity 9 (1996), §01-516.
Crarcia, Isaac A.; Grau, Maike A survey ol the inverse integrating fachr. Qual. Theort} 133&\. S:;;s&. 9 (2010), no. 1-2, 115-166,
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T = 011L T+ @io T x
(S LR LI e
Y = 421 + a22Y Y Y

V(m y) an w\versém&qr&%w\q ¥&£&0r cwf (SL)

V MUST VANISH ON THE INVARIANT MANIFOLDS OF (SL)

T T
V(CLH y) = det ( A ( ) ( ) ) == 611215132 7+ (azz o all)ﬂfy W &1192
Y Y

sakisfies the equation

VV(x,y)( /(z,9) ) E fios div( f(z,y) )

g(z,y)

that is, V is an inverse inteqgrating factor of (SL).
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Nonhomeqgeneous su;s&em LA Lc,ev\arci canonical form

T = Lar—
(FCL) D £ 0= ()
y=Dx —a

(FCL) has a u,uiqu.e equitibrmm Foiv\ﬁ

(ivg) s (l%’ Yi)a)

Tkefum‘:&mn _ B S (R
(Ven=-DE-8)-T(-2) - +b-%)]

s an lhverse &m&agra&iv\g {Fa&&or of (F‘C.L)
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Nonhomegeneous system in L;avmrci aamom&ai. ¥o—rm
y ) G a0 Loy
T=Fr—y s e ey
T dy Dy—g Hamilboniano
ds ‘/(x,y)

(FOL) e
D 0 =Dz —.a

o e S e o
e
By (DY) = Vo)
There exists a First Integral H(x,y) 8H (x y) L
1 Vi(z,y)

f V(w,y)

H is constant on any orbit of system (FCL) |

3. Llibre, E. NuRez, A. E. Teruel. Limit cycles for planar piecewise Linear differential systems via first integrals. Qual. Theory
Dyn. Syst., 3(1), 29-80, 2002,



http://www.gsd.uab.es/index.php?option=com_jresearch&view=member&task=show&id=26&Itemid=2
http://www.gsd.uab.es/index.php?option=com_jresearch&view=member&task=show&id=11&Itemid=2
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Poincare hat{wma[ps in Planar Linear Dynamical

- Sjsﬁems e
e Bt
(FCL) wi=10
V=L —

<07 yl)

‘No equitibrmm points m
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Poincare hat{wma[ps in Planar Linear Dynamical

e Systems
t=1z —14y
(FCL) { D =40
y=Dr—a
) w=-B)+-5)
/(O,yo)
i
7
(0,91)

NG MOKE FLIGHT TIME | No Rl LOr i points o




A cowncrebe case: Focus o center

¢ gyt Dys >0 Suyec R

F(y) 4 e m e
u Fixed 10 >0, exisks a uhique Y1 <0
| such Ehat |

OO, Yo Y,

Y1 <z Yo sy

fyl V(an)
F(y) a2—a_le)i/LDy |
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Poincaré half-maps in Planar Linear Dynamical
‘Sjsﬁems i

f yo —vy e
fyl V(0,y) Y=

D -V(0,y) = a® — aTy + Dy?

Let I be the conex component of set

{yeR:D-V(0,y) >0}

t@h&&iv\i&\g the origin.

f’ Theorem

Griven Yo € 1N[0,+00), there exists a unique y1 € N (-00,0] such that




Poticars half-maps in Planar Linear Dynamical
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| Tkeorem (Definition of the Poincaré half mo\k?s}

"Gwam Yo € IN0,4+00), there exisks a unique y; € I ﬂ( 0, 0] such Ethat

Yo
Jy vy dy =0

|
V

C— (0,%0)

S yo € T Fo0) =7 e (It ﬁ ;
Yo — Y1 = S(yo) | /

— (0,1)

S is analytic in IN(0,400) - —— =
;’j No equiubriuw\ Paim&s
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Poincaré half-maps in Planar Linear Dynamical
Systems via Inverse Integrating Factors
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Sy €IN0,4+00) — (—00,0]NT}

/ (0, yo0)
// 4

(07 yl)

1
|

‘No equitibrium points

1. Grarcia, H. Giacomini, M. Grau. The Inverse Integrating Factor and the Poincaré Map. Trans, Amer. Math, Soc, , 362(7), 3591-3612, 2010,


http://www.gsd.uab.es/index.php?option=com_jresearch&view=member&task=show&id=26&Itemid=2
http://www.gsd.uab.es/index.php?option=com_jresearch&view=member&task=show&id=11&Itemid=2
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Poincare hat{wma[ps in Planar Linear Dynamical

| Systems via Inverse Integrating Factors

Pi== 7 1T

(FCL) {

No equiiibrmm points

y=Dzx=a

(07@0) / (O’yo)

£
@> ///> QA)

(07 yl)

! y/ _ YoV (0,y1) :f’
' 1 y1V (0,50) §

‘ y1(0) =0
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~ Poincaré half-maps in Planar Linear Dynamical
| Systems via Inverse Integrating Factors
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‘_ﬁ Autonomous IVP ;‘ ///

| No equiiibrium F.!OEMES |

D-V{0,y) =a® —a¥y+ Dy2 >0, yel

v (0, ',
BACRE i e o

The Poincaré half-map is decreasing
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NGO MORE "MANY CASES”
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Poincaré half-maps in Planar Linear Dynamical
Systems via Inverse Integrating Factors

e —————

A
e - yoV(0,y1) _ yo a"—aTy:+Dy; | (0, o)
! L= 41V (0,y0) y1 a®?—aTyo+Dyg }§ /
3 /// %
| | 11(0) = » /
(Oa yl)
s oT 9 ar? 3 , 2(9DT—227%) , = 4(27DT?—26T*) 4
Y1 (y()) — "= Y0 T Yt 2 Y | 135a3 Yo ‘l A Yo

E. Freire, £. Ponce & F. Torres, Canonical Discontinuous Planar Piecewise Linear SjsEems, SIAM 3. App. Dy, Syst. 2012, 11, 1¥1-211
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Poincaré half-maps in Planar Linear Dynamical

Systems via Inverse Integrating Factors

- 2 AP
B oTDV(0,51) 3 3DV (0,41)(a’+(D—2T7)57) 4
y1(¥0) = 1 azg;  J0 | a3y Y0 a* gy Ul R

E. Freire, £. Ponce & F, Torres, Canonical Discontinuous Planar Piecewise Linear Systems, SIAM 2. App. Dyn. Syst. 2012, 11, 1¥1-211
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Poincaré half-maps in Planar Linear Dynamical
Systems via Inverse Integrating Factors *

/ (07:&0)

35 X : %
) = /iy = Tol'2 — 55 lu0 — o
9a°+(9D+2T7)§2) 2 4 3/2 7
( 1(8\/§a23)8) 0 ) (v?o?ﬁm) \yo o, y0‘3/2 Bt

E. Freire, £. Ponce & F. Torres, Canonical Discontinuous Planar Piecewise Linear S-jsEems, SIAM 3. App. Dy, Syst. 2012, 11, 1¥1-211



e i — ——— — e ———————— p—— E—

Poincaré half-maps in Planar Linear Dynamical
Systems via Inverse Integrating Factors *
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5 — exXp Y1 a2—a,Ty—|—Dy2

V(0,y1) k. a2—aTy1—|—Dy% Yo al d
V(O,yo) a2—aTyo—|—DyO Y

y/ __ YoV (0,y1)
1 ylv(oayO)

y1 = 5v exp(T'7)

Y1 EH P , L SRR
T is the half-flight time 'No_equilibrium poinks

A

V/(O,yo)
A o oy I

T # O (07y1>




Poincaré half-maps in Planar Linear Dynamical
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y/ = 4oV (0,y1) §
1 ylv(oayO) ,
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Poincaré half-maps in Planar Linear Dynamical
Systems via Inverse Integrating Factors *
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